
The Univariate Distrib ution Function for a particular
Bilinear Model

La Funzionedi DistribuzioneUnivariataper unparticolareModello
Bilineare

FrancescoGiordano1

Dipartimentodi ScienzeEconomicheeStatistiche
Universitfiadi Salerno
giordano@unisa.it

Riassunto: Questolavoro si ponenell'ambitodei modelli bilineari perseriestoriche.In
particolaresi affronta il problemadi individuarela funzionedi distribuzioneunivariata
perunaparticolarerappresentazionedel modello. L'obiettivo fie quellodi valutarela non
linearitfia vistain termini di distribuzioneper la qualesi individuaun'espansionein serie.
La performancedi taleespressioneapprossimatasi veri�ca medianteun esperimentodi
simulazione.

Keywords: Nonlinearity, BilinearModel,Edgeworthseries.

1. Intr oduction

In recentyearsthebilinearmodelsfor time seriesgainedagrowing interest.Theclassof
thesemodelsaredif�cult for theirprobabilisticstructure.Sotherearemany paperswhich
concernspeci�c bilinearmodels.
The idea of this papercomesfrom the COLS estimatorsintroducedby Grahn(1995).
Studying the propertiesof theseestimatorsit can happento simulatefrom a bilinear
model. A way to improve the quality of the simulationsis to generatefrom the distri-
bution functioninsteadof differenceequation.
Considerthefollowing bilinearmodel:

Xt = εt + bεt−1Xt−2 (1)

whereb is an unknown parameter, εt ∼ N(0, σ2), ∀t, and, without loss of generality,
σ2 = 1.
This model is the simplestcaseof Type I classof Standardizedbilinear modelsGrahn
(1995). Model (1) canbeeasilyconfusedwith a White Noisebecauseit haszeromean,
constantvarianceandzeroautocovariances.Furtherapplyinga parametricmodelto the
observed time seriesit canhappenthat, from the Ljung-Box test,the residualsseemto
be a White Noiseeven if somepeaksof the seriescanbe well capturedby model (1).
Anyway the stationaryunivariatedistribution of Xt in (1) is differentfrom the Normal
one(assignedto theresidualsεt).
The aim of this work is to derive an approximateunivariatedistribution function for a
stationaryXt in (1). The secondsectionshows the main resultsand the approximate
distribution of Xt. A simulationexperimentis presentedin the third sectionin order

1This paperis partially supportedby MURST 2000: Modelli stocasticie metodidi simulazioneper
l’analisi deidati dipendenti.

– 121 –



to evaluatethe previous results.Finally someconcludingremarksaregiven in the �nal
section.

2. The approximate distrib ution function

Thepresentationof themainresultneedsto statesomepreliminariesgivenin thefollow-
ing lemma:

Lemma 1 If Xt is definedasin (1) andXt is a strongstationaryprocess,then
thereexistsanabsolutelycontinuousdistribution function.
Besides,thedensityfunctionf(.) of Xt is symmetric,positive, continuousandunimodal.

Proof

Frommodel(1) andgiventhatXt is astrongstationaryprocess,it followsthatits charac-
teristicfunction,H(u), is:

H(u) = e−
1
2
u2

∫
<

e−
1
2
b2u2y2

dF (y) (2)

whereF (.) is thestationarydistribution functionfor Xt.
By theuniformboundof e−

1
2
b2u2y2

, then∫
<
|H(u)| du =

√
2π

∫
<

1√
1 + b2y2

dF (y) ≤
√

2π < ∞

which impliesthatadensityfunctionf(.) exists.
FurtherH(u) = 1 if andonly if u = 0, thenit is impossiblethatf(.) canbeanarithmetic
functionatsomepointsover<.
Giventhatthecharacteristicfunctionis realthenf(.) is symmetric.
By theInversionTheorem,f(.) is

f(x) =
∫
<

1√
2π (1 + b2y2)

e
− x2

2(1+b2y2) f(y)dy (3)

andsof(.) is de�ned by asecondkind integralequation.If f(x0) = 0 then∫
<

1√
2π (1 + b2y2)

e
− x2

0
2(1+b2y2)f(y)dy = 0

thelastequationcanbesatis�edonly for f(x) = 0, ∀x ∈ <, which is impossible.
Giventhattheintegrandfunctionin (3)

g(x, y) =
1√

2π (1 + b2y2)
e
− x2

2(1+b2y2)

hasthe�rst partialderivativewith respectto x, ∀x, and ∂g(x,y)
∂x

is uniformly dominatedby
1/
√

2π, then
df(x)

dx
= −x

∫
<

1√
2π (1 + b2y2)3

e
− x2

2(1+b2y2) f(y)dy
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Sof(.) is continuousandit hasamaximumonly atx = 0.
It follows thatf(.) is unimodal. �

Therefore,by lemma1 the expression(3) is the true univariatedensityfunction for Xt

in (1). To �nd anapproximateclosedform for (3) it canbestatedthefollowing theorem:

Theorem 1 If Xt is definedas in (1), Xt is strong stationaryand ergodic process
and|b| <

√
2/5, thenthereexistsanapproximateunivariatedistribution function

F̃ (x) = Φ(x)− cxφ(x) (4)

with c = b2

2(1−b2)
.

Proof

Startingfrom (2) and,by Taylorexpansion,wehave

H̃(u) = e−
1
2
u2

∫
<

(
1− 1

2
b2u2y2

)
f(y)dy (5)

By the InversionTheoremwe have the result in (4). The expression(4) musthave the
densityfunctionof lemma1 andthis is trueif |b| <

√
2/5. �

Remark1 Investigatingthe Taylor expansionin (5), it is easyto verify that (4) un-
derestimatethetruefunction.

Remark2 |b| <
√

2/5 impliesthatthesixthmomentexists,thatis E (X6
t ) < ∞.

Remark3 Thedistribution (4) canbeseenasanEdgeworthseriesat thesecondterm.
Sotheorem1 statesthatthereis anEdgeworthexpansionfor thestationaryunivariatedis-
tribution functionfor Xt de�ned in (1).
The approximatedistribution function (4) dependson the unknown parameterb. If we
considera consistentestimatorfor b, suchas the COLS shown in Grahn(1995), say

b̂COLS, then ˆ̃F (x) = Φ(x)− ĉCOLSxφ(x)
a.s.−→ F̃ (x).

Thisconvergencecanbeprovedby b̂COLS
a.s.−→ b Grahn(1995)and

ĉCOLS =
b̂2COLS

2(1−b̂2COLS)
a.s.−→ c becauseit is a continuousfunctionof b.

Thepreviousresultsshow that thereexistsa distribution function for Xt andits approx-
imationis (4). Neverthelessthereis thecrucialproblemof theexistenceof moments.If
we supposethat all momentsexist, thenthe parameterb mustbe zero. In this casethe
model(1) reducesto aWhite Noise.

3. Empirical results

Takinginto accountmodel(1) theexperimentis drawnby generating1000seriesof length
n=300observations.Figure1 reportstheKerneldensityestimateandthedensityfunction
computedfrom (4) �xing thevalueof b to 0.5.
Othervaluesof |b| ≤ 0.5 alsoleadto graphswheretheKernelestimatecurve is nearly

over the theoreticalone. Hence,in thesecasesthe proposedapproximation(4) works
well. Instead,when|b| tendsto

√
2/5 the�tting is notasgoodasin thepreviouscase.
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Figure1: Kernelestimateandtheoretical f̃(.), with b = 0.5
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4. Concluding remarks

Theexpression(4) canbeusedto estimatequantilesbothdirectlyor by meansof Conish-
Fishermethod.Besides,knowing thedistributionof Xt, it is possibleto computetheun-
conditionalexpectedlengthof one-stepaheadpredictioninterval KabailaandHe(2001).
Theresultof thesecondsectiongivestheconditionsfor theEdgeworth expansionof the
univariatestationarydistribution of Xt. It is importantto notethat theprocessXt hasa
dependentstructurewith zeroautocovariances.
The approximation(4) canbe improvedandextendedto a moregeneralbilinear model
evenif themostimportantconstraintis theexistenceof somemomentsfor Xt.
A topic for futuredevelopmentis thederivationof amethodwhich improvestheapprox-
imationwithout �xing furtherconditionson themomentsof Xt.
Finally anotherimportantsubjectis to understandthemeasureof theerrorusingtheap-
proximation(4).
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