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Riassunto: Nel presente lavoro si affronta I'analisi di dati spaziali multivariati non gaus-
siani, con particolare riferimento al caso in cui le misure rilevate sono costituite da con-
teggi. Sull’'orma delle attuali proposte presenti in letteratura per la modellazione di dati
spaziali univariati, si propone di utilizzare modelli fattoriali gerarchici (“generalized lin-
ear mixed models”) non Bayesiani. Per la stima dei parametri di questi modelli risul-
tano adattabili alcune delle tradizionali tecniche geostatistiche, mentre mappe dei fattori
spaziali latenti non osservabili si possono ottenere utilizzando algoritmi Markov chain
Monte Carlo.

Keywords: Factorial kriging analysis, Generalized linear mixed models, Linear factor
model, Markov chain Monte Carlo methods, Multivariate geostatistics.

1. Introduction

The present work is concerned with the analysis of non Gaussian multivariate spatial
data, and in particular with the case in which the available measurements are counts. Let
vi(x;), 4 =1,...,N, j = 1,...,n, be a set of data resulting from the measurement

of N regionalized variableg; atn spatial locationst;. Following standard geostatistical
practice, we see this set 8f regionalized variables as one particular realization of a set of

N random function;(x),7 = 1,..., N, x € D C %2. When the numbeN of random
functions involved is high, it becomes paramount to explore feasible ways to model the
N direct variograms and th& (N — 1)/2 cross-variograms in terms of a small number of
elementary components.

As far as only second order properties are concerned, the pioneering contribution to
the modelling of a variogram function matrix is the work by Matheron (1982) which
introduced a spatial factor model known as the linear model of coregionalization. More
recent discussions of the model, and of the related “factorial kriging analysis”, can be
found in Goovaertet al. (1993) and Wackernagel (1995). Similar spatial factor models
have also been studied by Switzer and Green (1984) and, more recently, by Bailey and
Krzanowski (2000).

Although these models, together with the use of factorial cokriging predictions, may
be adequate in the case in which the data may be assumed to be (multivariate) Gaus-
sian, in the other cases, particularly when count data are present, as in many ecological
data sets, they can lead to very inefficient predictions of the underling factors. However,
whereas in the univariate case the problem has already been tackled by adopting a gen-
eralized linear mixed model approach (see, for instance, Dgjgié (1998) and Cressie

1This work was partially supported by M.U.R.S.T. and University of Perugia (1998) grants.

—-103 -



(2000)), in the multivariate case not much has yet been done. In Section 2 of this work
we present a slight generalization of the classical geostatistical proportional covariance
model (otherwise known as intrinsic correlation model), whereas in Section 3 we use this
generalization to introduce a hierarchical spatial factor model for Poisson data. Finally,
in Section 4 we make some discussions.

2. The Spatial Linear Factor Model

Under the hypothesis of joint second order stationarity forlti&), let E[Yi(x)} = W,
Var[Yi(x)| = o? and B (Yi(x) — ;) (Y;(x + h) — p1;)| = Ci;(h), wherei, j =1,..., N,
andh is a separation vector of coordinates. ForYhex) we then assume the model

Yi(x) = i + Zi(x), and  Zj(x) = Z_: aipbp(x) 4 &i(x),

where F,(x), p = 1,..., P, are P non-observable spatial components (common fac-
tors) responsible for the cross correlation between the variah(&s, ¢;(x) are N non-
observable spatial components (unique factors) responsible for the residual autocorrela-
tion in the Z;(x) unexplained by the common factors, anglare coefficients. All these
non-observable spatial components are assumed to be mean zero second-order stationary
with variograms

SE[(R G+ )~ BG0P] = o), S E[(6x+h) (0] = vug(h),

whereg(h) is a normalized variogram (conditionally negative definite) function, for which
g(h) — 1, as|h| — oo, common to all factors, and; > 0,7 =1,..., N. Also, all these
regionalized factors are assumed to be mutually uncorrelated, that is, to have all their
cross-variograms identically equal to zero.

For the observable random functio¥igx), these assumptions imply that thedirect
variogramsy;;(h) and theN (N — 1)/2 cross-variograms;;(h) are all proportional (in-
trinsic correlation structure) to the same normalized variogram fungtibh that is,

Buh) = S E[(¥iGx+ ) = Y(x))(¥;(x + ) — ¥, ()]
bijg(h) = ( z_: AipQjp + @/}Z)g(h),

for some real coefficients;; representing the sills of the variogramg(h) (that is, the
covariances’;;(0) = b;;), between the variablés(x) andY;(x).

The specification and estimation of all elements of this spatial linear factor model can
be carried out by adapting the steps considered, for instance, in Gooshatt§1993)
and Wackernagel (1995), whereas optimal (minimum mean square prediction error) lin-
ear unbiased predictions for the factdtgx), at any spatial location of choicg, can be
obtained, as in the geostatistical linear coregionalization model (see, e. g., Wackernagel
(1995)), by factorial cokriging, that is, by a linear weighted average of thedéta).
Now, although traditional geostatistics is almost entirely concerned with second order
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properties, in the case in which the joint distribution of all random variables involved is
multivariate Gaussian, factorial (simple) cokriging predictions coincide with the condi-
tional expectations FP(XO) vi(x;) i =1,...,N;j = 1,...,n} and so they provide
overall optimal unbiased predictions. On the other hand, if the joint distribution of the
random variables involved is not (multivariate) Gaussian, then, in general, these condi-
tional expectations are not linear functions of the data;), and factorial cokriging can
provide very inefficient predictions of the factors of interest.

3. The Hierarchical Spatial Factor Model

LetY;(x),7 = 1,..., N, be N random functions and;(x), 7 = 1,..., N, be N mean
zero joint stationary Gaussian processes for which, forsamndx”, and fori # 7,

Yix)LY;(x") [ Zi(x'), and  Yi(x')1LZ;(x") | Zi(x).

Moreover, assume that, for any givéandx, conditionally onZ;(x), the random vari-
ablesY;(x) have conditional distributiong;(y; M;(x)), specified by the values of the
conditional expectationd/;(x) = E{Yi(x)’Zi(x)}, and thath;(M;(x)) = B + Zi(x),
for some parameters,, and some known link functions;(-). In what follows we will
assume that th¢;(y; M;(x)) are all Poisson distributions with mean$;(x) and that
hi() = In(-).

For the latent part of the model, we will basically adopt the same linear structure
considered in Section 2. For th€ joint stationary Gaussian procességx), let us
assume the linear factor modé({x) = AF(x) + £(x), whereA is anN x P matrix of
coefficients, and,(x), p = 1,..., P, and¢;(x), ¢ = 1,..., N, are mean zero stationary
Gaussian processes with cross-covariances identically equal to zero, and

Cov[F,(x), Fy(x+1)] = p(h),  Cov[&(x), & (x + h)] = yp(h),

wherep(h) is a real spatial correlation function for whigtf0) = 1 andp(h) — 0, as
lh| — oo, andy); are non-negative real parameters.

Then it is not difficult to show that the variograms and cross-variograms of the ob-
servableY;(x), as implied by this model, are given by, far 0,

Ball) = 3 E[i0x+ ) = i)
= 7+ () {} — e {Inh)}],
and, fori # j,
By(h) = S E[(¥ix+ h) — Yi(x))(¥;(x + b) — ¥ (x))]

= 77 {exp {gij} — exp {gijp(h)H,
wherer} = exp {@-0 + gf/Z}, G2 = Var[Zi(x)} andg;; = COV[Z,(X), Zj(x)}.

Adopting a non-Bayesian inferential framework, and for a specific choice of the func-
tion p(h), the estimation of théV + N + N(N — 1)/2 parameters,y, <? andg;; of
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this hierarchical spatial factor model can be carried out by involving the classical method
of moments or by using some iterative algorithm based on some form of least squares.
Also, optimal (minimum mean square prediction error) unbiased predictions of the factors

F,(x) at given locations, are provided by the conditional expectatior{giﬁxo) yi(x;)

i=1,...,N;j=1,... m}, which, although not available in close form and difficult

to treat analytically, can be numerically evaluated by simulation through Markov chain
Monte Carlo methods.

4. Conclusions

Although consistency of the estimation procedures advocated is guaranteed by standard
arguments, more efficient estimation algorithms are being explored. However, it must
be noted that the simple estimation procedures discussed are particularly appealing in
such complex models since they allow a direct link between theoretical elements and
corresponding sample quantities.

Though accuracy measures of the factor maps of predictions can be provided by es-
timates of the error prediction variance, these measures are obtained by assuming that
no errors have been made for the estimation of the parameters, and overall measures of
goodness of fit of the models should be investigated.

Extensions of the hierarchical spatial factor model here proposed can be considered to
include more than one spatial scale on the lines of the classical geostatistical linear model
of coregionalization (see, e. g., Matheron (1982) and Wackernagel (1995)).
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