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Riassunto: Il paradigma della Long Range Dependence (LRD) riveste una grande im-
portanza per la descrizione di dati di serie storiche generati da processi economici. La
principale ragione ‘che la LRD caratterizza in modo naturale serie caratterizzate da una
forte persistenza. Modelli lineari con LRD sono stati molto usati in macroeconomia.
L evidenzaempiricabasatasu datifinanziari, d altraparte,ha portatoallo sviluppodi

modelli non lineari con LRD, e in particolare modelli con vola#ilgtocastica. In questo
lavoro si discutono sia | evidenza empirica a supporto della LRD, sia gli aspetti teorici
dei modelli introdotti sulla base di tale evidenza empirica.

Keywords: Self-similarity, time series, FARIMA, nonlinear time series, ARCH, stochas-
tic volatility, arbitrage.

1. Introduction

Granger(1966) firstpointedout thatnonparametricallgstimategowerspectraof many
economicvariables,such as industrial productionand commodity price indexes,sug-
gestedoverwhelmingimportanceof the low frequencycomponentsMandelbrot(1971)
observed self-similarbehaviourin the distributionof speculativeprices,andproposed
continuousanddiscretetime fractionalmodels,suchasfractionalBrownianmotion; see
Mandelbrotand Ness(1968). He then developedthe Hurst rescaledrange (hereafter
R/S)analysispriginally introducedn MandelbrotandWallis (1969),for socialmeasure-
mentpurposesHowever,initial sizeableempiricalsucces®f thelong-rangedependence
(LRD) conceptin economicss certainly relatedto the autoregressivéractionally inte-
gratedmoving averagemodel (ARFIMA), proposedsimultaneoushjby Hosking(1981)
andGrangerandJoyeux(1980),andtheincreased flexibilityit bringsto the Box-Jenkins
linear time seriesmethodology,n particularfor modellingmacroeconomidime series
sinceDiebold and Rudebush1989). The relative succes®of the LRD conceptin eco-
nomicsmayalsobeattributedto the developmenof arationalefor its presencén macro-
level economicand financialystemdasedon the aggregatiorof micro units. This was
originally proposedn Robinson(1978)andfurtherdevelopedn Granger1980),bothin
the contextof contemporaneousggregatiorof heterogeneou&R(1) micro-units.
Estimationof fully parametridong memorymodelssuchasARFIMA appearedum-
bersomegspeciallyin thetime domain,and,moreoverpracticalestimatiorof thesemod-
elsindicatedthatthe estimated/aluesof thelong memoryparametewaslargely affected
by theparametricspecificatiorof theshortrundynamicgartof themodel,i.e. theARMA
componentHence,animportantreasorwhich gavefurtherimpetusto theimportanceof
LRD in economics, was the introduction by Geweke and Porter-Hudak (1983) of a semi-
parametric estimator (hereafter GPH) for the estimation of the degree of LRD in a time
series. In fact, GPH is robust to many forms of complicated short run dynamics.
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Empirical financeresearcthada tremendousmpactin emphasizinghe importance
of the LRD paradigmpothempiricallyandtheoretically.On the onehand,the availabil-
ity of very largetime seriesof high-frequencydata,allowedeasierandmoreconvincing
detectionof long memory.On the otherhand,someempirical findingspromptedthe de-
velopmentof nonlineartime seriesmodelsapt to fit the empirical distribution of asset
returns,synthesizedn a numberof well known stylizedfacts, including slow decayof
sampleautocorrelation®f squaredreturns. This hasstimulatedresearchaiming at es-
tablishingasymptotictheoryfor suchmodelsandderivingtheir implicationsin termsof
assepricing andrisk managemenn arbitrage-fregheoreticaframeworks.Theseissues
arethefocusof section2.

2. Long memory implicationsin finance

2.1 Long memory in asset prices.

Following the mixed empiricalsucces®f the LRD paradigmin macroeconomicsa
greatdealof researcthasfocusedon possibleevidenceof LRD in financialassetreturns
defined ast; = log(P;/P, 1), where P, is the price of the asset. Mandelbrot (1971)
first suggestethe possibilitythatassepricescouldexhibitLRD. UsingtheclassicaR/S
analysis,GreeneandFielitz (1977)uncoveredsignificantstatisticalevidenceof LRD in
daily returnson securitieglisted at the New York Stock Exchange.Theseresultswere
challengedy Lo (1991)who proposeda modified R/S statistic,robustifyingfor possible
additionalshortmemorydynamicsby takinginto accountthefirst ¢ lags of the autoco-
varianceof the observablesHe concludedhatthereis no suchclearevidenceof LRD in
thelevelsof asseteturns.

Hence theempiricalevidenceconcernind_RD in thelevelsof financialasseteturns
is far from being clear-cut. Note that mostof modernfinancetheoryis basedon the
martingaledifferenceassumptiorior thelevelsof asseteturns,in turn a by-productof a
martingaleassumptiorior log-pricesandthereforethe simplepresencef autocorrelated
returnsdatain levels,howeverweak,posesconsiderabl@roblems.Indeedthereis some
empirical evidenceof significantautocorrelatiorat the firstfew lags often imputedto
non-synchronousadingandothermarketmicrostructureeffects;seee.g. Anderserand
Bollerslev(1997)for forex returnsandDing et al. (1993)for the Standard% Poor500
index (S& P 500) return.

Thereis agenerahgreementnthefactthatasseteturnsexhibitmorememoryin the
squareghanin thelevels. This stylizedfact wasrefinedto the presencef LRD in many
nonlineatransformationsf absoluteeturng(includingsquaredndlog-squaredeturns).
Using daily data of theS& P 500 closingprice index, Ding etal. (1993)showthatthere
is significantautocorrelatiorior lagsupto 10 years(approximately2, 500 lags with daily
data)whenconsideringhe squareseturnz? and more generally power transformations
such ag z; |* for variouspositivevaluesof «. Considering a suitable < 2, the ACF
of | z; |* would be well definedevenwhenthez, have unbounded fourth moment. This
patternis consistentvith theoreticalutocovariancesf the z# decaying hyperbolically.

This finding hasbeencorroboratedsincethe availability high frequencytick-by-tick
data. Henry and Payne (1997), Henry and Payne (1998), Andersen and Bollerslev (1997),
Andersenet al. (1999) consider the returns from using the foreign exchange spot rates
DM/$ and Yen/$ and, using semiparametric estimators such as the GPH, the local Whittle
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andtheaverageeriodogranestimatoof Robinson1994),foundevidenceof covariance
stationanLRD in thesquaredlog-square@ndabsolutaeturns.HenryandPayng1997)
andHenryandPayng(1998)usethe optimalbandwidthselectiorproceduresliscussedh
Henry(2001)

Since Tauchenand Pitts (1983), it hasbeenthoughtthat the existenceof a stable
relationshipbetweenstockreturnsandtradingvolumescould be exploitedin forecasting
speculativepricesdynamics. Using daily datafor the thirty stockswhich contributeto
the Dow Jonesindustrialaverageindex, Lobatoand Velasco(1999) providesempirical
evidenceof long memoryin stockreturnvolatility and tradingvolume, with the same
degreeof memory,althoughthe hypothesisof fractional cointegrationwasrejected. A
semiparametriestimatorof the coherencywasused.

Unlike macroeconomitime seriesfinancialdataandparticularlyhigh-frequencylata
makeit very naturalto usesemiandnonparametriestimatorsastheusualefficiencyloss
is compensatedy the possibilityof usingverylong spansof data.This, in part,explains
why fully parametric long memory models have not been advocated in order to detect long
memory in asset returns, using in turn the levels and the squares as observables. How-
ever, once the general statistical properties of the data are uncovered, precise and ef cient
estimation of the volatility of asset returns is crucial for evaluation of derivative securities
linked to such assets (such as options and futures). Furthermore, accurate forecasting of
volatility of financial assets is a key ingredient for risk management. Nonparametric prob-
ability densityestimatordor long memoryvariates(seeRobinson(1991a))do extendto
estimatiornof conditionalmomentsut only for a finite numberof laggeddependentari-
ables. On the other hand, semiparametridcong memoryestimators suchas Robinson
(1995b)andRobinson(1995a) focuspreciselyon long-horizonpastinformationbutig-
nore shortrun dynamics. Therefore,in orderto modelthe intrinsically non-Markovian
dynamicsof LRD in conditionalvariance,andfor practicalpricing of financial assets,
fully parametric long memory models of changing volatility must be considered.

2.2 Long memory volatility models.
Financial asset returns display a number of regularities across assets and periods, in par-
ticular dynamic conditional heteroskedasticity. This clearly cannot be accounted for by
linear models. Furthermore, as originally pointed out by Black (1976), the data exhibit
non-Gaussian kurtosis and dynamic asymmetries such as leverage effect, expressed by
a negative cross-correlation between current returpjsafd future squared returns;(,
with v > 0). The ARCH model of Engle (1982) represents the most famous nonlinear
time series model apt to account for such features, except for dynamic asymmetries. De-
noting byo? the conditional variance var? | z;_i,z; s, ...), the ARCHp) postulates
that

ol=w+arl |+ ...+ Oszffp a.s., (2)

wherew > 0, a; > 0(i = 1,..,p). Therefore, the conditional variance is a symmetric
function of past observations. A plethora of extensions have been developed in order to
take other features into account, in particular dynamic asymmetries; see Bolkeralev
(1994) for a recent survey.

Robinson (1991b) generalized (1) to

o=t Y e, - 1) s, Yo < oo, @
j:l =1
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with 72 > 0 and; > 0. This includes (1) whem,; = 0 for all j > p. Robinson (1991b)
introduced the ARCH{c) model (2) and

2
ol = (w +> ¢jxt_j) a.s., Zgﬁ? < 00, 3)
i=1

=1

as alternativehypothesesn deriving scoretestsof no-ARCH with optimal efficiency
againstsuchalternatives.Note thatfor (3) thereis no needto imposenonnegativityon
w andon the ¢;. Model (3), calledlinear ARCH (LARCH), wasfurther consideredn
Giraitisetal. (1998)who characteriz¢éhelow-orderstatisticalpropertiesof themodel.In
particulartheyestablistsufficientconditionsfor LRD in thez? and weak convergence of
their partial sumsto fractionalBrownianmotion B (t).

In orderto imposemartingaledifferencelevelsand autocorrelategquaresthe data
generating process faf; is routinelydefinedby

Ty = €0, (4)

wherethe so-calledrescalednnovations;, are i.i.d. withE(e;) = 0 andE(e?) = 1.
RobinsonandZaffaroni(1997)discuss.RD parameterizationfor the); in (2). An
importantparametrio/ersionis

S i — (1 2yt
L= = -9 ©)

whered > 0 anda(z) andb(z) aredefinedasfinite orderpolynomialwhoserootsare
outsidethe unit circle in the complexplane. Settingy)(z) = 1 — 322, Yz’ and¢ =
72(1), (2) canberewrittenas

of = ¢+ (1-¥(L)z.

Notethatin this case(5) implies¢ = 0.
RelaxingtheconditionE(e?) = 1, Giraitiset al. (2000) show that when

(B> v <1, ©

thereexistsa strictly stationarysolutionto (2) with boundedfourth moment. (6) allows
for hyperbolically decaying;, althoughparameterizationsuchas(5) areexcludedvhen
E(e?) = 1. Moreovertheyshowthat(6) impliessummabilityof the ACF of thex 2, ruling
out LRD.

The ARCHEo) (2)-(4) with the parameterizatioi(s) wasconsideredn Balillie et al.
(1996) but letting ¢ be a free parameter. This implies that when baéth > 0 (and
E(€?) = 1) thex? arenotcovariancestationaryTheyproposeGaussiampseudo-maximum
likelihood estimation(PMLE) of the model. However,no formal asymptotiadistribution
theoryyet existsfor the PLME nor for exactMLE (makingdistributionalassumptions
on the rescaled innovatiolag. This holdsirrespectiveof whether¢ is considered a free
positiveparameteor notandfor any chosen finitgparameterizatioof the,; = ;(0), 6
denoting gp-dimensional parameter, including (5).

Indeed, even when focusing on exponentially decayingthe asymptotic proper-
ties of the Gaussian PMLE are known only for the AR@H(see Weiss (1986)) and
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the GARCH(, 1) (seeLee andHansen(1994) and Lumsdaing(1996)), obtainedwhen

p = 2andy; = af/~1(j > 1) for somenonregaive parametersy,  satisfying the
strict stationarity conditionf log(3 + ae?) < 0 (see Nelson (1990)). In a linear long
memorysemiparametriéramework, RobinsonandHenry (1999) show thatthe asymp-
totic propertief thelocal Whittle estimatoK iinsch(1987)areunchangedvhenrelaxing
conditionalhomo%kedasticityof thelinearinnovationsto ARCH(cc) dynamicconditional
heterokedasticiy.

The ARCH(oc), and more generallyARCH-type models,can be seenas nonlinear
autoegressve models. One canalsoconsidemonlinearmoving average(MA) models.
In orderto take into accountthe leverageeffect andto relax nonregaivity constraints
on the conditionalvarianceparametersNelson(1991)introducedthe EGARCH, given
by (4) and

log o =w + 3" frglers), S FE < oo. (7)
k=1

k=1
The scalar functiog(-) de'nes the so-called news impact curve

g(er) = Oer +(le| —E | e ]),

for scalar parameterg 6. Dynamicasymmetryequires) # 0 andidenti ability 5; = 1.
Nelson(1991) mentionedthe possibility of long memoryparameterizationfor the /3,
further developedin Bollerslkev and Mik kelsen(1996) who proposedestimationof the
modelby GaussiafPMLE. Howevertheasymptotigropertieof the GaussialPMLE are
unkrnown bothfor shortandlong memoryparameterizationf the EGARCHmodel.

An alternative nonlinear MA has been proposed by Robinson and Zaffaroni (1997):

T = €hy, (8)

hy =p+ Zajet,j, Za? < 00, (9
j=1 j=1

generalizinghe nonlinearMA(1) of Robinson(1977). Thisyieldsc? = var(e;)hZ. The

choice of then; definesthememorypropertieof thez?, which are weaker or equal than

the ones of thé,; depending on whetheris equalto zeroor not. Focusingonawide class

of longmemoryparameterizationncludingthecasewvherethec; are the moving average

codficientsof the ARFIMA, Zaffaroni (1999b)establishes:'/?-consistency denotes

samplesize)andasymptotilmormality of the Whittle estimatorof the model,whenfitting

the spectral density of the squar€es

ThenonlinearAR andMA modelgustdescribedcanbe expressedsnonlineartrans-
formationsof presentand laggedvaluesof the ¢;,. Therefore, these models could be
de 'nedas one-shockmodels. In principle, onecaninvert the modelsand expressthe
unobservable innovation, the, asa nonlinearfunction of presentandlaggedvaluesof
the observable, the,, althoughformal proofsof invertibility may prove very diffi cult to
establish.

Motivatedby thefactthatthey seemto provide a closerapproximatiorto continuous
time pricing formulaeof modernfinance,Stochasticvolatility (SV) models,introduced
by Taylor (1986), replace (4) with

Ty = MOt (10)
and setting

logat2 = o + Z i€t—q, Z ,u? < 00,
k=1 k=0
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where{n;} representani.i.d. sequencevith E(n;) = 0, var(n,) = 1, different from the
¢;. Hence,SV-typemodelscanbe definedas two-shock models.In mostcasest is as-
sumed that); ande; areindependentf oneanotheralthoughthisrulesoutthepossibility
to accountfor dynamicasymmetriesSV challengeARCH-typemodelsin modellingthe
empiricaldistributionof asseteturns seeGhyselsetal. (1996)for acompletesurvey.Al-
thoughthedecouplingof thetwo shocksmakesSV moreattractivefor momentformulae,
thelatentnatureof the conditionalvariancecomplicategshe evaluationof the conditional
variancethroughfiltering and,moreimportantly,of thelikelihood functionitself.
A longmemorySV modelwasintroducedoy Harvey(1993),setting

logo? — o= (1 — L)%y, 0<d<1/2,

andproposedstimatiorby adiscretéWhittle estimatorfitting themodelspectradensity
of log z?. Breidt et al. (1998)showconsistencyof this estimatorand Deo andHurvich
(1999)showasymptoticnormality of the GPH estimatorfor this model. ComteandRe-
nault (1998) discussstatisticalpropertiesand temporalaggregationssuesrelative to a
continuougime longmemorySV model.

A two-shocknonlineaMA wasintroducedn RobinsorandZaffaroni(1998)which
allowstime-varying firstandsecondconditionalmomentslt is definedby

= gy + nehy,

where the bivariate procegs h; is independent of the;, definedin (10). The memory
properties of ther; andz? arecharacterizedor a generakspecificationof theg;, h;. The

linearspecificationwith i, given by (9) andy, = p+ 322, Bier—j, Yi2o B2 < o0, Seems
the mostappealingspecification,prior to finite parametemodellingfor the purposeof

estimation.

Focusingon Gaussian; andr;, Robinson1999)showshowall theseSV-typemodels
canbenestedn ageneraframework,settingz, = f(J;) whered, is ag-dimensional sta-
tionaryGaussiaprocesgandf (-) an arbitrary functiorf : R? — R suchthat?(f?(;)) <
oo. An asymptoticexpansiorfor the ACF of the z; sodefinedis provided,which allows
to distinguishthe impactof the nonlineartransformationf(-) and of the memory of the
d;, respectivelyon the memoryof the z;. In particular,assuminghe §, exhibit LRD,
primitive conditionson the function f(-) are establisheduchthatthe z; would exhibit
thesameor aweakerdegreeof LRD, respectively.

Despitethe numeroud_RD volatility modelsso far proposedyery little is knownin
termsof the possiblesourcesof LRD in squaredassetreturns. Inspiredby the corre-
spondindineartime seriesanalysisthe contemporaneousggregatioomechanisnseems
to provideanimportantvehicle. Ding and Grangern(1996)and AnderserandBollerslev
(1997)employthelinearaggregatiomesultsto a GARCH andSV setting respectivelyln
bothcasestheaggregatés nottruly de nedasthe cross-sectionarithmeticaverageln
astrongGARCH setting,Zaffaroni(1999a)establisheshe probabilisticpropertiesof the
aggregatedefinedasthecross-sectionarithmeticaveragef heterogeneousARCH.In
particular,it is shownthatthe aggregatiormechanismmeverinducesLRD in the condi-
tional varianceof theaggregate.

2.3 Pricing implications.
Theprincipleof non-arbitrages thecorner-stonef all pricingmodelsof modernfinance,
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sincethe seminalwork of HarrisonandKreps(1979). Mandelbrot(1971)first analyzed
the pricing implication of long memory. In a single assetframework,he assumedhat
the first differenceof the fundamentafollows a linear process,Py(t) — Py(t — 1) =
>, a;N(t — i), for somei.i.d. white noisesequencg N(¢)} andy°, o? < oco. Fur-
ther, it wasassumedhatarbitragewould inducethe speculativeprice of the asset,P(t),
to bealinearfunction of the fundamentalndto displaythe martingaleproperty,imply-
ing P(t) — P(t — 1) = N(t)(X:2, «;) underrisk neutralityanda zerorisk-freeinterest
rate.Hence LRD of thedifferencedundamentali.e. non-summabilityof the«;, directly
impliestheimpossibilityof implementingarbitrage.

Althoughwith ambiguousesults(cf. §2.1),theempiricalresearchhatfocusedonthe
possibilityof LRD in the levelsof assetreturnspromptedthe relevanceof the standard
Brownianmotionmodelin favourof fractionalBrownianmotion. However,Maheswaran
and Sims (1993)first pointedout that fractional Brownian motion of type By (t) (0 <
H < 1,0 <t < 1) is not a feasiblemodelfor assetreturns. In fact, By(t) is not a
semimartingaleinlessd = 1/2 for which B, »(t) = B(t). Forthe casé/2 < H < 1
seealsoCutlandetal. (1995)andmorerecentlyShiryaev(1998).Rogerq1997)extended
theresultto thecase) < H < 1/2.

Without the semimartingaleroperty, the standardapproachfor pricing contingent
claims,basedn theequivalenimartingalemeasurefails. Thisresultstemsrom thefact
that the ordei; variation of By (t) satisfieqcf. (Rogers1997,eq.(2.2))),asn — oo,

2"
o . _ 0, gH >1
ny _ - ny|q ) )
> 1Btz ") = Butl =02 { 2 17

consistentvith a semimartingaléehaviourfor H = 1/2 only. Rogers (1997) shows that
thefailure of thesemimartingal@ropertycharacterizeall Gaussiamprocesse$ X (¢) } of
the form

X() :/_too o(t — 5)dB(s) —/_OOO 6(—s)dB(s), t € R*,

with squareintegrablekernel¢(-) satisfyingg(t) ~ ct=1/? ast — 0*. By(t) repre-
sentsa particularcasesettings(t) = ¢"7~'/2. As a consequencdt follows thatchoosing
¢(t) such thatp(0) = 1, ¢'(0) = 0 and0 < ¢"(t)t>?>~% = O(1), t — oo, one can
constructGaussiarprocessesvhich exhibit the samelLRD as By (t) while retaining the
semimartingalgroperty(Rogers,1997,section5). Salopek(1998)addressedhe issue
of arbitrageopportunitiesn a moregeneralframework,with respecto the classof pro-
cessesvith continuoussamplepathsandbounded;-variation (| < ¢ < 2). Cutlandet al.
(1995)andShiryaev(1998)discusdractionalversionof the Black-Sholesoptionpricing
formula, based o (t). Thesedevelopmentswhich useBy (t) for describing dynam-
ics of assefprices,could still be useful,though,asthe corner-stoneassumptiorof zero
transactiorcostsis likely to fail in practice.

When consideringthe possibility of LRD in squaredeturnswith martingalediffer-
ence levels (cf§2.2), the mentionedmplicationsin termsof the possibility of arbitrage
do not apply. Thereforethe standardisk-neutralvaluationmethodscanbe used.Comte
and Renault(1998) discussoption pricing formulae basedon a continuoustime long
memorySV model.

Ontheotherhand,onemustbe awareof thesemplicationswhenconsideringvolatil-
ity modelscharacterizedby a time-varyingconditionalmeanspecified sinceEngle etal.
(1987), as a linear function of the square-rooted conditional variance when the latter dis-
plays long memory. Mandelbrat al. (1997) and Heyde (1999) proposed continuous
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time subordinateghrocesdor financial asseteturns,aptto displayheavytails andLRD
in absolute-valuedndsquaredeturns.

Practicaluseof long memoryassefpricing formulaein empiricalapplicationss not
so widespreadyet. Using daily dataof exchangeradedlong-termequity anticipation
securities on th&'& P 500 index, Bollerslev and Mikkelsen (1999) propose an empirical
applicationsof pricing long term options, parameterizinghe conditionalvariancewith
the so-calledfractionallyintegratedGARCH ((7) coupledwith >°%° 8, LF = ¢"1(L) as
from (5)).
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