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Riassunto: Questo lavoro riguarda I'inferenza non parametrica su un parametro scalare
stimato mediante una funzione di uno stimatore M multivariato. Gli intervalli asintotici,
generalmente, risultano piuttosto diversi dagli intervalli ottenuti mediante verosimiglianze
non parametriche. Il lavoro propone unatrasformazione del parametro, tale che l'intervallo
di confidenza asintotico approssimi meglio quelli basati su funzioni di verosimiglianza
non parametriche. Le propréetli questa trasformazione sono analizzate sia sotto I'aspetto
teorico sia attraverso esempi numerici.
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1. A common inference problem

Let X be a random vector having distribution functibnand letd = (6%, ..., 0%)" =
6(F) be a functional whose value is determined by the equdfiefr) (X, 0)} = 0, where

¢(X7 0) = {wl(X? 9)7 s :¢k(Xa 9)}/

Given a random sampl&;, ..., X,, drawn fromF, letd denote thel/-estimator oy
defined by the equation

Z ¢(Xz‘, é) = 0.
i=1

Under standard regularity conditions (Huber, 1981), the qua{)ﬁi&é — 0) is asymptot-
ically normally distributed with mean zero and variance maltfix A~'>(A~')’, where
A = (Aqpp) andX = () are given by

Aa/b = E{wa/b(Xa 6)}7 Z]ab = E{wa<X7 Q)wb(Xv 9)}7
With ,4(X, ) = 09 (X,0)/06° (a,b=1,...,k).
Suppose that the parameter of interest ¢(0) is a scalar function of, and lety be
estimated byy = ¢(). The asymptotic distribution of/n(y — v) is N(0, o2), where
o = g4V go,

andgy = 0g/06.
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Inference fory is usually achieved by using a studentized statistie- /n(y—7)/a,
wheres? is a consistent estimator of. A widely used method for constructird is to
estimated andX by their sample versiond = (A,/,) andy = (X,), where

Aa/b =n"" Z¢a/b(Xi, é), Eab =n"' Z¢a(X¢7 é)%@ﬁ; é),
i=1 i=1

then, the covariance matrix qf7(f — 6) is estimated by = A5 (A1) andé? =
GoV Go, Wheregg = go(0).

Uncertainty abouy is frequently summarized in a symmetric two-sided approximate
confidence interval having nominal coverag®)(1 — 2«)%. If the distribution ofs., is
approximated by theév (0, 1) distribution, or if the distribution of;% is approximated by
the x? distribution, then the resulting interval is

¥ +nY22,0, (1)

wherez, is the100(1—«) percentile of theéV (0, 1) distribution. Since the chi-squared ap-
proximation to the distribution oﬁ has error of orde©(n '), this approximate interval
has coverage error of ordéx(n—1!).

There are other methods for constructing approximate confidence intervals having
coverage error of ordeP(n~!). One method that has received considerable attention
recently is the empirical likelihood of Owen (1988, 1990).

2. Nonparametric likelihood

For a given value of, the empirical likelihood.(9) is defined to be the maximum of
[1;-, pi(0) over all probability distributiongp, (0), ..., p,(0)} satisfying the constraints

Z%(Xi,e)pi(e) —0 (a=1,....k).

It can be shown that the maximum is attained when

1
~ {1+ v(0)9(X,,0)}

pi(0) (i=1,...,n),

and the vector of Lagrange multipliersd) = {v'(6),...,v*(0)} is determined by the
given constraints. Thus, the empirical log likelihood function is

10) = — Zlog{l +v(0)4(X;,0)},
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Sincer(0) = 0, it follows that/() has the property(4) = 0.
For given value of the interest parametgrlet 0., be the point that maximizes the
empirical log likelihood functiori(d) subject to the constraint(d) = ~. In particular,

6 = 6. The profile empirical log likelihood functioh,(v) is defined byi,(v) = i(4,),
and the empirical likelihood ratio statistic foris

Wy = Q{ZP('AY) - lp('V)} = —2ly(7) = _2l(év)-

The profile empirical log likelihood is quite demanding to compute, so the associated
likelihood ratio statistic can be burdensome to implement in practice.

A key result is that, as in the parametric framewark,is asymptotically distributed
asy?, and the error in this approximation is typically of ordefn—'). Consequently, the
set

{7lw, < 23} (2)
is an approximate confidence interval having coverage2a + O(n™1).

3. Asymptotic expansions

Let/) = (A~1)~14y andé = —Vgy. The usual empirical influence function &t is
EIF(X;) = —0'¢(X;,0) i =1,...,n),andé? = n~* Y " {EIF(X;)}*. Now, define
the quantityk; by

A~

ky = n_1/2[ ‘1Z{EIF }3+6 n—leJF (X)) (X, 0 + €b)

/ o
e=0

which is of orderO, (n~1/2). The derivatives appearing}&a can be evaluated by using the
standard approximations to the first-and second-order derivatives of a real-valued function

f(0+€eX) ate = 0:

2 . . d? . N
—1—3?71 ! Z (X, 0+ €)) — 3@g(9 + 66)]
i=1

d . . O+ AN — (0 — AN
Efw*'ﬁ)\) L oA ;
2 0+ AN —2F(0 6 — AN
ij(MeA) ACERAYY 2fA(2)+f( )’
e=0

whereA = h(N'V\)~"/2 andh is chosen to be small, say between 0.001 and 0.01.
DiCiccio & Monti (2001) showed that the first three derivatives of the profile empirical
log likelihood function satisfy:

BIG) =0, [P =-n/6%, LIG) = —n*hs/6°,

p

It follows then that the profile empirical likelihood ratio statistic has the following
expansion in terms of the studentized quantity

wy, =57 ——kgs +O,(n7h).
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Moreover, the endpoints of confidence inter{l obtained by using thge? approxima-
tion to the distribution ofv., are

FEn V262, — n_l/Q&gl%gzi + 0,(n~%?). (3)

Comparison of 1) and(3) shows that the endpoints of the standard intervals differ from

the endpoints of the empirical likelihood intervals by the am@uﬁfQ&%l%gziJrOp(n—?)/?),
which is of orderO,,(n1).

3. Parameter transformations

The preceding expansions show that the symmetric interval (1) is close to the empiri-
cal likelihood interval (2) when the symmetric interval is computed in terms of a param-
eterization for whichk; is small. In particular, ifc; = 0, then the difference between the
endpoints of these intervals is of ordeg(n~%/2). It is useful then to identify parameter-
izations for whichk; = 0.

Let 7 = #(~) be a monotonically increasing transformation of the interest parameter,
and letl, . (v) andl, -(7) denote the profile empirical log likelihood functions fpand
T, respectively. Differentiation of the identity . (v) = [, -{t(v)} shows that

BN =189(9) = 312 () {tD (3) /M ()},

and hence, X R
ksr = ks — 30726, {t®(3)/tD(5)}.

Thus, the condition%gj = 0 is achieved when the transformation= ¢(v) satisfies

dlog{tM(1)}/dy| _. = §n'?ks /5. (4)

Suppose that the interest parametes positive, and consider the Box-Cox class of
transformationg(v) = (v* — 1)/A. Then,dlog{t™" (y)}/dy = (A — 1)/, and equation
(4) yields

A =1+ 15k, /6, (5)

On the other hand, if there are no restrictions on the rangetben the class of trans-
formationst(v) = {exp(\y)—1}/A can be entertained. This class basg{t") ()} /dy =
A, and equation4) yields

A= in'hy /6. (6)

It is crucial to keep in mind that the parameterizations determined by equafipns
and (6) are data-dependent, and as such, they have no direct interpretation. The data-
dependent parameterizations are introduced here merely as a device for making the stan-
dard symmetric interval§l) resemble more closely empirical likelihood intervals; to
obtain interpretable results, it would be necessary in practice to transform the resulting
intervals back to the original scale. Back transforming is easy, however, since the inverse
of the Box-Cox transformation has a closed form expression. The back-transformed in-
tervals would retain the desirable property of being nearly empirical likelihood intervals,
but their computation would retain the simplicity of the standard intervals.
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4. Interpretation of the parameter transformations

DiCiccio & Monti (2002) showed that the skewness of the studentized statistic
vn(y —v)/ois

= ([0 601 4 6L U(X,6)) Gl V(X0 4 )

)

to error of ordeiO(n '), wheren = (A~')'gy andd = —V gy. Comparison o with the
quantityks shows thatks = ks + O, (n").

If 7 = ¢(y) is amonotonically increasing transformation, then the studentized statistic,
expressed in terms of the parametés

se = V(= 7)/0, = /a{t(F) — (1)} /{o D (H)}.

Let k5, andks - denote the versions @f; for s, ands., respectively. Then,

2 2

d d
+3@77/¢(X, 0+ed)—3

@9(9 + 65)}

ksr = ks — 30720, {t®)(7) /1M (1)},

It follows that a transformation = () reduces the skewness of the studentized statistic
to orderO(n~!) provided

dlog{tW (1)} /dy = §n'?ks /0.

Thus, the transformations introduced to symmetrize the profile empirical log likelihood
function can be viewed as estimated versions of transformations that reduce the skewness
of the studentized statistic.

The connections between symmetry of the profile log likelihood and reduced skew-
ness of the studentized statistic have been investigated for parametric models by Sprott
(1980). The results here extend those connections to the nonparametric framework. See
also DiCiccio & Tibshirani (1987) and Konishi (1991). The transformations presented in
Section 4 were developed from the point of view of skewness reduction by DiCiccio &
Monti (2002).

5. A special case and a generalization

In the smooth function of means model, the parameter of interest g(u) is a
smooth function of &-dimensional vector megm = (1, ..., ;) = E(X). Theny is
estimated by: = X = n~!' 3" X;, andy = g(j1). This problem is a special case of the
M-estimation framework witd = ; andy(X,6) = X — u. Then,6? = ggige and

=1

whereX = n~ ! (X, —X)(Xi—X ), 0 = —Sd, Joo = goe(0), andgge(0) = 9%g(0) /0006
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The results here are described in the framework of independent and identically dis-
tributed observations. However, only the assumption of independence is crucial. In many
important M -estimation settings, the estimating functionchanges for each observa-
tion, so that the contribution to the estimating function for observakipims written as
i(X;,0), not asy(X;, 0). For example, in regression problems, the functiofX;, 0)
depends on covariate values specific to observakign In this more general context,
the M-estimator) satisfiesy " «;(X;,d) = 0, and all of the preceding results apply with
¥;(X;, 0) being used to replace(X;, ) throughout. In the formuld = A='X (A1,
the components of the matricés= (4,,,) andX = (X,) are given by

Aapy = E{nl > Wian(Xi, 9)}, Sab = E{ > hia(Xi, 00X, 9)},
=1 =1

Whereﬂ)i(Xi, 9) = {¢i,1(Xi7 6), - 7¢i,k(Xi7 9)}/ and¢i7a/b(Xi, 0) = 877/)1'@()(1‘, 9)/801)

6. Examples

The following three sets of figures pertain to three different situations. For each situ-
ation, the figure labeled (a) shows plots@f( dashed line) and? (solid line) versusy,
wheres, = (3* —*)/(A627*") is the studentized statistic based on the reparameter-
izationT = (v — 1)/ with )\ given by expression (5). The figure labeled (b) shows a
Q-Q plot for 999 bootstrap values ef. The figure labeled (c) shows a Q-Q plot for 999
bootstrap values of,; in the resampling process fer, the value of\ is held fixed. In fig-
ures (b) and (c), the normal quantiles on the horizontal axis are adjusted for the bootstrap
estimates of mean and standard deviation,ainds, obtained from the 999 resamples.

Figures 1(a), 1(b), and 1(c) are based on the cd4 data analyzed by DiCiccio & Efron
(1996). This dataset consists of a sample of size 20 drawn from a bivariate distribu-
tion. The interest parameteris the variance of the first component. Hefe= 0.6242,

a, = 0.7953, andk; = —0.8452; expression (5) yields = 0.0111, sor is nearly the
logarithmic transformation. The bootstrap estimates of the mean and standard deviation
of s, are—0.5212 and1.4741; the estimates fos. are—0.2994 and1.214.

Figures 2(a), 2(b), and 2(c) are also based on the cd4 data, but the interest parameter
~ is the largest eigenvalue of the variance matrix of the underlying distribution. Here,
4 = 1.6753, 6, = 1.8222, andks = —0.4796; expression (5) yields = 0.3427, sor is
close to the cube-root transformation. The bootstrap estimates of the mean and standard
deviation fors., are—0.3935 and1.2767; the estimates fos. are—0.2799 and1.1547.

Figures 3(a), 3(b), and 3(c) are based on the air-conditioning data failure ratio problem
of Davison & Hinkley (1997, p. 217). This dataset consists of two samples of sizes
ny = 12 andny, = 24 drawn from two populations having positive meansandus; the
parameter of interest ig = p; /p10. Here,y = 0.5933, 6., = 1.4216, andk; = —1.1325;
expression (5) yielda = 0.0547, sor is close to the logarithmic transformation. The
bootstrap estimates of the mean and standard deviation, fare —0.1797 and 1.2799;
the estimates fos, are0.0656 and1.2234.

In each case, the magnitude/afis large, which indicates that both the profile em-
pirical log likelihood fory and the distribution of., = \/n(y — 7)/é, are substantially
skewed. Indeed, Figures 1(a), 2(a), and 3(a) show that the standard symmetric intervals
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obtained froms, ands, will be quite different in shape; those obtained fremwill be

closer in shape to empirical likelihood ratio intervals. Figures 1(b), 2(b), and 3(b) indi-
cate that the distribution of, is skewed; indeed, a normal approximation to the bootstrap
distribution of s, is poor, even if that approximation is adjusted for mean and standard
deviation. In contrast, Figures 1(c), 2(c), and 3(c) show that the reparameterization ef-
fectively eliminates the skewness. The standard normal approximation to the bootstrap
distribution of s is more accurate than it is to the bootstrap distributios.ofand the
normal approximation fog, is quite accurate if it is adjusted for mean and standard de-
viation.

The number of resamples required to estimate the mean and standard deviation of a
test statistic is far fewer than the number of resamples required to estimate its entire boot-
strap distribution. Consequently, the accuracy of the bootg¢trapthod can be enjoyed
with far less computation by using a normal approximatiorsfarith bootstrap estimates
for mean and standard deviation.

Several authors, including Owen (1988), have pointed out thatttapproximation to
the distribution ofw., can be inaccurate, so they have recommended that the distribution
of w, be approximated by its bootstrap distribution. Bootstrap calibrationufocan
be computationally very demanding. A more computationally tractable alternative is to
bootstrap calibrate?; sinces? andw.,, are close, it is likely that bootstrapping will
produce similar results to bootstrappitag.
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