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Riassunto: Un argomento centrale nell’analisi dei valori estremi, éhs&tato oggetto di
grande attenzion& la stima adattiva del parametro di formall caso di~ positivo, i.e.
quandoF & una funzione a variazione regolagestato trattato estesamente. Per questo
caso particolareé noto lo stimatore di Hill (1975). Tuttavia esistono molti altri stimatori,
soprattutto stimatori di tipo kernel e stimatori dei minimi quadrati ponderati della pen-
denza basati sul QQ plot di Pareto o sul plot di Zipf (Csorgo and Viharos (1998)). Inoltre,
utilizzando un modello di regressione esponenziale (ERM) per gli intervalli tra successive
statistiche d’ordine estreme, Beirlagital. (1999) e Feuerverger and Hall (1999) hanno
proposto stimatori con distorsione ridotta. Stimare i parametri nel’lERM permette anche
di selezionare il numero appropriato di dati estremi quando si utilizzano gli stimatori citati
in precedenza, in particolare lo stimatore di Hill.

Nel caso diy a valori reali lo stimatore di Hile stato generalizzato a uno stimatore
di tipo dei momenti (Dekkerst al.(1989)), e a uno stimatore tipo Hill basato sul plot dei
guantili generalizzati introdotto da Beirlaet al. (1996a). Un metodo di stima consegue
dalla stima di massima verosimiglianza basata sulla distribuzione generalizzata di Pareto
con vincoli per parametri di forma negativi (Smith (1987)). In questo articolo si precisa
come gli stimatori gd menzionati pety > 0 possono essere generalizzati al caso di valori
reali di, per esempio sostituendo il plot di Zipf con il plot dei quantili generalizzati.

Infine, & discussa un’applicazione alla stima dei quantili estremi e della coda di una
distribuzione.
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1. Introduction

Let X1, X»,..., X, be a sequence of independent and identically distributed random
variables with distribution functiort” and tail quantile functior/ defined byU (z) =
inf{y; F(y) > 1 — 1/x}. We denote the order statistics &y, < ... < X,,,,. The sta-
tistical model considered in this paper is given by the basic maximal domain of attraction
condition which governs extreme value theory :

Suppose that there exist sequences of constants,, > 0) and (b,), and some
7€ R,

such that

lim 1P <X""_b” < x) = G, (z) forall z, (1)

n—oo

with G, (z) = exp (—(1 + vx)_%>.
The main aim of this paper is to discuss the estimation problem of the extreme value
index~ under this model, and of extreme quantiles and tail probabilities. The extreme

- 223 -



value indexy is known to be the main indicator about the decay of the distribution tail,
ranging from distributions with finite endpoint (< 0), over exponentially fast decreasing
tails (y = 0), to polynomially decreasing Pareto-type tailsX 0).

2. Pareto type tails

Most research in this area concentrates on the heavy tailed distributions with.
An excellent recent overview of this literature can be found in Csorgo and Viharos (1998).
When- is strictly positive, it follows from (1) thak is of Pareto-type, i.e.

F(tz)/F(z) — t /" asz — oo, forall t > 0.

with a = ~. Thisis equivalent to the regular variation of the tail functiéfr) = Q(1—-1)
with @ the quantile function of:

U(z) =z"L(x), (2)

where L is a slowly varying function, i.e. satisfying(tx)/L(z) — 1 asz — oo, for
all t > 0. For the estimation of under this regular variation model, Hill proposed the
following estimator:

k
Hk,n = Z 1Og Xn—j—l—l,n - 10g Xn—k,n‘
j=1

1
k
Herek = k, is a sequence of positive integets< k£ < n) which, in theoretical asymp-
totic considerations, satisfies the conditions

k
k — ocoand— — 0 asn — oo.
n

It has been mentioned in literature that this and many other estimators can be viewed as
estimators of the slope in a Pareto quantile plott is constant (i.e. wheX follows a
strict Pareto distribution) the Pareto quantile plot or Zipf plot

1
<10g <nj— ) 710an—j+1,n> ) ] = 17' - (3)

is overall linear with slope approximately equaldo If L is not constant, the Pareto
guantile plot eventually exhibits this feature for smaller valueg. ¢dlence a large group

of estimators oty evolves from different possible regression fits on Pareto quantile plots.
Beirlantet al. (1996b) pointed out that fitting a constrained weighted least squares line to
the k upper points in (3) leads to the class of kernel estimators

@f _ Z;?:l %K(%)[log anj+1,@ — log Xp—j ]
" P K ()
with a kernelK integrating to 1. The Hill estimator is obtained far = Iy ;. Further-

more, Kratz and Resnick (1996) and Schultze and Steinebach (1996) introduced the Zipf
estimator which is an unconstrained least squares estimator based on (3):

k kt1 1 —k k4l ok
o j—1log == log Xy jirn — 3 205 log 5= 305 log X i

Yk = k 2 k4l 1( <k k1) 2
Zj:l log 7_E(Zj:l logi)

n
J J
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This estimator was generalized in Csorgo and Viharos (1998) to the class of weight esti-
mators

@ZVZ _ ?:l[fé'/—kl)/k J(s)ds|log Xn—jt1,n
,n 1k .

S i I (s)ds] log (k /)
with a weight function/ integrating to O.

The asymptotic nature of the definition of the Pareto-type model implies that any esti-
mator will contain quantities, the selection of which plays a crucial role for successful
application of such a technique: especially the choice of the number of extiehaes
received a lot of interest; see for example Beirlahtl. (1996b), Resnick and &tica
(1997), Drees and Kaufmann (1998), Drextsal. (2000) and Danielssoet al. (2001).
The issue is important: the extreme volatility of the Hill plg&, Hy,,) : 1 < k < n}
makes it difficult to use the estimator in practice if no guideline is given for the choice
of k. Minimizing the mean squared error of the estimation technique has been a constant
guideline throughout almost all publications on this topic: due to the asymptotic nature
of the nuisance part of the model the bias is smallest for sinathile the variance is of
course reduced with increasiig
However, next to the choice &f at instances the appearance of a substantial bias is con-
sidered to be a serious problem. This typically happens wWheis small in the Hall
model given by

L(z) = My (1 + MaxP{1+0(1)}) (4)

wherep < 0, M; > 0 andM; € IR. Recently, in Beirlanet al. (1999) and Feuerverger

and Hall (1999), the regression problem defined by the upper subsets of a Pareto quantile
plot was further specified taking into account a second order slow variation condition,
essentially induced by the Hall model (4). In this way, the bias can be reduced or, the bias
of the Hill estimator can be estimated. From this, also an adaptive estimation procedure
to choose: can be given, as discussed in Beirlahal. (2001).

3. The casey € IR

The estimation ofy € IR has been studied less extensively. There are mainly two sets
of solutions which originated from two different formulations of the model, which are
equivalent to (1).

First, the POT (Peaks over Threshold) method (see for instance Smith (1987), Davison
and Smith (1990)) is based on results given by Balkema and de Haan (1974) and Pickands
(1975), stating that the limit distribution of the exceedances over a threshadden

u — oo IS given by a generalized Pareto distribution (GPD) with distribution function

€T -1/
H%U(ZE) =1- (1 + '}/0_) .

The fit of the generalized Pareto distribution over a high threshold can be performed
by maximum likelihood (Smith (1987)), probability-weighted moments (Hoslkhgl.
(1985)), Bayesian analysis methods (Coles and Powell (1996)), or by a percentile method
given by Castillo and Hadi (1997). Here most estimating methods are only valid with
some restrictions on the value of
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Secondly, several other estimators based aipper order statistics have been pro-
posed motivated by the following asymptotic relations which are equivalent to (1) (see
Dekkerset al. (1989)):

there exists a positive functiensuch that for allt > 0

. Utr) =U(x) [ logt v=0
i S = B T ©

or, equivalently,

lim

&—00 a(x)/U(z) £l 4 <. (6)

Y

logU(tz) —logU(x) { logt >0

Pickands’ (1975) estimator

1 Xn— n Xn— n
’AYlf n = lo LE/4], /2],
) log 2 Xnk/2);n — Xn—kn

can be seen to be consistent on the basis of (5); for more details see Dekkers and de Haan
(1989). Refined estimators of this type and more general classes of estimators in this spirit
were discussed in Drees (1995), Drees (1996), Drees (1998) and Segers (2001).

Based on (6), Dekkerst al. (1989) proposed the following estimator, ternmkd moment
estimator which brings about an adaptation of the Hill estimator to estimatelR:

1 H2 \'
~ M ~ M k,n

AM . _aM (1 DR
k k,n k7 2( Sk}n>

where
k

1
Sk,n = % Z(lOg anj—l—l,n — log Xn—k,n)Q-

J=1

Next, based on (6), Beirlargt al. (1996a) proposed an estimator pfe IR based on

a generalized quantile plot, which takes over the role of the Pareto quantile plot in this
more general setting. To construct this plot one observed, under (6)] thad regularly
varying at infinity with indexy whereH (z) = IE[log X —log U(z)|X > U(x)], i.e.

UH(z) =U(z)H(z) = 27¢(x), (7)

with ¢ again a slowly varying function at infinity. ¢ From this it can then be seen that the
generalized quantile plot

1
(log <n;|—> , log UHjﬁn) , J=1,...,n, (8)

becomes ultimately linear for smagll where

J
UHj,n - Xn—j,n (j—l Z log XTL—i+1,TL - 10g Xn—j,n)

=1
is an empirical substitute far H((n + 1)/7).
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As in they > 0 case, one can now construct several regression based estimators for
~ € IR. The simplest estimator of this kind is given by the generalized Hill estimator

1 k
= Zlog UH;, —logUHj1p,
—1

wherek denotes again the number of extremes that is used in the estimation. Of course
a class of kernel estimatofg’,, generalizing the Pareto index estimatafs, can also be
introduced by formal replacement &f, 41, by UH;,, as introduced in Beirlardt al.
(1996a).

One can also consider the generalized unconstrained least squares esiﬁgatﬂmthe
case where € IR:

, Xhlog B log UH;, — + X5 log = Y¥_logUH;,
’yk,n =

10g2 k+1 _ %( k

which can be approximated tg/z’“1<log Bl _ 157 log ’T) log UHj,, using the

fact that% Z?:l 10g2 %_(% Zle log %) ~1,ask — oo and% — 0.
As in Csorgo and Viharos (1998) one can extend this idea to a class of weight estimators

AWz _ ;C 1 U(]/kl)/k J(s)ds]log UH;,
kn .
SA LG i T (s)ds] log(k/ )
with a weight function/ integrating to 0. More specifically the weight functions

1+0
(

Jo(s) = 1—(1+ 0)59) , s€0,1]

with & > 0, which contains the Zipf weight function log(s) — 1 as a special case taking
6 = 0. This leads to a natural class of estimat{)s’,.

In case of the Hall model

{ U(x) = Myz" (1 + Mexf(1+4 0o(1))) (x — 00) ifv>0
U(x) =U(oo) — Myx" (1 + MazP(1+0(1))) (z — o0) if 7(9<) 0

with M; > 0 andM; € IR, the following minimal AMSE values can be found with

b@)(1+ o) iy >0
# _ ) a(@ i
b () = bty 1 ifp<~v<0
bo) SR <o
whereb(z) = Mypx? and, in case < 0, a/U(z) = M(ﬂz)‘ 7
2
(=2p)b#(m) | if
wpaee ) (24D "=

AMSE (kom) =

2
[=2p(-2pebt () | -
((1—p>[fl—v>?1+w+2w2>]p> (=2p+1) iy <0,

- 227 —



2

2p)Pb# (n o2 -
L, (1 p)zg(lﬂﬂ NG ) (=2p+1) ifv>0
AMSE(’Ykopt) - : 22
[~2p(1-27)]Pb# (n) - :
( g(HQzMQ 27 ) (—2p+1) ify<0,
22
20Pb%# (n - :
<(§ p/)) 1+§2)p> (=2p+1) ifv>0
2
SM oy [~20(1-3)(A—4)]Pb#(m) |7 -
AMSE (%) ( — p)[(’i 7(1 T GE T > (—2p+1) if p<v<0,
2
() 2p(ls)1s Jevtm) ) :
( 1—2v ’Yp - 17 27)((:/7 —y+1)]° > (_2p + 1) if Y <p

(=2p)?0% (n)(1 + ) (v + p)
(I+%*((1=p)+p)(1+v—0p

k?opt

AMSE(AYEY = ( )>12p(—2p+1) if v> 0.

It is seen that the generalized Zipf estimator is to be preferred especially |wheis
smaller than one. For negative valuesyothe generalized Zipf estimator is systemati-
cally best. With respect to the maximum likelihood estimator one remarks that its bias
disappears completely whent p = 0. Whenvy+ p > 0 the maximum likelihood estima-

tor performs better than the generalized Zipf estimator, and vice versayen < 0.

Of course this analysis assumes that the threskgld, ,, is chosen optimally. Adaptive
methods to achieve this goal (in an asymptotic sense) can be constructed in similar ways
as in the case of Pareto type distributions.

Another interesting feature of the Zipf estimator is the smoothness of the realizations as a
function of k, which alleviates the problem of choosihgo some extent.

4. Applications to tail and quantile estimation

The abovementioned estimators can of course be used in estimation of extreme tail
probabilities and extreme quantiles following the general technique presented for instance
in Dekkerset al. (1989):

(kfnp)r — 1

U(1/p) = Q(1 — p) = Xp_ps + a(n/k) for somep € (0,1/n],

X
and
~ k xr — Xn ken _1/:)%,71
F(r) = —max {0, (1 + A —— ) for somez > X,y
n { a(n/k)
wherey; ,, can be taken from the estimators given above , and where, for instance,

ank,n Hk,n

a(n/k) = i Vi)
(n/k) 1_7,{7”[(_00,0)(716771)

Asymptotic results for such estimators can be developed in analogy with the results given
for instance in De Haan and Rootzen (1993) and Feretiaa (1999) and Ferreira (2002).
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Among others Ferreirat al. (1999) have shown that for > 0 the analysis of the asymp-
totic mean squared error in the case of these corresponds to the analysis given above
concerning the estimation of
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