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Riassunto: In questo lavoro, il problema dell'inferenza sulla probaditihe la resistenza

di un certo materiale sia superiore ad una sollecitazione ad esso applafitantato in

un contesto semiparametrico. In particolare, si propone una tecnica per la costruzione di
intervalli di confidenza per tale probabditche presuppone I'assunzione di un modello
parametrico solo per la variabile che rappresenta la resistenza del materiale. al utilit
del metodo proposto viene saggiata mediante uno studio di simulazione, di cui vengono
riportati alcuni risultati.
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1. Introduction and motivation

The statistical problem in many engineering situations is to evaluate the probability that a
component stands a stress applied to it. Td&ke be a random variable (rv) corresponding

to a stress potentially affecting some component, and Yake be a rv measuring the
strength at failure of the component, i.e. the stress at which the component will fail. The
interest lies in evaluating the quantity:

p="Pr{Y > X},

I.e. the probability that the component will not fail.

In the reliability literature, this problem is known as the stress-strength problem and
it involves two aspects: (i) deriving theoretical expressionsfander distributional as-
sumptions aboufX andY’; (ii) making inference aboup in light of sample data. In
applications, the data for the strength could be actual data indicative of the strength of the
material, i.e. maximum applied stress to cause failure, and the stress data could be actual
stress data of the material under use conditions.

A wide literature has developed on the problem since the mid 50’s, addressing both
the points (i) and (ii) above mentioned. It is practically impossible to mention all the
contributors to the topic; we refer the interested reader to the exhaustive review of Kotz
et al. (2003), which provides a comprehensive overview of the existing literature. Most
contributions addressing inference abptrake a parametric point of view, although some
work has been developed also in nonparametric settings.

In this paper, we develop a procedure to handle problems in which distributional as-
sumptions can be reasonably formulated for one of the two rv’s, whereas no safe prob-
abilistic assertments can be expressed for the second rv. In reliability studies, this is
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justified by the fact that the stress variable is usually difficult to model accurately, due
to the lack of sufficient knowledge about the stress in use of a component, whereas the
strength variable might be more easily elicited via expert opinion. In such a semiparamet-
ric framework, we shall consider in particular the problem of building confidence intervals
for p.

2. Main results

Consider a general parametric modél(y; 0); 6 € ©} for the variableY” representing
the strength. Here?'(y; #) = Pr{Y < y; 0} denotes the cumulative distribution function
(cdf) which depends on an unknown paramétbelonging to some sé& C R?, ¢ > 1.
Let S(y;0) = 1 — F(y;0) denotes the survival function correspondingay; ¢). We do
not make any parametric assumption about the distribution of the variald@resenting
the stress. We only assume thats independent of'.

Let X1, Xs, ..., X,, be arandom sample of sizefrom X andY;, Ys,...,Y,, aran-
dom sample of sizen from Y. In the following, we shall assume that the ratigm
converges to some positive and finite constanasn andm go to +oo. Letd, and p,
indicate the true values éfandp, respectively. Since

Pr{Y > X} = E{Pr{Y > X|X}} = E{S(X;6y)},

an obvious estimator fqr, is given by

whered denotes the maximum likelihood estimator (mle) fgrbased on the sample
Y1,Ys5, ..., Y,,. Under standard regularity conditions, which ensure the consistency and

the asymptotic normality of the mié and legitimate some Taylor expansions, we can
write
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being = E{S(X;6,)}. It follows that\/n(p — p,) is asymptotically normal with mean

zero and variance? = w? + x4'Q3, wherew? is the variance of (X; 6,) and(2 denotes

the asymptotic covariance matrix gfm f. This suggests that confidence intervals for

po may be obtained by the classical normal approximation approach. Clearly, we need
to estimate the asymptotic variancé. However, despite its usefulness, there are some
drawbacks associated with this approach. Firstly, this method does not always work well
for small samples, yielding confidence intervals with poor accuracy. Secondly, the method
is not range-preserving, so that confidence intervalg§arould contain values outside

its range. Finally, the method imposes a predetermined symmetry constraint on the shape
of the confidence intervals, which may be inappropriate in several circumstances.



To overcome the drawbacks encountered by the normal approximation approach, we
explore an alternative way. H, were known, one could construct confidence intervals
for po, the mean of(X; 6,), using the empirical likelihood method (Owen (1988), Owen
(1990)). The empirical log-likelihood function for the mean$fX;0,), evaluated at
some possible candidateis defined as

l(p) =—2 sup > log(np;),

P1,P25---5 Pn ;—1

where the supremum is taken subject to the constraints

p; >0 forall 7, sz- =1 and ZS(Xi;é’o)pi =p. (1)
i=1

= =1
It follows from Owen (1988) that, when evaluated at the true valy¢he empirical log-
likelihood has an asymptotic chi-square distribution with one degree of freedom, that is

[(po) L’X%-

Of course,l(p) cannot be computed since it dependségrwhich is unknown. A
natural solution is then to repladgg in (1) by its mled. This leads to an estimated
empirical log-likelihood defined as

Z(p) = —2sup {Zlog(npi) Cpi > OVi,Zp,- = 1,ZS(XZ»;9A)pi = p} )

i=1 =1 =1

A Lagrangian argument gives an explicit expressionf(py. Let Xy < X < -+ <

~ A

X(n) be the ordered -values. Whert (X (1) 0) < p < S(X(,;0), we have

I(p) = zfjlogu + A(S(Xi;60) — p)},

i=1
where) = A(p) is the solution of the equation
1 S(X:i0)—p

> =0
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Due to the substitution of, with 4 in (1), f(po) no longer has the usual asymptotic chi-
square distribution. However, we show that, under weak regularity conditions,

A 2

l(po) = n(pAifO) + 0,(1) as n,m — 400,

Wg

whered? = n~ 17 (S(X;;0) — p)? is a consistent estimator far?. Therefore, if¢
denotes a consistent estimator for the asymptotic covariance matgiof, we have
thato? = % + (n/m)B'QB, with 3 = n=t 37 | S(X;; ), is a consistent estimator for
the asymptotic variance gfn(p — po) and
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I(po) = D) l(po) — X1
The functioni(p) = (&2%/&?) I(p) represents an adjusted empirical log-likelihood func-
tion, with a standard asymptotic behaviour. Then, an approximate confidence interval
for po, with nominal coverage — «, is the se{p : I(p) < c,}, wherec, is such that
Pr{x? < c¢,} = 1 — a. Confidence intervals obtained bgp) are indeed intervals, are
range-respecting and are not subject to symmetry constraints.
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3. Some simulation results

Here, some results of a simulation study are briefly reported, that highlight the behaviour
of the procedure based éfp). Let & = (v, ). In the simulation work, we shall assume
for the strength variabl® a scaled Burr type X distribution (BurtX, ¢)), having cdf

F(y;v,0) = {1—6_(‘1!/0)2}7, y>0 v>0, 0>0.

We refer the interest reader to Surles and Padget (2001) for results about parametric in-
ference orp for scaled Burr type X distributions.

To perform the simulations, random samples of sizéor the strength values have
been generated from a BurfX o) and random samples of sizefor the stress values
have been generated from a BuffX, 1). The values chosen for, vx ando are such
that the truep, is equal to 0.95 in all covered cases. For each combination of parameters,
we have also considered two scenarigs’= 25, n = 50 andm = 50, n = 100. Each
simulation experiment is based on 5000 replications.

Table 1 reports the estimated coverage probabilities of the confidence intervajs for
These are consistently close to the considered nominal covefhges), i.e. 0.99, 0.95,

0.90, in particular when sample sizes are higher.

Table 1: Estimated coverage probabilities of the confidence intervalgfoes 0.95.

m = 25, n =50 m = 50, n = 100
l1—a 11—«

Y o vx O 0.99 095 090/ 099 0.95 0.90
1 1 4.36|/0.968 0.933 0.8910.992 0.960 0.914
10 10 1.62| 0.975 0.931 0.880(00.987 0.949 0.903
10 30 1.83/0.973 0.926 0.8760.988 0.952 0.90¢
30 10 1.28/ 0.975 0.928 0.8760.990 0.946 0.901
50 50 1.37/0.976 0.936 0.8790.986 0.937 0.88¢

o100 —=
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