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Riassunto: Questdavoro si ponenell'ambito dei modelli bilineari per seriestoriche.In

particolaresi affrontail problemadi individuarela funzionedi distribuzioneunivariata
perunaparticolarerappresentaziongel modello. L'obiettivo & quellodi valutarela non
linearitfi vistain terminidi distribuzioneperla qualesi individuaun'espansionén serie.
La performanceli tale espressionapprossimatai veri ca medianteun esperimentali

simulazione.
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1. Intr oduction

In recentyearsthe bilinearmodelsfor time seriesgaineda growing interest.The classof
thesemodelsaredif cult for theirprobabilisticstructure.Sotherearemary papersvhich
concernspeci ¢ bilinearmodels.

The ideaof this papercomesfrom the COLS estimatorantroducedby Grahn(1995).
Studying the propertiesof theseestimatorsit can happento simulatefrom a bilinear
model. A way to improve the quality of the simulationsis to generaterom the distri-
bution functioninsteadof differenceequation.

Considetthefollowing bilinearmodel:

Xy =6 +be1 Xy o 1)

whereb is an unknavn parametere; ~ N(0,0?), Vt, and, without loss of generality

o? =1.

This modelis the simplestcaseof Type | classof Standardizedilinear modelsGrahn
(1995). Model (1) canbe easilyconfusedwith a White Noisebecauseat haszeromean,
constantvarianceandzeroautocwariances.Furtherapplyinga parametrianodelto the

obseredtime seriesit canhappenthat, from the Ljung-Box test, the residualsseemto

be a White Noise even if somepeaksof the seriescanbe well capturedoy model (1).

Anyway the stationaryunivariatedistribution of X, in (1) is differentfrom the Normal

one(assignedo theresiduals;).

The aim of this work is to derive an approximateunivariatedistribution function for a

stationaryX; in (1). The secondsectionshavs the main resultsand the approximate
distribution of X;. A simulationexperimentis presentedn the third sectionin order

1This paperis partially supportedoy MURST 2000: Modelli stocasticie metodidi simulazioneper
I'analisi deidati dipendenti.
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to evaluatethe previous results. Finally someconcludingremarksaregivenin the nal
section.

2. The approximate distrib ution function

Thepresentatiomf the mainresultneedgo statesomepreliminariesgivenin thefollow-
ing lemma:

Lemmallf X, is definedasin (1) and X, is a strongstationaryprocessthen
there existsan absolutelycontinuoudistribution function.
Besidesthedensityfunction f(.) of X, is symmetricpositive continuousand unimodal.

Proof

Frommodel(1) andgiventhat X, is a strongstationaryprocessit followsthatits charac-
teristicfunction, H (u), is:

)= e 3 [ i ar(y) 2
JR

whereF (.) is the stationarydistribution functionfor X.
By the uniform boundof e—2"*#*%"| then

1
/§R|H(u)\du:\/§/§RWdF

whichimpliesthata densityfunction f(.) exists.

FurtherH (u) = 1if andonlyif © = 0, thenit isimpossiblethat f(.) canbeanarithmetic
functionat somepointsover .

Giventhatthe characteristidunctionis realthen f(.) is symmetric.

By thelnversionTheorem,f(.) is

(y) < V2r < o0

22

1 _
x) = e 201+0%v7) d 3
f@)= [, —= T Ty (3)

andso f(.) is de ned by asecondind integral equation.If f(xy) = 0 then

1
€
v
thelastequationcanbesatis edonly for f(z) = 0, Yz € R, whichis impossible.
Giventhattheintegrandfunctionin (3)

22

S f(y)dy = 0

1 a2
glw,y) = R
27 (1 4 b?y?)

hasthe rst partialderivative with respecto z, Vz, and%’;’y) is uniformly dominatedy

1/+/2x, then

22

df(x) 1 S
e e (77 f(y)dy
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So f(.) is continuousandit hasa maximumonly atz = 0.
It followsthat f(.) is unimodal. o

Therefore by lemmal the expression(3) is the true univariatedensityfunction for X,
in (1). To nd anapproximateclosedform for (3) it canbe statedthe following theorem:

Theorem 1 If X, is definedasin (1), X; is strong stationaryand ergodic process
and|b| < 1/2/5, thenthere existsan approximateunivariatedistribution function

F(x) = ®(z) — cxd(z) (4)
with ¢ = 2(117?)

Proof

Startingfrom (2) and,by Taylor expansionwe have

~ 1

H(u) = e~ /gR (1 — 562u2y2) f(y)dy (5)
By the InversionTheoremwe have the resultin (4). The expression(4) musthave the
densityfunctionof lemmal andthisis trueif |b| < {/2/5. o

Remarkl Investigatingthe Taylor expansionin (5), it is easyto verify that (4) un-
derestimatehetrue function.

Remark? [b| < \/% impliesthatthe sixth momentexists, thatis F (X}) < cc.

Remark3 Thedistribution (4) canbe seemasan Edgevorth seriesat the seconderm.
Sotheoreml stateghatthereis an Edgeavorth expansiorfor the stationaryunivariatedis-
tributionfunctionfor X; de nedin (1).
The approximatedistribution function (4) dependson the unknovn parameteb. If we
considera consistentestimatorfor b, suchasthe COLS shovn in Grahn(1995), say

boors, thenF(z) = (x) — écorsr(x) == F(x).
This corvergencecanbe provedby beors = b Grahn(1995)and

éooLs = 2(5%{)0%3) 2%, ¢ becausdt is a continuoudunctionof b.
~—YcoLs

The previousresultsshav thatthereexists a distribution functionfor X; andits approx-
imationis (4). Neverthelesghereis the crucial problemof the existenceof moments.If

we supposdhat all momentsexist, thenthe parameteb mustbe zero. In this casethe

model(1) reducego a White Noise.

3. Empirical results

Takinginto accounimodel(1) theexperimenis dravn by generatind 000seriesof length
n=3000bsenations.Figurel reportsthe Kerneldensityestimateandthe densityfunction
computedrom (4) xing thevalueof bto 0.5.

Othervaluesof || < 0.5 alsoleadto graphswherethe Kernelestimatecurve is nearly
over the theoreticalone. Hence,in thesecasesthe proposedapproximation(4) works

well. Insteadwhen|b| tendsto /2/5 the tting is notasgoodasin the previouscase.
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Figure 1: Kernelestimateandtheoetical f(.), withb = 0.5
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4. Concluding remarks

Theexpression4) canbeusedto estimategquantilesbothdirectly or by meansf Conish-
Fishermethod.Besidesknowing thedistribution of X, it is possibleto computethe un-
conditionalexpectedengthof one-stemheadoredictioninterval KabailaandHe (2001).
Theresultof the secondsectiongivesthe conditionsfor the Edgevorth expansionof the
univariatestationarydistribution of X;. It is importantto notethatthe processX; hasa
dependenstructurewith zeroautocwariances.

The approximation(4) canbe improved and extendedto a more generalbilinear model
evenif themostimportantconstrainis the existenceof somemomentdor X;.

A topic for future developments the derivationof a methodwhichimprovesthe approx-
imationwithout xing furtherconditionsonthe momentsof X;.

Finally anotherimportantsubjectis to understandhe measureof the error usingthe ap-
proximation(4).
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