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Riassunto: In questo lavoro si espone una visione bayesiana, averdtarar predittivo,
delle procedure statistiche di decisione adottate nebitomdelle prove cliniche. Questo
approccio predittivo, sussidiario rispetto alle tecnigtferenziali classiche, conduce alla
definizione di classi di densita con suppdfiol | di interesse generale, oltre che dirilievo
nel monitoraggio delle prove cliniche. Si presenta una lilidassi, derivante da un
disegno di prova clinica piuttosto comune, evidenziandarilessibilita.
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1. Bayesian evaluation of aclinical trial

In a recent book, Spiegelhalterral. (2004) illustrate different Bayesian methods for the
analysis and the routine evaluation of a wide range of médiué health-care problems.
Aside from the philosophical arguments which used to digtish the defence of the
Bayesian paradigm up to a few years ago, the point of view quh fin this paper is
purely practical. The methodology presented is not opentpntrast with traditional and
well-established statistical methods. Rather, it fulfile tequest coming from clinicians,
health authorities and researchers to integrate expetaimndence with information and
judgements coming from external sources and going beyansitigle study horizon.

One of the most important sources of information for skeitdence-Based Medicine
is certainly the randomized clinical trial, to which a cafesiable part of the above-
mentioned work is devoted. Since much of the present-daycali trial methodology
is non-Bayesian, the authors do not advocate an alternaéiyesian set-up but believe
in a hybrid approach which may include both the classicatepts of test, alternative
hypothesis, power, and also Bayesian elements such asfiredinalysis, Bayes factor
and weight of evidence.

Within this context, it is then appropriate to consider tbaaept ofpredictive power,
defined as the Bayesian evaluation of the probability thdinécal trial, carried out ac-
cording to classical methodology, will lead to a significeegult. Such predictive power,
also calledexpected power, was originally proposed by Spiegelhalter’'s group (Spiegje
teret al. (1986)), later revisited by various authors and, lastketeup again in Gasparini
et al. (2003), which contains some relevant references.

This short paper investigates the classes of predictivelmisions which stem from
the applied context described in Gaspadral. (2003).
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The clinical trial context in this paper is exemplified adduls: a Bayesian statistical
model is set-up in which a random varialdlerepresenting the parameter of interest, is
distributed according to a certain probability distrilauti?. Note thatP depends on the
state of information at the current stage of the trial. Sesa# the trial is defined as the
eventS = “rejecting the null hypothesi#f,”. Therefore, predictive power is formally
defined as

Ep[m(d)] =Ep[P(S]6)]

that is, the expectation @ower 7(J), which is the conditional probability of success
givend. In this context, power: is a random variable and its distribution will be termed
predictive distribution.

In particular, the scenario chosen in this paper to desthb@bove concepts is that
of a superiority trial with parallel design in which a conisus endpoint is normally dis-
tributed with known variance and meé&representing the parameter of interest and being
itself normal. Such may be the case when dealing with two [adions, for example pa-
tients receiving treatment or control, being compared erbsis of a continuous variate.

2. A classof predictive distributions

The logical process which leads to predictive distribugi@aatomatically generates new
classes of distributions, as illustrated in Lecoutre ()999this section it will be shown
how, in particular, the concept of predictive power is assted to some new probability
distributions which were unknown up to now, to these authorswledge, and could be
of interest also in other applied contexts.

Assume the trial is at planning stage, when no data has yet ¢tmkected. Let the
primary endpoint beD ~ N(4, s?) and suppose that a significant result from the trial
would be to reject the hypothestg, : § < §,. Assume that, is the critical value of
the test of levelr established according to standard hypothesis testingggduses. Then
S ={D > c,}. Letd ~ N(6,72) be the prior distribution. In this case, it follows that
the density of the random variabtés) = P{D > ¢,| §} is in a class of univariate proba-
bility distributions with suppori0, 1] parameterized by the known quantities defining the
clinical trial at hand, i.edy, a, 0, 72 ands?. These densities have an analytical expression
as follows

fr(p) =59 (ca— s (1= p)I0,7%) /o (7 (1 —p))

for p € [0, 1], where®(-|u, o%) is the cdf of a normal distribution with meanand
variances?, ¢(-|u, o) is its associated density add ! (-|u, o) its quantile function. Ifu
ando are not specified, the standard normal is to be intended. Sspa@niet al. (2003)
for details on how to derivé’,, cumulative distribution ofr, from which f,. is obtained.

The family of probability distributions with densitf, shows quite a good flexibility,
as the parameters vary in their domain of definition. In fdepending on the ratie? /72,
the predictive density may acquire the following shapemadal (if s? /72 > 1), “bath-
tub” shape (ifs? /7% < 1) and monotone (if?/72 = 1). In the latter casef, is monotone
increasing (decreasing) #f > ¢, (0 < ¢,) and f, is the uniform density ono, 1] if
0 = c,. Hence,f,’s shape is determined by the relationship between thenaiaf the
observable, that iss?, and the prior variance?. As 72 — 0, keepings? fixed, the prior
will become more peaked and consequerfthwill do the same, while ifr> — oo, as



the prior tends to flatten itselff,. will give more mass to the extreme valueésand 1,
conveying the uncertainty about the outcome of the trial.

Figure 1 shows the three possible shapeg,obased on different values of the ra-
tio s*/72. Three priors have been chosen according to the preseriptatained in
Spiegelhalteet al. (1994): a skeptical prior centereddn= 0, an optimistic one centered
in an alternativel, = 10 and a “middle-of-the-road” one centered (i + d4)/2. For
all three,7? was obtained by setting the prior probability{@f < 4} under the skeptical
prior equal toar = 0.05. Three values fos? were then chosen and the corresponding
predictive densities calculated. Note that whépr? < 1, the “bathtub” distribution is
such that predictive power is not a good summary,0and the decision-maker might be
misled if the entire distribution were not drawn. Moreowge choice of different priors
may aid in understanding how the situation is sensitive il pudgement.

Specifically, asf, may be sensitive to the choice of prior variance, it could be o
interest to assign a hyper-prior eA. A standard way to do so is to to let? ~ T'(a, ),
with a, b > 0. In this hierarchical model, which is equivalent to impasanStudent t prior
distribution ond, it holds that

fz(p)=s-fi (ca — 50711 —p)\@,ab’l,Qa) /& (Q)’l(l —p)) ,

wheref; is the density of a Studentdistribution; refer to Bernardo and Smith (2000) for
the intended parametrization. The class of predictiveibigions thus obtained is such
that f.(p) — oo bothagp — 0 and ap — 1.

The methodology described in the current section was dsecliduring the planning
of a trial for the study of a new therapy meant to reduce digdbtood pressure (DBP).
Standard treatment, with which comparison was intendddjasvn to reduce DBP from
baseline by mm/hg afte weekes on average, while the sponsor was hoping that the new
therapy would reduce it by an extsamm/hg. After setting the prior parameters for this
specific context, analysis of predictive power and distrdouwas thus used in the trial
design in order to study the chances of rejecting the hypathed clinical indifference
HO . (5 S 0.

3. At Interim Bayesian Evaluation of a Clinical Trial

Predictive densities of the same class are obtained whentamnn analysis is planned
and evaluated at interim stage, see Gaspatiai. (2003). Assume thab; has been
observed and that|D; ~ N(6,,77) according to standard normal conjugate analysis.
The predictive density at interirf is thus

s2-¢ ([nng' (¢, — Dy) 4+ cl] — s2@71(1 — p)|6y, 772)
¢ (@71(1—p)) ’

Wherec{1 is such that success = {D > cg}, ny = n — ny IS the sample size observed
atinterim ands? is the variance ob;, i = 1,2, with D = nyn='D; +nyn~1'D,. Note that
/L differs from £, in that the prior parameters are replaced by the updatedaomks, is
replaced by a linear combination of the critical value of tbgtc! and the observed,
thus changing the relationship of dependence from théstpalrameters. Although the
analytical expression is essentially the same, this cagerysimportant because interim
evualuation is a critical tool for the monitoring of clinidaals.

filp) =



In particular, it is of interest to consider the case in whachmproper prior is chosen
for 6. In fact, asr? — oo, 6; — D; andr? — s?; it follows that
) — s2- ¢ ([mang " (¢l — Di) + L] — 52971 (1 — p)| Dy, 57)

- (@ (1—p)) |
Consequently, the role of the ratié/r2 at planning stage is played here £y s?: when
the variance of what is still to be observed, thabig is greater than that of the already
observed differencé,, then the predictive density is unimodal and judgement n&y b
more clear-cut. Typically, as in the treatment/controhsc®, the variances; are func-
tions of the sample sizes and of the known inter-patientv@eos? in a way thats3 /s?
is a function of the sole sample sizes. Note how the obsenstnaking upD; practi-
cally act as a training set in the absence of a proper prierethre allowing to compute a
prior-free predictive power at interim stage.

Figure 1. Different shapesfor f.

s??>1 s??=1 s?it?<1

15
15
15

10
10

2 2 2

[0] [0] [} — 0=0
° ° ©

2 2 2 -- 0=5
S S S 6=10
S S S

] 7] 7]

2 2 2

S S S

References

Bernardo J. and Smith A. (2008pyesian theory, John Wiley and Sons, Ltd.
Gasparini M., Di Scala L., Bretz F. and Racine-Poon A. (2@@@dictive power in clini-
cal trials, Technical Report 27, Dipartimento di Matematiel Politecnico di Torino.
Lecoutre B. (1999) Two useful distributions for bayesiaedictive procedures under
normal modelsJournal of Satistical Planning and Inference, 79, 93—105.

Spiegelhalter D., Abrams K. and Myles J. (20@&yesian Approachesto Clinical Trials
and Health-care Evaluation, John Wiley and Sons, Ltd.

Spiegelhalter D., Freedman L. and Blackburn P. (1986) Moimg clinical trials: Condi-
tional or predictive powerZontrolled Clinical Trials, 7, 8-17.

Spiegelhalter D., Freedman L. and Parmar M. (1994) Bayegaroaches to randomized
trials, Journal of the Royal Statistical Society. Series A, 157, 357-416.



