
$�7ZR�:D\�0RGHO�IRU�6LPXOWDQHRXV5HGXFWLRQ�DQG�&ODVVLILFDWLRQ8Q�0RGHOOR�SHU�OD�&ODVVLILFD]LRQH�VX�6RWWRVSD]L�GL�'LPHQVLRQH�5LGRWWD
5REHUWR�5RFFL'HSW��6(*H6� 8QLYHUVLW\�RI�0ROLVH�9LD�'H�6DQFWLV�V�Q�F��� ������ &DPSREDVVR(�PDLO��UREHUWR�URFFL#XQLURPD��LW

0DXUL]LR�9LFKL'HSW��RI�6WDWLVWLFV��3UREDELOLW\�DQG�$SSOLHG�6WDWLVWLFV8QLYHUVLW\�³/D�6DSLHQ]D´3�OH�$�0RUR����� �������5RPD��(�PDLO��PDXUL]LR�YLFKL#XQLURPD��LW
5LDVVXQWR�� ,Q� TXHVWR� ODYRUR� YLHQH� SUHVHQWDWR� XQ� QXRYR� PRGHOOR� SHU� O¶DQDOLVL�HVSORUDWRULD� GL� PDWULFL� GL� GDWL� GHO� WLSR� XQLWj� SHU� YDULDELOL�� /¶DQDOLVL q� FRQGRWWD�RSHUDQGR�XQD�FODVVLILFD]LRQH�GHOOH�XQLWj�VRWWR� O¶DVVXQ]LRQH�FKH�LO�FDPSLRQH�HVWUDWWR�VLD�VWDWR�JHQHUDWR�GD�XQD�PLVWXUD�GL�1RUPDOL�PXOWLYDULDWH��,�SDUDPHWUL�GHOOD�PLVWXUD�YHQJRQR� VWLPDWL� FRQ� LO�PHWRGR� GHOOD� PDVVLPD� YHURVLPLJOLDQ]D� VRWWR� O¶LSRWHVL� FKH� L�YHWWRUL�GHOOH�PHGLH�GL�FLDVFXQD�FRPSRQHQWH�DSSDUWHQJDQR�DG�XQR�VWHVVR�VRWWRVSD]LR�GL�GLPHQVLRQH� ULGRWWD��4XHVWR�SHUPHWWH�GL� LGHQWLILFDUH GHL� IDWWRUL� ODWHQWL� LQ�JUDGR�GL�VSLHJDUH� OD� YDULDELOLWj� WUD� L� JUXSSL�H� TXLQGL� OH�YDULDELOL�PDQLIHVWH� DYHQWL� LO�PDJJLRU�SRWHUH�GLVFULPLQDQWH� WUD� L�JUXSSL��9LHQH� LQROWUH�SURSRVWR�XQ�DOJRULWPR�GL� WLSR�(&0�SHU�OD�VWLPD�GL�PDVVLPD�YHURVLPLJOLDQ]D�GHL�SDUDPHWUL�GHO�PRGHOOR�
.H\ZRUGV�� &ODVVLILFDWLRQ�� 3ULQFLSDO� FRPSRQHQWV�� 0L[WXUH� PRGHOV�� 0D[LPXP�OLNHOLKRRG�
���,QWURGXFWLRQ
,Q�D�FOXVWHU�DQDO\VLV�FRQWH[W��SULQFLSDO�FRPSRQHQW�DQDO\VLV LV�IUHTXHQWO\�XVHG�WR�UHGXFH�WKH�QXPEHU�RI�WKH�YDULDEOHV�� WKHQ�RQ�WKH�PDLQ�FRPSRQHQWV�D�FOXVWHU�DQDO\VLV�DOJRULWKP�IRU� JURXSLQJ� XQLWV� LQWR� KRPRJHQHRXV� FODVVHV� LV� DSSOLHG�� 7KLV� SURFHGXUH�� � QDPHG�³WDQGHP�DQDO\VLV´�� �SURYLGHV�D�PHDQV�RI�SURMHFWLQJ�PXOWLYDULDWH�REVHUYHG�XQLWV� LQWR�D�ORZHU�GLPHQVLRQDO� VSDFH� VR� DV� WR� RIIHU� DQ� DGHTXDWH� GHVFULSWLRQ� RI� WKH� GDWD� LQ�D� IHZ�FRPSRQHQWV� DQG� KRPRJHQHRXV� FOXVWHUV�� 7KRXJKW� WKLV� LV� E\ IDU� WKH� PRVW� FRPPRQ�SURFHGXUH XVHG�LQ�SUDFWLFH��WDQGHP�DQDO\VLV�KDV�EHHQ�FULWLFL]HG�E\�VHYHUDO�DXWKRUV��H�J���&KDQJ��������'H�6RHWH�	�&DUUROO�� ������ 7KLV�EHFDXVH�SULQFLSDO� FRPSRQHQWV� DFFRXQW�IRU� WKH� PD[LPDO� DPRXQW� RI� WKH� WRWDO� YDULDQFH� RI� WKH� GDWD EXW� LPSRUWDQW� LQIRUPDWLRQ�DERXW WKH�VXFFHVVLYH�FODVVLILFDWLRQ�FDQ�EH�ORVW��HYHQ�ZKHQ D�ODUJH QXPEHU�RI�FRPSRQHQWVLV� H[WUDFWHG�� 7R� RYHUFRPH� WKLV� SUREOHP�� VRPH� DXWKRUV� SURSRVHG� PHWKRGRORJLHV� IRU�VLPXOWDQHRXV� FODVVLILFDWLRQ� DQG� UHGXFWLRQ� RI� WKH� GDWD� �VHH� IRU� H[DPSOH�� 'H� 6RHWH� 	�&DUUROO��������9LFKL�	�.LHUV��������7KH� PDLQ� SXUSRVH� RI� WKLV� SDSHU� LV� WR� IRUPXODWH� DQ� DOWHUQDWLYH� PHWKRGRORJ\� XVLQJ� D�PL[WXUH� PRGHO� DV� D� IRUP� WR� GHVFULEH� GDWD� VXVSHFWHG� WR� FRQVLVW� RI� UHODWLYHO\� GLVWLQFW�JURXSV�� ,W� LV� DVVXPHG� WKDW� WKH� REVHUYHG� GDWD� DUH� VDPSOHG� IURP� D� ILQLWH� PL[WXUH� RI�*DXVVLDQV��ZKHUH� WKH�FRPSRQHQWV�FRUUHVSRQG� WR�XQGHUO\LQJ�JURXSV��7KH�PHDQ�YHFWRUV�
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RI�WKH�*DXVVLDQ�FRPSRQHQWV�DUH�FRQVWUDLQHG�WR�OLH�LQ�D�UHGXFHG�VXEVSDFH�WR�LGHQWLI\�WKH�ODWHQW�IDFWRUV�WKDW�EHVW�H[SODLQ�WKH�EHWZHHQ�YDULDELOLW\�RI�WKH�GDWD�7KH�SODQ�RI�WKH�SDSHU�LV�DV�IROORZV��,Q�VHFWLRQ���WKH�PRGHO�LV�SUHVHQWHG��,Q�VHFWLRQ���DQ�DOJRULWKP� WR� FRPSXWH� WKH� PD[LPXP� OLNHOLKRRG� HVWLPDWHV� RI� WKH� PRGHO� SDUDPHWHUV LV�GHULYHG��$�EULHI�ILQDO�GLVFXVVLRQ�IROORZV�LQ�VHFWLRQ���
���7KH�0L[WXUH�0RGHO
)LQLWH�PL[WXUH�GHQVLWLHV�DUH�D�IDPLO\�RI�IXQFWLRQV�RI�WKH�IRUP

¦ - 4 *
J JLJJL ISI � ������ [[ � ���

ZKHUH� [L >[L�� [L��«�[L-@c LV� D� UDQGRP� YHFWRU� RI� - FHQWHUHG� YDULDEOHV� VDPSOHG� IURP� D�SRSXODWLRQ�SDUDPHWUL]HG�E\�4 ^-��-��«�-*� S��S��«�S*`��ZKLFK�FRQVLVWV�RI�* JURXSV��LQ�SURSRUWLRQV�S�� S��«��S*�7KH�GHQVLW\�RI�[L LQ�WKH�JWK JURXS�LV�JLYHQ�E\
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ZKHUH� PPJ DQG� 66J DUH� WKH� PHDQ� YHFWRU� DQG� WKH� FRYDULDQFH� PDWUL[� RI� WKH�JWK JURXS��UHVSHFWLYHO\��7KH�PHDQ�YHFWRUV�RI� WKH�JURXSV�DUH�DVVXPHG�WR� IROORZ�D�ELOLQHDU�PRGHO��,Q�SDUWLFXODU��WKH�PHDQ�PMJ RI�WKH�MWK YDULDEOH� LQ� WKH�JWK JURXS� LV�UHODWHG�ZLWK�D�UHGXFHG�VHW�RI�IDFWRUV�DFFRUGLQJ�WR�WKH�IROORZLQJ�OLQHDU�FRPELQDWLRQ�RI�4 ��-��ODWHQW�YDULDEOHV
¦  P 4
T TJMTMJ \E� � ���

ZKHUH�\TJ UHSUHVHQWV�WKH�VFRUH�RI�WKH�TWK ODWHQW�YDULDEOH�LQ�WKH�JWK JURXS��ZKLOH�EMT LV�WKH�ORDGLQJ� IRU� YDULDEOH� M RQ� WKH� TWK ODWHQW� YDULDEOH�� 7KHUHIRUH�� WKH� PHDQ� YHFWRU� RI� HDFK�JURXS�� ZKLFK� OLHV� RULJLQDOO\� LQWR� D�- GLPHQVLRQDO� VSDFH�� LV� UHSURGXFHG� E\� D� UHGXFHG�QXPEHU� 4 RI� ODWHQW� YDULDEOHV� DFFRUGLQJ� WR� WKH ELOLQHDU� PRGHO� ����� )XUWKHUPRUH��LQVSHFWLRQ�RI�WKH�ORDGLQJV�UHYHDOV�ZKLFK�ODWHQW�YDULDEOHV�PRVW�FRQWULEXWH�WR�UHFRQVWUXFW�PHDQ�YHFWRUV� (TXDWLRQ ����FDQ�EH�H[SUHVVHG�LQ�PDWUL[�IRUP��ZLWK�REYLRXV�QRWDWLRQ� DV
JJ %\�  � ���

,W�VKRXOG�EH�QRWHG�WKDW�WKLV�PRGHO�LV�QRW�LGHQWLILHG��,Q�IDFW��WKH�ORDGLQJ�PDWUL[�% FDQ�EH�URWDWHG� ZLWKRXW� DIIHFWLQJ� WKH� PRGHO�� SURYLGHG� WKDW� WKH� ODWHQW� YHFWRUV�\J DUH� FRXQWHU�URWDWHG�E\�WKH�LQYHUVH�WUDQVIRUPDWLRQ��,W�LPSOLHV�WKDW�RQO\�WKH�VXEVSDFH�VSDQQHG�E\�WKH�FROXPQV�RI�% LV�LGHQWLILHG��DV�LQ�WKH�H[SORUDWRU\�IDFWRU�DQDO\VLV�PRGHO�
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���$OJRULWKP
$VVXPLQJ� WKDW� WKH� ,�REVHUYDWLRQV� DUH� LQGHSHQGHQW� DQG� LGHQWLFDOO\� GLVWULEXWHG�� WKH� ORJ�OLNHOLKRRG�RI�PL[WXUH�PRGHO�����FDQ�EH�ZULWWHQ�DV
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ZKHUH� ��� JLJLJ II - [ DQG�- LV�WKH�VHW�RI�SDUDPHWHUV�IRU�WKH�RYHUDOO�PL[WXUH�PRGHO��,W�FDQ�EH�HDVLO\�VKRZQ��+DWKDZD\��������WKDW PD[LPL]LQJ ����LV�HTXLYDOHQW�WR�PD[LPL]H� � � �¦¦ � 4 LJ LJLJLJ LJJLJ XXISX OJOJ��" � ���
VXEMHFW� WR� WKH�FRQVWUDLQW� � ¦J LJX �L ����«�,���7KH�DOJRULWKP�FDQ�EH� IRUPXODWHG�DV�D�JURXSHG� YHUVLRQ� RI� WKH� FRRUGLQDWH� DVFHQW� PHWKRG� ZKHUH� IXQFWLRQ� ���� LV� LWHUDWLYHO\�PD[LPL]HG�ZLWK�UHVSHFW�WR�D�JURXS�RI�SDUDPHWHUV�FRQGLWLRQDOO\�XSRQ�WKH�RWKHUV��7KH�IXQGDPHQWDO�VWHSV�RI�WKH�DOJRULWKP�FDQ�EH�GHVFULEHG�DV�IROORZV�D��8SGDWH�8 >XLJ@��,W�FDQ�EH�HDVLO\�VKRZQ�WKDW�����REWDLQV�D�PD[LPXP�ZKHQ

¦ K LKK
LJJLJ ISISX ��L ����«�,��J ����«��*�� ���

ZKLFK�LV�WKH�SRVWHULRU�SUREDELOLW\�WKDW�XQLW�L EHORQJV�WR�JURXS�J�E��8SGDWH�S >SJ@��)XQFWLRQ�����REWDLQV�D�PD[LPXP�ZLWK�UHVSHFW�WR�S ZKHQ¦ L LJJ X,S � ��J ����«�*� ���
F��8SGDWH 66 >66J@� IXQFWLRQ�����LV�PD[LPL]HG�ZLWK�UHVSHFW�WR�66J ZKHQ¦ c�� L JLJLLJJJ X,S ����� �[�[� ��J ����«�*� ���
G��8SGDWH�% ��ZH�FDQ�UHZULWH�WKH�REMHFWLYH�IXQFWLRQ�����DV� � > @ FXFIX LJ JLJJLLJLJ LJLJ c�¿¾½®̄­ �c�� � 4 ¦¦ � ������OJ�� � %\[�%\[" ����
ZKHUH� F� DQG� Fc DUH� DGGLWLYH� FRQVWDQWV� ZKLFK� DUH� LQGHSHQGHQW� IURP�%�� 'LIIHUHQWLDWLQJ������ZLWK�UHVSHFW�WR�% DQG�VHWWLQJ�WKH�GHULYDWLYHV�WR�]HUR��ZH�REWDLQ
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> @ ¸̧¹·¨̈©§ c¿¾½®̄­ �c ��� ¦¦ JLJLJ LJJJJJ J XYHF,SYHF \[��\\% ������� � ����
H��8SGDWH�\J ��,W�FDQ�EH�HDVLO\�VKRZQ�WKDW�WKH�XSGDWH�RI�\J LV� �� � ���� �� ���� ¦cc JL LLJJJJ ,SX [�%%�%\ � ����
2Q�WKH�EDVLV�RI�WKHVH�IXQGDPHQWDO�VWHSV��WKH�DOJRULWKP�FDQ�EH�GHVFULEHG�DV�IROORZV�� 6WHS��� FKRRVH�LQLWLDO�YDOXHV�IRU�WKH�SDUDPHWHUV�� 6WHS��� XSGDWH�LQ�WXUQ�S��66J �J ����«�*�� %��< DQG�8�� 6WHS��� FRPSXWH�����IRU�WKH�FXUUHQW�SDUDPHWHU�YDOXHV��,I�WKH�IXQFWLRQ�LQFUHDVH�LV�ODUJHU�WKDQ�D�IL[HG�WKUHVKROG��LWHUDWH�RQFH�PRUH�DFFRUGLQJ�WR�6WHS����2WKHUZLVH��WKH�SURFHVV�KDV�FRQYHUJHG�,W�LV�LQWHUHVWLQJ�WR�QRWH�WKDW�WKH�DERYH�FRPSXWDWLRQDO�SURFHGXUH�FDQ�EH�FRQVLGHUHG�DV�DQ�(&0�W\SH�DOJRULWKP��0HQJ�	�5XELQ��������
���'LVFXVVLRQ
,Q� WKLV� SDSHU� D� QHZ�PRGHO� IRU� VLPXOWDQHRXV� SDUWLWLRQLQJ� RI� REMHFWV� DQG� UHGXFWLRQ� RI�YDULDEOHV�LV SURSRVHG��7KH�PDLQ�DVVXPSWLRQ�LV�WKDW�WKH�REVHUYHG�GDWD�DUH�VDPSOHG�E\�D�PL[WXUH� RI� *DXVVLDQ� GHQVLWLHV� WKDW� UHSUHVHQW� FOXVWHUV� LQ� WKH� SRSXODWLRQ�� 7KH� PHDQ�YHFWRUV�DUH�IRUPDOL]HG�E\�D�SDUVLPRQLRXV�ELOLQHDU�PRGHO�LQ�RUGHU�WR�LQGHWLI\�WKH�IDFWRUV�WKDW�H[SODLQ�WKH�EHWZHHQ�YDULDELOLW\� ,W� LV�ZRUWK QRWLQJ WKDW� WKH�SURSRVHG�PRGHO�FDQ�EH�FRQVLGHUHG�DV� D� IX]]\� YHUVLRQ�RI� WKH�PRGHO� VXJJHVWHG�E\�'H�6RHWH�	�&DUUROO� ��������ZKHUH�HDFK�JURXS�KDV�LQ�DGGLWLRQ�D�VSHFLILF�0DKDODQRELV�PHWULF� ,W�LV�DOVR�LQWHUHVWLQJ�WRQRWH�WKDW�D�VLPLODU�PL[WXUH�DSSURDFK�KDV�EHHQ�XVHG�E\�+DVWLH�DQG�7LEVKLUDQL��������LQ�D�GLVFULPLQDQW�DQDO\VLV�FRQWH[W�
5HIHUHQFHV
&KDQJ��:����������2Q�XVLQJ�SULQFLSDO�FRPSRQHQWV�EHIRUH�VHSDUDWLQJ�D�PL[WXUH�RI� WZR�PXOWLYDULDWH�QRUPDO�GLVWULEXWLRQV��$SSOLHG�6WDWLVWLFV����� ��������'H� 6RHWH�� *��� &DUUROO�� -�'�� ������ �� .�PHDQV� &OXVWHULQJ� LQ� D� /RZ�GLPHQVLRQDO�(XFOLGHDQ�6SDFH�� ,Q�� (��'LGD\� HW� DO�� �(GV���1HZ�$SSURDFKHV� LQ�&ODVVLILFDWLRQ� DQG�'DWD�$QDO\VLV��6SULQJHU��+HLGHOEHUJ����������+DVWLH��7���7LEVKLUDQL��5��������� 'LVFULPLQDQW�DQDO\VLV�E\�*DXVVLDQ�PL[WXUHV��-RXUQDO�RI�WKH�5R\DO�6WDWLVWLFDO�6RFLHW\��VHULHV�%� �����������+DWKDZD\�� 5�-�� �������� $QRWKHU� LQWHUSUHWDWLRQ� RI� WKH� (0� DOJRULWKP� IRU� PL[WXUH�GLVWULEXWLRQV��6WDWLVWLFV�	�3UREDELOLW\�/HWWHUV�����������0HQJ�� ;�/��� 5XELQ�� '�%�� �������� 0D[LPXP� OLNHOLKRRG� HVWLPDWLRQ� YLD� WKH� (&0�DOJRULWKP��D�JHQHUDO�IUDPHZRUN��%LRPHWULND��������������9LFKL�� 0��� .LHUV�� +�$�/�� �������� )DFWRULDO� N�PHDQV� DQDO\VLV� IRU� WZR�ZD\� GDWD�&RPSXWDWLRQDO�6WDWLVWLFV�DQG��'DWD�$QDO\VLV������������
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