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Riassunto: Questo lavoro fornisce un metodo alternativo per la ragezione degli
eccessi oltre una soglia in una serie finanziaria. Si uéiliuma procedura di identifi-
cazione dei massimi di urlusterdi valori estremi tramite I'informazione congiunta della
serie dei rendimenti e della sua volatilita, qui misuraia modelli GARCH. Lefficienza
degli stimatori di massima verosimiglianza viene migltarenodificando il concetto di
clusterdi valori estremi. Nella procedura di estrapolazione oeegonsiderare I'indice
estremo delle serie finanziarie. Un esempio su dati del€atedesco DAX30 illustrera,
brevemente, la metodologia.
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1. Introduction

During the last decade, market-risk measures have becameasingly relevant amongst
statisticians. Market risk might be analyzed by financiaidiseries data, and, in this
context, Value at Risk (VaR) plays a prominent role. Essdlgtithe VaR of a portfolio is
the amount of a potential loss which can be encountered onadixed period of time,
with a (fixed) low probability.

For the estimate of this measure, several approaches hamgbaposed (Gouriéroux
and Jasiak, 2001), with the main difference resting on thea®f considering or neglect-
ing the information provided by the (unobserved) volatitif the market. In this paper
we focus only into the estimate of unconditional VaR, i.e. wish to make inference
across different regimes of volatility. The interest ini@stting unconditional VaR is of
great concern for those institutions which have to holdeh#or long period of time, with
market conditions evolving in time.

In this work, estimating the unconditional VaR consistsxtr&polating a quantile of
an extreme value distribution, but we have to take into aetthat returns are far to be
independent. Asymptotic theory of extreme value modelsih&r weakly dependent
data, provided that extremes do not tend to cluster each tibeoften. In practice, for
financial data, this assumption seems reasonable. Asyimpkatihood results can be
obtained by weakening the dependence, i.e.déglusteringdata (Coles, 2001). This
implies the following strategy: a) Find a rule to define indegent clusters; b) Extract
the maximum from each cluster; c) Fit Pareto model to clusigxima.
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2. Pareto model for independent processes

We start by considering a sequence of identical and indeperidd) random variables
X1, X,, ... having common marginal distribution functidn. It looks rather natural to
consider agxtreme®nly those elements of a sequence which are bigger than disgec
high quantilex of F'. Thus, we move our attention to term¥$ > u, whereX; is a generic
observation above. Fory > 0 the conditional probabilit)Pr{X >u+y| X > u} =
{1-F(u+y)}/{1—F(u)} describes the probabilistic behaviour of the distance detw
X andu, given that a value bigger thanis observed. Limit results that do not involve
F are well known (Coles, 2001). Assume thid} ; = max{X;,..., X;} has one of the
three-type extremal distributiofd, which are Gumbel, Fréchet or Weibull. Then, for
big enough{X — u | X > u} follows a Generalized Pareto Distribution (GPD), with
distribution functionH y, i.e.

—-1/¢
Pr(X—USy‘X>u)%HX(y):1—<1+%) . Q)
Hx(y) is defined on a setsuch th@gf: y > 0} and{1+¢y/5 > 0}. 5 is a location-scale
parameter, whilég is the shape parameter. ok 0, Hx has an upper bound af— /¢
and for¢ > 0 there is no upper bound. The case- 0 has to be interpreted as the limit
¢ — 0 of expression (1) and/x is exponential with parametdr/3. Notice that, for
financial time series, we usually hage> 0.

3. Declustering dependent processes and extremal index

In current practice, financial observations are dependethtivee need to trace back the
independence through declustering data. However, it isneomto assume that log-
returns, defined in Section 4, are stationary. Asymptot@oii for the maxima of a

stationary sequence¥; ; = max(X,, ..., X;), with the same marginal distribution of
{X,}, is related trough a parametee (0, 1], called the estremal index, as follows

Hy = {Hx}’.

Cluster of extremal observations are related to the extrerdax 0, beingd equal, in the
limit, to the mean size of a cluster of exceedances. Therefuatural estimators far
simply need cluster of extreme observations to be identified

Traditionally, clusters of extremal observations are abered as independent when
they are far enough apart. In the classical runs estimath),(Rudied by Smith and
Weissman (1994), two clusters are separated when, afterobg aX; > u, we have
m consecutive observations belaw it turns out that, whem is fixed, the RE strongly
depends on runs length. The RE comes from the conditional probabilityu, m) =
Pr{Xs <w,..., X, <u|X;>u},withd(u,1) = 1. For suitable sequences, — oo
andu,, such that'(u,) — 1, we have the convergence

lim {0(u,, m,)} = 0.

Traditional runs method has recently been criticized byricaand Tawn (2002) as, in
distinguish clusters, it does not account for the trajgctdrthe volatility process. Lau-
rini and Tawn (2002) generalize runs method by adding a loestiold in the volatility



process{c,;}, that, when exceeded, suggests the end of an extreme eventis@uss
the strategy adopted by Laurini and Tawn (2002) for estinggitj referred to as the two-
thresholds (TT) method. The volatility-threshold approation ofé is given by

O,(u,m,c) = Pr(MX <woruUl, {M <u, algc}\X1>u) 2)
We can express the event in probability (2) into mutuallylesige events as follows

O, (u,m,c) =Pr{My, <u, L3, >c|Xi>u}+ ZPr{VLC,u | X1 > u}

1=2

wherei = 2,...,m, Vi oo = {M5; <u,L§; | >c 0, <c},andL{; = min(oy, ..., 0;).
Thus, 0, (u, m, c) > O(u,m) for all flxed values ofu andm, with clusters termlnatlng
either if the runs condition on the values of the processtisfgd or if the conditional
variance of the process becomes small enough between tveedmaces of thé X, }
process.

Properties ofl, (u, m, ¢) are discussed in Laurini (2003) and Laurini and Tawn (2002).
Notice that ifc, — 0 asn — oo at a suitable rate themy (u,,, m,,, ¢,) = 0(u,, m,) — 0
asn — oo.

4. Empirical Analysis of DAX30 Index

We work on negated DAX30 Index log-returns= log(P;) — log(P,_1), whereP, is the
price at day, sampled at daily frequence from Dec-68 to Jan-03. To iflemiependent
clusters we need an estimatgeof log-returns volatility. Volatilitys, is estimated with
simple GARCH1, 1) model, which, however, capture the volatility clusteririgpor data.
The issue of threshold choieg (the smallest value for which asymptotics hold) is

addressed exploiting the mean residual life plot, which[&X30 log-returns, was linear
from the 90-th quantile of the marginal distribution of theprocess, i.e.uy ~ 1.26.
Afterwards, through QQ and PP plots, we compare the goode&#D fit for both
TT and RE declustering scheme; see Figure 1. An estimatesairtbonditional VaR is
given through return level, with confidence interval basegmfile log-likelihood. The
estimate of the return level is obtained by solving f6(¢,) = 1/p, defined in (1), as
follows

o=+ 20324 1)

where and¢ are, respectively, the ML estimates for location-scalesirape parameters;
p represents the level of probability required (usually set & p = 0.05); N, /n is the
proportion of threshold exceedances observed; and fiéljhe extremal index estimate
obtained either with RE or TT.

For our data, Figure 2 shows the return levels which indieatalue that would be
exceeded, on average, once every 5-year of daily data. Tiher Iperformance of TT
method comes by inspecting Figure 1 and Figure 2. In the forenbetter goodness of
fitis shown for TT method, which has more data available ferfitting. In the latter, RE
method seems to under-estimate the VaR and, compared tdhdWsswider confidence



intervals, which imply a higher level of uncertainty. Naithat ML estimates of RE and

TT methods suffer from some bias. Bias is reduced in the TThateas more cluster

maxima are available for fitting. However, further reseascheeded to inspect the size
of such bias.

Figure 1. Diagnostics for GPD fit in cluster maxima for DAX30 through piBt and QQ
plot for cluster maxima obtained by declustering data withahd RE methods
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Figure 2: 5-year return level estimate for DAX30 Index based on ctusiaxima anal-
ysis with TT and RE declustering scheme. In both panels dbeisnaximum likelihood
estimate and dotted line gives 95% confidence intervals
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