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Riassunto:Nel presente lavoro vengono stabilite alcune proprietà di una classe di test per
verificare l’indipendenza in media diY daX, in un modello di regressioneY = r(X)+ε,
sia nel caso di osservazioni indipendenti che nel caso di osservazioni correlate generate da
processi stocasticiα–mixing a tempo discreto. Tali test sono definiti a partire da stimatori
per proiezione della funzione di regressione. L’analisi del comportamento asintotico della
statistica test, con la determinazione del tasso di convergenza alla distribuzione limite,
permette la costruzione effettiva del test. Vengono inoltre determinate le condizioni nec-
essarie e sufficienti per la consistenza del test e fornite indicazioni per l’implementazione.
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1. Introduction

The nonparametric test for a regression function has been studied by several authors for
processes both in discrete and continuous time. Several methods have been used, among
others the kernel, the orthogonal series and the least squares method. Hart (1997) ex-
amines the relation between a variableY and a deterministic variablex, expressed as
Y = r(x) + ε, wherer denotes the regression function andε the error term. More re-
cently Hart and Aertset al. (2000) have developed tests under different assumptions. In
Lee and Hart (2000), they use the trigonometric functions to estimater and also supply a
method to choose the order of the Fourier coefficients.
In our work we have assumed the existence of a relationship expressed by the modelY =
r(X) + ε whereX is a random variable, to test the no-effect hypothesisH0 : r(x) = c,
wherec is a constant. We have hence considered a projection estimator ofr(x) and de-
fined the statistics of our test. Then we have analyzed the asymptotic behavior of the test
for independent and correlated observations, obtaining in both cases the limit distribution
and the necessary and sufficient conditions for the consistency of the test.

2. Definition of the test

We consider the sequences of r.v.s(Xi, Yi) with 1 ≤ i ≤ n, defined on(Ω,A,P) with
values in a measurable space(E ×R,B ×BR, µ⊗ λ) whereµ is aσ-finite measure onE
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andλ the Lebesgue measure. We suppose that the pairs(Xi, Yi) are identically distributed
and marginallyXi ∼ µ with densityf(x).
We considerr(x) = E(Y |X = x) in the regression modelY = r(X) + ε and we want
to test the hypothesisH0 : r(x) = c wherec is a constant. Without loss of generality, we
posec = 0 (asc is known) since it is possible to apply the test on the observationsYi − c
considering the modelY − c = r(X) + ε. Moreover, ifr0(x) is a specified function we
can use the test for the hypothesisH0 : r(x) = c + r0(x) running on the observations
Yi − c− r0(Xi).
We suppose thatr ∈ L2(µ), so that we can writer(x) =

∑∞
j=0 bj ej(x) with the Fourier

coefficientsbj = 〈r, ej〉 =
∫

r(x)ej(x) dµ(x).
For a fixed positive integerk, let {e0, e1, . . . , ek} be an orthonormal system withe0 ≡ 1,
in L2(µ), which generates a subspaceEk, with dim(Ek) = k + 1.
DenotingXXX = (X1, . . . , Xn) andYYY = (Y1, . . . , Yn), the estimator of the regression
function by projection onEk is defined by (see Bosq and Lecoutre (1987))

rn(XXX,YYY ; x) = rn(x) =
k∑

j=0

b̂jn ej(x) for a fixedk

whereb̂jn = 1
n

∑n
i=1 Yi ej(Xi) is the unbiased estimator of the Fourier coefficientbj. We

observe that forj = 0 one haŝb0n = 1
n

∑n
i=1 Yi = Y n.

To test the hypothesisH0 : r(x) = 0, we consider the distanced(rn, 0) = ‖rn − 0‖ in
L2(µ) between the estimated regression function and the true one underH0, where‖·‖
denotes theL2(µ)–norm. Now we consider the statisticRn =

√
nrn and its norm in

L2(µ), ‖Rn‖ =
√

n ‖rn‖, obtaining

‖Rn‖2 = n

k∑
j=0

b̂2
jn for a fixedk.

So the test rejects the null hypothesisH0 : r(x) = 0 for everyx versusH1 : r(x) 6= 0
for large values of‖Rn‖2 .We observe that‖Rn‖2 depends only on the estimated Fourier
coefficients and that the previously specified hypothesis system is equivalent to the system
H0 : bj = 0 ∀j ≥ 0 versusH1 : ∃j ≥ 0 : bj 6= 0. Indeed we shall consider the alternative
hypothesisH1(k) : r(x) 6= 0 with r such that it existsj ∈ {0, 1, . . . , k} for which bj 6= 0.

3. Large sample behaviour

In this section we give some results, without proofs. The relative theorems are proved in
Chapter 5 of Ignaccolo (2002).

INDEPENDENT DATA. If we suppose that the observations(x1, y1), . . . , (xn, yn) are
independent identically distributed, underH0 : r = 0 and assuming that the conditional
second momentE(Y 2

i |Xi) is a positive finite constantγ > 0, we have proved that

‖Rn‖2 d−→ γ Q

whereQ ∼ χ2
k+1.

Moreover, posingDij = Yiej(Xi)−E (Yiej(Xi)), if E
(|Dij|3

)
< ∞ for everyj we have



obtained the rate of the previous convergence:

∆n = sup
t∈R

∣∣P (‖Rn‖2 ≤ t
)− P (γ Q ≤ t)

∣∣ ≤ c0
(k + 1)3

γ3/2

k∑
j=0

E
(|D1j|3

)
n−1/2 ,

wherec0 is a constant.
We have also proved that underH1(k) one has‖Rn‖2 a. s.−−→ ∞.

So we can say that withα ∈]0, 1[ such that

P
(
γχ2

k+1 > w
)

= α

it is possible to construct a test with rejection region
{
(x1, . . . , xn) : ‖Rn‖2 > w

}
with

asymptotic sizeα and, under the null hypothesis, one has
∣∣∣P

(∑k
j=0 b̂2

jn > w
n

)
− α

∣∣∣ =

O(n−1/2).
Sinceγ is unknown, to apply the test we can estimate it by

γ̂ =
1

k + 1

k∑
j=0

γ̂j =
1

n(k + 1)

k∑
j=0

n∑
i=1

Y 2
i e2

j(Xi).

Moreover the test with rejection region‖Rn‖2 > wn is consistent with respect toH1(k)
if and only if wn −−−→

n→∞
∞ and wn

n
−−−→
n→∞

0.

CORRELATED DATA. To model a weak dependence, in the sequel we suppose to have
observations generated by(Xt, Yt)t∈Z that isα–mixing with coefficientsαXY . We recall
that a process(Xt)t∈Z is said strong mixing (orα–mixing) if

α(n) = sup
t∈Z

sup
A∈Ft

−∞,B∈F∞t+n

|P(A ∩B)− P(A)P(B)| −−−→
n→∞

0

whereα(n) are the mixing coefficients andF t
−∞ = σ (Xi, i ≤ t) denotes theσ–algebra

generated by(Xi, i ≤ t) andF∞
t+n = σ (Xi, i ≥ t + n).

UnderH0 : r(x) = 0 and under suitable assumptions on the existence of moments with
order2 + δ (with δ > 0) and on the strict positivity of a covariances’ series related to the
considered stochastic process, the test statistics‖Rn‖2 converges to a linear combination
of χ2

1 r.v.s, more precisely

‖Rn‖2 d−→
k∑

j=0

λ∗2j U2
j

whereλ∗2j are the eigenvalues of the matrixΣ∗ defined by

σ∗jl = E
(
Y 2

1 ej(X1)el(X1)
)
+

∞∑
i=2

E (Y1ej(X1)Yiel(Xi))+
∞∑
i=2

E (Yiej(Xi)Y1el(X1))

and the r.v.sUj ∼ N (0, 1) are independent.
The rate of this convergence depends on the decreasing order of the mixing coefficients.
If αXY (n) = O(n−β(2+δ)(1+δ)/δ2

) for someβ > 1 then the rate is of ordern−
δ
2 log1+δ n,



while if αXY (n) = O(e−βn) for someβ > 1 then the order becomesn−
δ
2 log1+δ n.

We have proved again that underH1(k) one has‖Rn‖2 a. s.−−→ ∞.

Hence if we getα ∈]0, 1[ such that

P

(
k∑

j=0

λ∗2j U2
j > w

)
= α

we can construct a test with rejection region
{
(x1, . . . , xn) : ‖Rn‖2 > w

}
with asymp-

totic sizeα.
Really the estimation of the eigenvaluesλ∗2j needs. Then we have defined an estima-

tor of σ∗jl as σ̂jl =
∑`n

v=−`n
wn(v)σ̂jl(v), where σ̂jl(v) is the classic estimator of the

crossed covariance of the stationary bivariate process(Dtj, Dtl)t∈Z with Dtj = Ytej(Xt)−
E (Ytej(Xt)), wn(v) are weights satisfying some conditions and`n is a sequence of pos-
itive integers such that̀n < n and limn→∞ `n = limn→∞ n

`n
= ∞. Under suitable

conditionsσ̂jl is consistent, so we can use the estimated eigenvalues to have an approxi-
mation of the limit distribution.
To obtain the consistency of the test we add a boundedness condition on the|Yiej(x)|
for x ∈ E and if

∑∞
i=1 α∗(i) < ∞, whereα∗(i) are the mixing coefficients for the r.v.s

Yiej(Xi), the test with rejection region‖Rn‖2 > wn is consistent with respect toH1(k) if
and only ifwn −−−→

n→∞
∞ and wn

n
−−−→
n→∞

0.

4. Conclusions

This work follows on the wake of the functional tests of fit associated with the projection
estimators, introduced by Bosq (for general results see Bosq (2002)). The results of this
work give us the limit distributions for the case of no effect hypothesis, for correlated and
independent data. To perform the test for correlated data, the method requires an estima-
tion of the eigenvalues and the determination of the quantiles of a linear combination of
χ2

1. Simulations to evaluate the empirical power of the test are in progress.
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Bosq D. and Lecoutre J.P. (1987)Théorie de l’estimation fonctionnelle, Economica, Paris.
Hart J.D. (1997)Nonparametric smoothing and lack-of-fit tests, Springer-Verlag, New

York.
Ignaccolo R. (2002)Tests d’ajustement fonctionnels pour des observations correlées,
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