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Riassunto: | sistemiriparabili soggettiad una riparazioneminima sono caratterizzati
dal fatto che la loro affidabilita rimaneinvariatadopo un guastoe la loro riparazione
immediata. | guastiin tali sistemisonospessadescrittimedianteprocessidi Poisson
nonomogeneiNoi illustriamol’'uso di tali processiprevalentement@el contestadi due
applicazionindustriali. La primaapplicazioneiguardale fughedi gasin unareteurbana
di distribuzionementrela secondaonsidera guastidi alcunicomponenthnelle carrozze
dellametropolitana.
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1. Introduction

The paperstemsfrom our recentresearchand consultingactvities on modelling fail-
uresin repairablesystemspamelygasdistribution networksandundegroundtrains. The
actwity is basedupona cooperatioramongCNR-IMATI (formerly CNR-IAMI), the De-
partmentof ManagemenEconomicsand Industrial Engineering(formerly part of the
Departmenbf MechanicalEngineering)at Politecnicodi Milano andtwo of the major
Italian gasandtransportatiortompaniesHistoricaldatawereprovidedby thecompanies
andresearcherfrom both CNR and Politecnicoworked on them, with the remarkable
help by studentfrom MechanicalEngineeringMathematicqUniversit degli Studi di
Milano) and Scuolaper le Applicazioni della Matematicanell'Industria (INDAM - Mi-
lanoBicocca).

The paperis organisedas follows: an illustration of repairablesystems,the most
commonmodelsfor themandthe quantitiesof interest(Section2, 3 and4, respectiely)
will befollowedby asummaryonourwork ongasescapeandundegroundtrainsfailures
(Section5 and6, respectiely). Finally, Section7 will discussshortly directionsof our
futureresearchn thearea.

2. Repairable systems

Systemssubjectto failurescan be categorisedinto two groups: the nonrepairableand
therepairableones.Whena carwaterpumpfails, thenthe systemwater pumpis nonre-
pairablesincethe pumpmustbereplacedjooking atthe systemcar, it is evidentthatthe
carcanstill run oncethe pumphasbeenreplaced:it is anexampleof repairablesystem.
Repairablesystemsanbe subdvidedfurtherby consideringherepairstratgy. Repairs
could be minimal or more considerable.In the former casesystemreliability (i.e. the
propensityto failures)aftera failureis broughtbackto its statusright beforethe failure,
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whereasn the latter casereliability could be significantlyreducedor increased.Relia-
bility in theformercaseis usuallytold to bebadasold whereaggoodas new is usedfor
the latter case.Someauthors(e.g. AscherandFeingold(1984))preferto denotethe two
casesaassameasold andsameasnew, respectrely, sinceold systemsarenot necessarily
badones(andnew onescould bebad,indeed).As afurther catgyory, we canconsiderif
therepairis performedmmediatelyafterthefailure or thereis someelapsedime. In the
latter case availability of the systembecomesmportantaswell asits reliability.

3. Models for repairable systems

Nonrepairablesystemsare often describedoy the distribution of the time to first failure
or their survival function. In repairablesystemsthe interestmainly relies on their be-
haviour overtime, e.g.theexpectedhumberof failuresor the probability of nofailuresin
givenintervals. Pointprocesseésee e.g. Thompson(1988))arethe naturaltools usedto
describefailuresin thesesystems.Underan instantaneousepair stratgy, two different
classesreconsideredrenaval processegsameas new) andnonhomogeneouBoisson
processeéNHPR sameasold). Theformerprocessesonsiderthetime betweerfailures
asi.i.d. randomvariablessothatthe systemsubjectto consistenteplacementaftereach
failure,is broughtbackto its initial reliability. Corversely NHPPskeeptheir reliability
unchangedfter failures. The homogeneou®oissonprocesgHPP)is the only process
whichis botha NHPPandareneval process.

In the paperwe consideronly NHPPs. Their usein modellingthe reliability of re-
pairablesystemss illustratedin RigdonandBasu(2000)andthereferencesherein.We
denoteaNHPPby Ny, t > 0 or N(t,s),0 <t < s, i.e. by thenumberof failureseitherin
(0, t] orin (t, s], respectiely. Its intensityfunctionis givenby

P(N(t,t + At] > 1)
At—0 At

The meanvalue function (m.v.f.) of the NHPPis givenby M(t) = £N;. Note that,
assumingno simultaneoudailures, A\(t) and M (t) arerelatedby A(t) = M () and,
consequentlyby M (t) = 7 A(u)du.

We supposehatthe systemis obsenedin theinterval (0, y| andfailuresarerecorded
at0 < t; < ... < t, < y. y couldbe eithera predeterminecdndpointor the time of
then — th (predeterminedjailure. In the former casewe talk abouta time truncated
experimentwhereaghelatteris afailure truncatedone.Underbothexperimentsandthe
intensityfunction A(¢) = A(¢; 9), thelikelihoodfunctionis

n

L(6:1) = [ At ) exp{~ [ At:)a). @

7

4. Quantities of interest

Given the intensity function A(¢; #), we are interestedin the usual statisticalanalysis:
pointandinterval estimationandhypothesigesting,from afrequentistand,mainly, from
a Bayesianviewpoint. As anexample,considerthe powerlaw procesqPLP)which has
beenwidely usedfor repairablesystems.lts intensityfunctionis A(t) = MBt#~1, with
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M, 3,t > 0. Estimationof 3 is very relevant sinceits value determinesf (and how)
reliability decaysor growvsovertime (8 > 1 andg < 1, respectrely).

As typical quantitiesof interestin reliability, we considerthe reliability R(¢,s) =
P(nofailuresin(t, s]), theexpectechumberof failures€ N (¢, s) andtheintensityfunction
A(t) att. Thefirsttwo quantitiesarerelevantin forecastingsystenreliability; typically ¢
is supposedo beeither0 (wheninterestedn a similar systemfrom its start)or y (when
interestedn the behaiour of the systemunderconsideratiorright after the end of the
obsenedperiod). Thethird quantityis usefulin problemdik e softwareprototypetesting.
Softwareis testedto reducebugsin it but it mustbe releasedat sometime, beforeit be-
comesobsoletelts reliability duringits commercialife is thesamet hadwhenreleased:
it is thereforeimportantto studyA(¢) atthereleasdime.

We illustratemodellingandestimationssuesn the next two sectionsconcerningwo
industrial applications. In particular we presentand compareparametricand nonpara-
metric models,along with more complex modelsbasedupon superpositiorof NHPPs
anduponfailuresrecordedon a doublescale(time andspace).

5. Gas escapes

The gasdistribution network consideredn our casestudywas developedin a large ur-
banareaduringthelastcenturyandtherebyit is characterisedy very differenttechnical
and ervironmentalfeatures(material, diameterof pipes,laying location, etc.). It con-
sistsof severalthousand®f kilometersof pipelinesin low, mediumandhigh pressure.
Themainconcernsaboutthe maintenancandreplacemenplanswererelatedto the low-
pressuraetwork (20 mbarovertheatmospheripressure)As regardsto thelow-pressure
pipelines,several materialshave beenusedto developthe network: traditionalcastiron,
treatedcastiron, spheroidabraphitecastiron, steelandpolyethylene.

5.1 Cast iron pipelines

Castiron pipelineshave a higherfailure ratethanothermaterials evententimesgreater
andcover morethana fourth of the whole network; they have beenthoroughlystudied
in Cagnoet al. (1998), Cagnoet al. (2000a)and Cagnoet al. (2000b). The structural
failure of castiron pipesis ararephenomenomndtheir failure rateseemdo be scarcely
sensitve to weart but mostlyinfluencedby accidentaktress Dueto theseconsiderations,
HPPswere usedto modelfailuresunder8 differenttechnicaland ernvironmentalcondi-
tions. Following a robust Bayesianapproachwe combineddataand experts’ opinions
andsuggestea@ replacemenstrateyy, quite robustwith respecto reasonablehangesn
thepriors. Priority in thereplacementshouldbegivento pipelinesundertraffic, specially
thosewith smalldiameterandnot deeplylaid.

Thefailuredataof thecastiron pipeshave alsobeenanalysedn Fa-Si-OerandPieva-
tolo (2000)by meansof a generalisedegressiormodelwith proportionalintensityfunc-
tion, wherethe baselineintensityfunctionwasthatof a PLRP A formal (frequentist)hy-
pothesidestingon its shapeparameteshavedthatanordinarygeneralisedinear model
for Poissorcountsis sufficient.

5.2 Steel pipelines

Steelpipelineshave very strongmechanicaproperties(failuresare very rare), but they
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are easyprey for corrosve agentsunlessthey are correctly protected. We consider33
failures,dueto corrosion,n theperiod1978-199%veranetwork of 275kilometres.The
cumulatve numberof failuresis depictedn Fig. 2. More detailson thedatacanbefound
in Fumagalli(1999).

Availabledataandexperts’ opinionsled to identify threeprincipalelementgshatmay
berelatedto thefailures:theageof thepipe,thetypeof corrosionthatleadsto therupture
of pipe,andthelay locationof the pipe. Herewe consideronly thefirst elementwhereas
the othershave beenanalysedn Cagnoetal. (1999).

Thechoiceof aNHPPIs justifiedsincecorrosiondevelopsprogressiely, reducingthe
thicknessof the pipewalls until the pipe breaksandthe gasescapes.

5.2.1Parametricmodels

Cavallo (1999)and Cavallo andRuggeri(2001) considerecdh unique,parametricNHPP
to modelall the failures:they entertainedhe HPR the PLP and, mainly, the logarithmic
NHPPwith Ag(t) = aln(1 + bt) + ¢, 0 := (a,b,c) € R

Them.v.f. of thelogarithmicNHPPIs givenby

Ag(t) = /Ot Mo(s)ds = (1 b) In(1+ bt) + (c — a)t.

Given Ny failures,y = (y1,...,yn,), in [0, 7], thelikelihood(1) becomes

Nt
L6 | Y, Nr) = (1+ bT)*a(HbT)/be(a*c)T H (aln(1+by;) +c¢).

i=1

MLE and Bayesian(underindependentGammapriors) estimatesare comparedn
Tablel. ResultsonHPD interval andpredictive distributionof N; canbefoundin Cavallo
(1999).

Tablel: MLE andBayesiarestimates

| Parameterl MLE || Mean| Median| Mode | Variance]
a 0.000 || 1.243 1.141 0.962 0.493
b 0.724 || 1.662 1.374 | 0.799 1.454
c 4.755 || 2.797 | 2.780 | 2.862 1.021

The MLE leadsactuallyto a HPR whereaghe Bayesianapproachfavoursthe non-
homogeneousomponentas shovn by posteriormeanand varianceof a. Cavallo and
Ruggeri(2001)shaws thatthe estimatedn.v.f. of the HPPis closerto the samplem.v.f.
thanthe onefrom the NHPP. The betterperformanceof the HPPis confirmedby look-
ing at the Bayesfactor: the HPPis slightly betterthanthe logarithmicNHPP and both
arestronglybetterthanthe PLP. The Kolmogoros-Smirnov (K-S) testhasbeenunableto
rejectthe null hypothesison the datacomingfrom the logarithmicNHPP with the esti-
matedparametersThe K-S testhasbeenperformedby transformingthe datay; sothat
the generalisedesidualsr; := f\(yj),j =1,..., Nr, are(underthe null hypothesishp-
proximatelyarrival timesfrom a HPPwith unit intensity(seeOgata(1988)).In this case,
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theinterarrval timesv; := 7; — 7;27 arei.i.d. exponentiallydistributed,with meanl, and
we canapplytheK-S testto w; := 1 — exp(—7;), which areuniformly distributedunder
thenull hypothesis.

Thereforewe decideto relaxtheassumptiorof alogarithmicNHPPconsideringboth
anonparametrienodel,to be“centred”at the bestestimateof the NHPP (Section5.2.2),
andthe superpositiorof NHPPs(Section5.2.3).

5.2.2Nonpaametricmodels

Stemmingfrom the paperby Lo (1982),Cavallo (1999)andCavallo andRuggeri(2001)
consideredhem.v.f. A asthedistributionfunctionof arandommeasureV/, theintensity
measuref the process.

Givenameasurg: anda measurableubsetB, we defineuB := p(B).

Definition 1 Let o be a finite, s-additive measue on (S, S). Therandommeasue y
followsa Standard Gamma distribution with shaper (denotedoy i ~ GG(a, 1)) if, for
anyfamily {S;,5 = 1,..., k} of disjoint, measuablesubset®f S, therandomvariables
pS; areindependenandsud that uS; ~ G(aS;,1),forj =1,... k.

Definition 2 Let 3 bean a-integrablefunctionandy ~ GG(a, 1). Therandommeasue
v = Bu followsa Generalised Gamma distribution, with shapen and scales (denoted

by’/ ~ gg(aa B))
The GeneralisedGammadistributionsareconjugategor the Poissorprocesses.

Theorem 1 (Lo (1982)) Let{ = (&, ..., &,) ben Poissonprocessesvith intensitymea-
sure M. If M ~ GG(«, B) apriori, thenM ~ GG(a+ Y1, &, B/(1+np)) aposteriori.

In the next we considerthe obserations{y;;,7 = .k;}3_, from n Poissonpro-
cesseg = (&,...,&,) onS. Notethaty” denotesthefalluretlmewhenk failuresare
recordedn the j-th system;j = 1,..., n, obsenedoverS = [0, 7).

Theorem 2 (Lo (1982)) Under the above assumptionsand squaed loss function, the
Bayesiarestimatorof M ~ GG(a, f3) is givenby themeasue M sud that

Vi Bz) - (i) 3
M5 = Js T +121;1+n5(yu) slg), VS €S

Theorem 3 (Cavallo and Ruggeri (2001)) Givenn Poissonprocesseg with common
intensityfunctionM ~ GG(a, 8), the Bayesiarestimatorof R, undersquaedlossfunc-
tion, is givenby R sud that,VS € S,

Sa B(z) L& yZJ)IS(y’U)
RS_eXp{_/gln(1+1+nﬁ(x) ZZI Hn—ﬁ(ym))}

We considera nonparametrienodel“centred”atthelogarithmicNHPR whosem.vf.
is the BayesianestimatorA,, with intensity \y(s). Therefore,we choosea(ds) :=
Ag(s)/ods and B(s) := o, sothatthe measureEM hasdistribution function A4, and
MS ~ G with meanA,S andvariances - AyS, forary S € S.
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Theoremg and3 give the Bayesiarestimators
[ e oyl )
1+ no 1+ no )

M is a weightedmeanof the (prior) measure\, andthe n obsened processeg;; the
weightof theformerdecreasewheno increasesndvice versa.

and RTS’:<1+

Mean value function Reliability

P(N[O,t]=0)

Figure 1: Nonpamametric (solid) and parametric (dashed)estimatos and cumulative
N0, t] (dotted)

Figurel presentshe nonparametri@stimatorsof m.v.f. andreliability undera prior
GG(Ag/o,0), with ¢ = 0.509. It shouldbe obsered that the estimationof the m.v.f.
improvessignificantlyuponthe parametriaccase.Thefinding is confirmedwhencomput-
ing the Bayesfactorbetweenhe parametricandthe nonparametrienodels,asshown in
Cavallo andRuggeri(2001).

5.2.3A complex model

The previous modelsconsiderthe pipelinesasif they wereinstalledat the sametime.
Sinceagingis relevant, we considertheir installationdate (actually year). We split the
network into subnetvarks containingall thosepipelinesinstalledin the period (year) s;
by s we alsodenotethe startingtime of the correspondingeriod. Let S thesetof all the
periodsin which pipelineswereinstalledandlet » be the numberof its elements.More
detailsareavailablein PievatoloandRuggeri(2000)andPievatoloandRuggeri(2001).

Supposehatbothfailuretimest; andinstallationdates); of n failuresin theinterval
[To, T1] areavailable;they arerecordedn t = (¢, ..., t,) andd = (d,...,d,). Foreach
s € §, considerthe PLP N, with intensity

)‘s(t; Msa /83) = lsMsﬁs(t - 8)/88711[5,00)(75)7

wherel, is thelengthof the partsinstalledat s.
Combiningthelik elihoodsfor eachPLR, it follows, from theirindependencehatthe
likelihoodfunctionfor the systemis givenby

L(M, B;t, 0) = H Bs, U5, Ms, (ty — 5k)/35k—1e— 22:1lsMs[(Tl—S)Bs—(SVTO—S)BS]’ 2)

k=1
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with M = (M, ..., M,)andg = (f,...,B;).

For all s, we supposeM, ~ E(0r), Bs ~ E(03), with 8y ~ E(rar) and b ~
& (). Thereforewe considerg independentrom M, whereaghe M,’sandthe 5,’s are
exchangeablamongthemseles.

Theposteriordistributionis obtainedapplyinganMCMC algorithm,basednaGibbs
samplerfor all the parametergxceptfor the 3,’s, updatedsequentiallyby Metropolis
steps.The sampledvaluesfrom the posteriordistribution areusedto computetherelia-
bility measuresasthethe systenreliability for the globalnetwork

R(Ty,u) = exp{— > Ml [(u— )" — (T1 — $)%| }Mjs o) (u)

seS

andthe expectednumberof failuresin thewhole network in afutureinterval (77, u]

E{N(Ty,u) | M, 8} = > M, [(u— )% = (T1 — 8)%] Ijs 00)(w).

SES

Settingry, = 0.2 and7z = 0.7, the 95% posteriorprobability intervalsfor the system
reliability andfor the expectednumberof failuresin five yearsare estimatedas[9.64 -
107°,0.01] andas|[4.59, 9.25], respectiely.

1980 1985 1990 1995
Years

Figure2: Cumulativenumberof failuresfor thewholenetworkcompaedto theestimated
meanvaluefunction

In Fig. 2 the (posterior)expectedvalueof the meanvaluefunction

> Ml [(t— 8)% — (Ty — 5)%] Ty 0) (w)

SES

shaws that thereis a substantialagreementvith the data, except for the two clusters
of failuresbefore1980 and around1990. We fear that there are someatrtifactsin the
registrationof thefailures,with multiple recordingson the sameday.

Finally, the installationdatesof the failed pipelinesare not alwaysavailable,aswell
asmostgasescapedeforel1978. Missing andcensoredlataarethoroughlyanalysedn
PievatoloandRuggeri(2001).
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6. Underground train failures

Argientoet al. (2002) consideredhe failuresof the door openingsystemof 40 under
groundtrainsrecordedetweerbth April 1990and31stDecemberl998. Whena failure
took place,boththe odometereadingandthe datewererecorded.In Fig. 3 we shov the
cumulatve numberof failuresof all trainsversustime; the asterisksndicatewheneach
train hasbeenput on service.A transientoehaiour takesplaceduringthefirst 500days,

2000}

1500

1000}

L #*
500 ¥

e

L L L L L L
500 1000 1500 2000 2500 3000 3500

Figure3: Cumulativenumberof failuresversusdaysfor all trains

when35trainsareputon serviceafterthis period,thenumberof trainsis essentiallycon-
stantandthe cumulatve numberof failuresgraduallyassumes concae shape Periodic
oscillationscanbe noticedin the cure.

We considerboth spaceand time via a marked Poissonprocesson the time scale,
wherethe basicintensityfunctionattime ¢ depend®n the expectednumberg(t) of kilo-
metersrun at ¢, whereask, the kilometersactually run at failure times, constituteshe
mark.

Ourmodelfor a singletrain is basedon theintensityfunction

)\(t, 91,02) = ,u(g(t),@l)s(t, 92), t Z 0, 01 € @1, 02 € @2 .

The conditionaldistribution of %, givena failure at¢, is N'(g(t), 0?), ands(-; 65) is the
periodiccomponent.After regressingthe kilometerson time for mary trains,we found
thatthefunctionalform E(k | t) = g(t) = at + bt? is quiteacceptableThe spectrunmof
themonthlynumberof failuresof all trainssuggestshatonly theharmoniccorresponding
to a periodof oneyearis predominant.Therefore we chooses(t; 6s) = expq{p cos(wt +
)}, 05 = p > 0, whereonly the amplitudep shouldbe estimatedsincew = 27/365
(one-yearfrequeny whentime is measuredn days),andthe phasep is known from the
startdateof eachtrain.

Sincethe plot of the cumulatve numberof failuresversuskilometersdenotesearly
failuresfollowedby a moderateeliability growth, we take

log(1 + f1k)
(1+pik) 7

increasingup to its maximumpointat (e — 1) /3, andthendecreasingo zero.

MLE andconfidencentervalsfor onetrainarereportedn Table2.

Thefitting of themodelcanbeassessefilom Fig. 4, andcanbeconsideredatishctory
apartfrom thatof g(t), wheresystematicleparture$rom the estimatedturve canbe seen

M(ka 01) = /80 91 = (ﬁOa/Bl)a BOa/Bl > 07
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Table2: MLE and95%asymptoticconfidencentervalsfor the (scaled)parametes

| Parameter] MLE | C.I. | Parameterl MLE | C.I. \
ax 102 | 1.209] [1.171,1.247]|] bx 10> |2.025] [1.862,2.188]
o2 %10 7| 5.800| [4.214,8.345]| px 10 | 3.234 [0.000,6.779]
By x 10 | 7.358] [5.640,9.076]| B x 10° | 2.239] [1.938,2.540]

ata closeexamination.We planto addresghe problemusinga nonparametrienodelon
thecurveg.

0.02

2 001

Cumulative no. of failures

- 0
0 1000 2000 3000 4000 0 1000 2000 3000 4000
days days

0
0 2 4 6 0 20 40 60 80
observed km x10° observed no. of failures

Figure4: Diagnosticplots for onetrain: estimatedneanvalue functionand observed
failures(top left), estimatedntensityfunction(top right), expectedodometereadingsat

failure timesvs. observedeadings(bottomleft) and expectedhumberof failuresversus
observedbottomright)

7. Future research

We arecurrentlyworking in directionsaiming to improve the resultsfoundinsofar. The
nonparametri@pproachn Section5.2.2seemdo be a very promisingone: we arein-
vestigatingthe caseof moregeneralfunctionss. As regardthe parametricapproachn
Section5.2.1,we areconsideringclasse®f NHPPsdefinedasthe solutionof differential
equationsasshown in Ruggeri(2000). We think the quality of the dataon gasescapes
will hardlyleadto avery satisfctoryfit with parametrianodelsor their superpositioras
in Section5.2.3. Finally, we are now working on a Bayesiamonparametri@analysisof
thetrain doorsfailures.
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