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Riassunto: L'articolo presenta metodi di clustering e di segmentazione per dati quanti-
tativi o distribuzioni di probabilé p-dimensionali. Essi si basano su un criterio di clus-
tering generale che considera una arbitraria funzione convedsacentroidi, e genera-
lizzano il classico criterio di varianza (SSQ). Si dimostra che l'algoritmo classico delle
k-medie pd essere modificato per massimizzare questo criterio basato sulla canvessit
introducendo partizioni con massimo supporto pianddiper ¢. Diversi problemi di
ottimizzazione coinvolgono un criterio di questo tipo: stratificazione ottima, massimiz-
zazione del parametro di centralitlel y2, piani di proiezione di Kohonen e clustering
bidimensionali per tavole di contingenza.
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1. Classical SSQ clustering

This paper deals with thelustering problenfor a set ofn data vectors, ..., z, €
R? which describe the properties of a €8t = {1,...,n} of n objects in terms op
guantitative variables. More specifically, for a given integerwe look for a partition
C = (C4,...,Cy) of O with m classes’, ..., C,,, C O which is 'optimum’ in some sense.
A common clustering approach is based onwthgance (SSQ) criteriodefined by

gn(C) = DD o =T P = D llmll> =D 1Cil - |7,
k=1 =1

i=1 keC;

2 5 mcjn (1)

whereZ¢, := (X iec, z1)/|C;| denotes the centroid of the observatiansbelonging to

the classC; (here|C;| is the number of objects if;). An approximateoptimization

can be attained by an iterative improvement of an initial partitiéh by exchanging

or reassigning objects among classes in an appropriate way. In particular, the classical
k-means algorithn{dynamic clustering) starts from the remark that tdmeparameter
minimization problem (1) is equivalent to thwo-parameter minimization problem

L& 2 :
gn(C, 2) = EZ > ek =zl — min (2)

i=1keC;

with two variableC and Z whereZ = (2, ..., z,,) iS a system otentersor prototypes
z; € RP for the m classes. Thé&-means algorithnmproceeds by (a) first minimizing
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gn(C, Z) with respect to the center systef this yields the class centroid$ = 7,

(b) then minimizingg,, (C, Z) with respect to then-partitionC; this yields aminimum-
distance partitiorC* where each objedt is assigned to the closest centrejd i.e. with
minimum Euclidean distandér, — z7||, and (c) then to iterate this alternating optimiza-
tion procedure until stationarity.

The previous criteria and the algorithm can easily be transferred to the 'continuous’ case
where P is the distribution of an arbitrary random vect&rin R? and we look for an
optimumm-partition B = (B, ..., By,) of R? . Then (1) and (2) take the form of the
segmentation (quantization, stratification) probléBock 1974):

oB) = 3 [ e~ EIXIX € B] |} dP(a)
= BIXIP- Y POX € B) | BIXIX € BIIF — mn @)
oB.2) = 3 [ el dP) — ip. @

2. A convexity-based clustering criterion

The minimization problem (1) is equivalent to the maximization problem

N [C
_;n

2 5 max. (5)

We generalize this clustering criterion by replacing the squared Euclidean distalfice
by an arbitraryconvexfunction¢(z) on R” and obtain the optimization problem

=3 G o) — max (6)
with its 'continuous’ counterpart:
=Y P(X € B) ¢(EX|X € B]) — max. @)

i=1

We will show in section 5 that this type of optimization problems arises in various domains
of statistics and data analysis. In fact, criteria of the kind (7) have been introduced and
investigated by Bock (1983, 1991, 1994) in order to maximize the power of statistical
tests by a suitable discretization (stratificationptZelberger and Strasser (2001) have
considered the-dimensional case and presented a detailed mathematical investigation.

3. Formulation of an equivalent two-parameter criterion
In order to maximize (approximately) the criteria (6) and (7) we will design an ana-

logue to the classicat-means algorithm. This requires an appropri@te-parameter
criterion — similar to (2) — which is equivalent to (6) or (7). This analogue can be obtained
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in the following way.

Recall that, for eaclr € RP, the functionu = ¢(z) has asupport hyperplane: =
t(x; z,a) ;== a'"(z — 2) + ¢(z) (with a coefficient vectou € RP) with the properties

o(z) > t(z; 2, a) forall z € R”. (8)

and¢(z) = t(z;z,a) in the special case = z. If the function¢ is differentiable and
a = a(z) = grad,¢(x).—, this hyperplane is just thengent hyperplant the surface
u = ¢(x) at the support point = z. For ease of presentation, differentiability will be
assumed in the sequel and the direction vectsrtypically omitted.

In this notation, we introduce for all class8s C R an arbitrary support point;, € R?
and compile them in theupport systen® = (z4, ..., z,,). We also consider the tangent
(support) hyperplang/; for ¢ at the support point; which is described by = t(x; z;) :=
al"(x—z;) + ¢(z;) with a; == a(z;). Finally we consider the piecewise linear functios-
p(z; B, Z) which is given by the hyperplan#; in the domainB;, i.e., p(x) = t(x; z;)
for x € B;. Obviouslyp(x; B, Z) < ¢(z) for all z. The following theorem specifies the
required two-parameter criterion:

Theorem: The ‘continuous’ maximization problem (7) is equivalent to tfmenimum
volume problem’defined by:

K(B,Z) = E[¢(X) — p(X; B, Z)] Z/ )=t z)|dP(x) — min. (9)
Similarly, the clustering problem (6) is equivalent to:
- Z Z Q;k — t(x,w zl)} — rénn (10)

Note that the criteriork (B, Z) can be interpreted as a weighted volume between the sur-
facesu = ¢(x) andu = p(z) in RPTL.

It appears that we carartially minimize these two-parameter criteria with respect to each
singleparameter, i.e3 (or C) and Z, in anexplicitform (see below). Therefore, we ob-
tain an analogue of the classiéameans algorithm for the new clustering or quantization
criteria (7) and (6) just by iteratively minimizing the criteria (9) and (10) with respect to
the partitionB (or C) and then with respect to the support systénm an alternating way.
This MSP algorithmis described in the following section.

4. The 'maximum-support-plane’ algorithm

We describe here thmaximum-support-plane (MSP) algorittor the 'discrete’ case,
i.e., for finding a sub-optimal:-partition C for n data pointsey, ..., z, € RP with the
clustering criterion (6). Since we assume a differentiable functitms will in fact be a
maximum-tangent-plane algorithwhich proceeds as follows for= 0,1, 2, ...

e t = 0: We select an arbitrany:-partitionC(© = (C\”, ..., C©) of the setO of objects.
ot —t+1:
(i) We determine the systei® = (z{” ... 2®) of support points that minimizes the
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criterion K,,(C®, Z) with respect taZ. This system is given by the centroiﬁfé) =T

of the classes’”, i.e., byZ(® := (fci”’ o T)-

(i) We determine the partitio6**+1) = (C\"™ ..., C*+1) of then objects that minimizes
the criterionk,,(C, Z®) with respect taC. We can show that**!) is essentially given
by themaximum-support-plane partitidimere: amaximum-tangent-plane partitipthat
is generated by the support systéfd, i.e., with classes

CﬁHJ):::{k € C)|t($k;ZU))=='I?aX (xk;za))} fori=1,...m (11)

i =
j=1,..., m

whereu = t(x; zft)) is the tangent hyperplané; for ¢ in the support pointl-(t).

e Stopping criterion:

The two previous steps are iterated foe 1, 2, ... until the partitionsC® do not change
any more or until the support poirtts,, attain an (approximately) stationary state.

5. Applications and special cases

5.1 Maximizing the non-centrality parameter of the x? goodness-of-fit test

If Y is a random vector if¢ with distribution P, the well-knowny? goodness-of-fit test
checks the hypothesi§, : P = P, for a given distribution?,. Based on a sample of size

n it uses the test statisti¢ := n X1, (N;/n—Py(D;))?*/ Py(D;) whereD = (Dy, ..., D,,)

is a givenm-partition of R? and N; the number of observations in the cld3s The prob-

lem of optimizing the test performance by a suitable choic® dfas been investigated

by various authors (e.g., Mann and Wald 1942, Spruill 1977). Bock (1983) optimizes the
asymptotic (Pitman or Bahadur) efficiency of th&test when testing againgt = P;.

This amounts to maximizing the non-centrality parameter

= S RDIAD) = Y A(D) - 6(A(D) 12)

whereX(D;) := P,(D;)/Py(D;) is the discretized likelihood ratio angthe convex func-
tion ¢(\) := (A — 1)2.. We can show that maximizing this parameter is equivalent to
the convexity-based 'clustering’ problem (7). In fact, if we introduce the likelihood ra-
tio A(y) = fi(y)/ fo(y) for the densities o, and P, and consider the random variable
X = A(Y) (of dimensionp = 1), (12) is equivalent to finding an optimum partition
B = (By, ..., B,) of R in the sense:

GB) == Y- P (B) - 6UEIX|X € B]) — g 13

where the partition® of R? andB of R' are related byD; := {y € R?\(y) € B;} and
numerical results, e.g., fgrdimensional normal distributions.

5.2 Maximizing the ¢-divergence between discretized distributions
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More generally, we may look for a partitidd which maximizes the performance of other
tests betweettl, : P = Fy, andH; : P = P, based on the count§;. Corresponding
performance measures have often the form of @sis2-divergence

(D) = ipowi)wwi»
= iP(BX(Bz) - o(Eo[X|X € Bj]) =8 G(B) — mgx. (14)

with a convexy (Bock 1983). Special cases include talback-Leibler discriminating
information ChernofndBhattacharrya distancesnd thevariation distance

5.3 Kohonen'’s iterative projection method

Potzelberger and Strasser (2001) have shown that for an arbitrary convex fundhien

maximization problem (7) is equivalent to the problem
. tr. ¢ .

Fo(ay,...;a,) = /Rp jgl%.}fm{aj r — ¢°(aj)}dP(z) — max (15)
where¢®(a) := sup,ere{a"x — ¢(x)} (With a € RP a direction vector) is the conjugate
convex function ofp. This implies that for the Euclidean nomz) := ||z|| with ¢°(a) =
0 (= o0) for ||al| < 1 (for ||a|| > 1) the problem (7), i.e.:

GB) =Y P(X € B,)-||EIX|X € BJ|| — max (16)

=1
and the problem (17), i.e.:
Fo(ay,...;an) = / ‘max {ajz}dP(x) (17)
RrRr j=1

77777 m

= Z/ al’rdP(x) —
i=1"B;

are equivalent. Herd! := {z € RP|a’r = max;{a}z}} fori = 1,..,m. This

latter problem corresponds to a problem investigated by Kohonen (1984): Consider an
m-partition3 = (By, ..., B,,) of R? and for each clasB; a directiona; € R?. Project all

x € B; on the directioru;. Look for a3 andm directionsa, ..., a,, such that the "average
projection length’ is maximized and, insofar, the subspaces spanned by diserimi-

nate best the classes Bf Whereas Kohonen has presented a stochastic approximation
method for solving (17) we can use the MSP algorithm here for resolving the equivalent
problem (16).

5.4 Simultaneous clustering of the rows and columns of a contingency table

Consider two random variablds and V' with domainsi/ and) and a joint distribu-
tion P = PWWY) with a densityf(u,v). For ease of presentation we assumhandV

to be finite here such that is a discrete distribution with counting densityu,v) =
P(U = u,V = v). Robardet (2001) considers the problem of findingnaipartition

A = (Ay,..., A,) of U and an-partition B = (B4, ..., B;) of V such that the dependence
structure of(U, V') is optimally reflected by the two partitions. We interpret this idea in
the sense of maximizing the Kullback-Leibler information

Gi(A,B) = > > P(A)P(B;)- —logWP(Bj) — max. (18)

i=1j=1
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We can use an alternating version of the MSP algorithm for improving an a given initial
pair A® and B® by minimizing first with respect td3, then with respect tod and
iterating these steps in turn. In fact, for a fixddwe denote

e by P, the marginal distribution of” with densityf¥ (v) = P(V = v),
e by P;; the conditional distribution of” underU € A; with density f;(v) :=
P(V =vlU € 4;) = Xyea, [(u,v)/P(4;)
such that\;(v) = fi;(v)/fY(v) = (Zuea, f(u,v))/[P(4;)fY (v)] is a class-specific
likelihood ratio and\(v) := (A1 (v), ..., A (v))" the vector of all likelihood ratios.
Then we can write the criteriof¥, (A, B) in the form
S P(B)|A:)

P(Bj)~;P(A,») : [_bgTBﬂ

P(B;)- iIP(An [~ log Bo[A(V)|B;]

MN

Gi(A B) = ] (19)

<.
Il
—

Il
M~

<
I
—

I
M~

P(B;) - oa(Eo[A(V)|B])

<.
I
—

where the functio 4(\) := X", P(4;) - [— log A;] is obviously convex orR™. There-
fore (19) has just the form of the convexity-based basic criterion (7) and we can maximize
(19) (here: with respect t8) with the MSP algorithm.
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