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Riassunto: In questa breve nota ci occupiamo del problema di determinare la legge
asintotica di stime di minima dissomiglianza per un parametro di posizione. In primo
luogo mostriamo come questo problema mssere ricondotto al calcolo della legge del
tempo di soggiorno "generalizzato” di un ponte browniano . Quindi otteniamo il risultato
desiderato grazie ad un’estensione della formula di Feynman—Kac.
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1. Introduction and formulation of the problem

Given any probability distribution functioA on R, set

Au(z) = A((z — p)/o0) (x € R),

1 being an unknown position parameter angda fixed scale parameter. We deal with
the problem of estimating on the basis of independent observatiénsz,, .. ., iden-
tically distributed according tol,,. More precisely, we consider the empirical proba-
bility distribution functiony — E,(Z(n);y) == 13 Tz 100 (y) (v € R), where

z(n) := (21,Z9,...,%,) andly stands for the indicator of/, and define aninimum
dissimilarity estimateii,, for © any minimizer of theGini dissimilarity index
/ ‘En - A#’dy
R

We have been motivated to study this kind of estimates because, in spite of the existence
of more efficient procedures (such as maximum likelihood estimators), they generally
surpass their competitors from the point of view of robustness, when robustness is meant,
for example, in the sense of tliéas distortion curve®f Donoho and Liu (1988). We
proceed to seek for the asymptotic distribution 6f(i,, — 1), asn tends to infinity and,

under a few suitable conditions, show that the limiting distribution is the same as the
distribution of

A . UOB(Q)
h := argmi ——= _ — hld
Ik /<> ‘a(A—%y)) Y

whenB stands for a standarrownian bridgeanda for a derivative ofA. Hence, for
each pathB of B, h can be viewed as a median of the distribution of the random variable
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y — 00B(y)/(a(A*(y))) defined on the probability spa¢€0, 1), 3(0,1), A), A being
the restriction of the Lebesgue measuréto, 1). This implies that the value &tof the
probability distribution function of. coincides with the probability of the event

{ /( Tty (B(s) s 2 1/2}.
0,1

Thus, one can determine the characteristic funationé) of 7(B; ) := f(o 1 T—oon(s)]

(B(s))ds, with v(s) := £a(A™Y(s)) /00, and then, from a well-known inversion formula,
obtain

Prob{h L1 [ d 1
>El==-—— t; ] t.
bl > €y =5 -~ tim [ Im[ <o) )
See, for example, Kawata (1972). In this brief note, we (a) summarize the arguments
that can be employed to determine the characteristic funetionof 7(B;~), and (b)
illustrate these arguments by two examples. It is worth mentioning that the probability
distribution ofh turns out to be symmetric. Complete proofs can be found in the technical
report Bassetti and Regazzini (2003b), while more explanation of the statistical aspects
are contained in Bassetti and Regazzini (2003a).

2. Solution of the problem.

The characteristic functiopcan be determined by resorting to the celebr&maman—
Kac theoremwhich states thatr, t) — E[f(W"") exp{ [ k(W"") | s)ds}], under suit-
able regularity conditions ofi andk, solves the well-defined Cauchy problem

{ (gt ()x t)?ﬁ.fx?u(x )+ k(z, tu(z,t)  (z,t) € Rx[0,1) @

W being a Brownian motion indexed byon [¢, 1] and satisfyingW!™" = 2. One
can try to solve the previous Cauchy problem wjttx) = I_.(z) and k(x,t) =
— 210y () tO Obtain

1
Folw,t:2) i= B|Ico(Wi™) exp{—2 / H(—oon(s)}(Wﬁ“”’“)dS}]
t

for every nonnegative,t in (0,1) andz, = in R. Then, by recalling that a Brownian
bridge can be identified as a Brownian motion conditioned such that it takes thedvalue
at 1, one obtains the characteristic functiorof 7(B; v) through a passage to the limit,
viz.

o(t) = lim F(0,0; Lit) JP{WPY € (e, )} (t € RT).
In point of fact, ify and+ belong toC°[0, 1] N C*(0, 1) and toL?(0, 1), respectively, for
somep > 2, a slight modification of the Feynman—Kac theorem yields that:, y) :=
V27 lim_o+ Fo(x, 1 — 2y; 2)/(2¢) is the unique bounded “generalized” solution of (2)
with f(x) = do(x) andk(z,t) = —2L(_oo ) (x). Now, by assuming that, andd,w,



are continuous, from the theory of the heat potentials we obtain that such a solution can
be expressed as a function of the vector functigh(y, z), v, (v, z)), which is the unique
continuous solution of the foIIowing system of Volterra integral equations

( (1—e~22Y) +( )exp{ r(‘r) }dT

(r(y)?
2\/7 eXp{ 4y }+f0 W 0
=Jy Z\/ﬁvo (1) exp{—2z(y — 7) — M}dT
S i 3)
_WN ) exp{— 4y } =1y (y) + v (v)
+ ) WV&“( 7) exp{— M}df
\ —Jo %%( T)exp{—2z(y — 1) — (’"(y—}dT

with r(y) := ~(1 — 2y). At this stage, the charachterisic functionfB;~) can be
expressed as

14 [ s exp{ =3 %;3)} v (u, —it)du if  ~4(0) <0
o(t) =

—exp{it(1 — 2u) — W20y s, —it)du if - 4(0) > 0.

e’ + fo 2(1—2u)

3. Examples

We will illustrate the application of the previous result to the evaluation of (1) with
two examples which involve distinguished families of distributions depending on a posi-
tion parameter. It should be noted that the expressian @fhich appears in the examples
could be also deduced from 2.1.5.7 in Borodin and Salminen (2002).

3.1 Consider a family of exponential distributions with unknown position parame-
ter and fixed scale parameter, i4((z— ,u)/ao) = (1—exp (—=(z — 1) /70))jo,400) ((x—
1)/00). Thenr(y) = 28y (0 < y < 1/2 = ¢/og € R). In this case, system (3) can
be easily solved to obtair (y) = ;e —vE? yzll(zy), andy (y) = —v, (y), wherel
denotes the modified Bessel function of the first kind. Then, foréamy0, we have

) ! 1 u? 9 it it
. _ it - Y = A - R o
PEe) =e {H_/o u\/l—ueXp< 2(1—u)€ 5 2u>[1< 2u>du}
If in (1) we substitute this expression of we obtain

1 1 ¢ 1
Prob{h>§}———;6_>0l1£1l+oo/ ; sin(t/2) — / m

2

——)} cos (¢(1 - u)/2)J1< )du}d

Jp being the Bessel function of the first kind. Hence, by inverting the order of integration,
we obtain

exp{——§ (u+




for every¢ > 0, ¥ being the confluent hypergeometric function of the second kind (the
Tricomi function). This statement, combined with the symmetry of the law, afllows

the previous results to be expressed as folldveti,, be the minimum dissimilarity esti-
mate(of order 1) of i based on the first elements of a sequenc¢s,),.>; of independent
and identically distributed random variables having common exponential distribution
with unknown position parametgg and fixed scale parametey. Then, the asymptotic
distribution(asn — +o00) of v/n(ji, — j10) is absolutely continuous with density function

23/2 NG 1+2x

gt /o v i

Its moment of orde®k is

}dw (€ € R).

1-3-...2k—Dog"/(k+1)  (k=1,2,...).

3.2 We now deal with the uniform model, i.4(z) := (z — p)/ool(u o0 (x) +

Ii400,400)- Then,r(y) = &. Following arguments which are almost the same as in the
previous example, we can state the following redudt /i, be the minimum dissimilarity
estimate(of order 1) of « based on the first elements of a sequenc¢s,),,>; of indepen-
dent and identically distributed random variables having common uniform distribution
with unknown position parametef, and fixed scale parametey. Then the asymptotic
distribution function(asn — +oo) of \/n(ji, — o) is

4¢2
&\I,(Q §.£)e‘¥ if¢ <0
U(f) e O’O\/ﬂ 27 o9 7452 - (4)
1— #ﬂm(z%; %)e 6 ife >0,

whose2k—th moment can be expressed as

1-3-...(2k—1) /3 1
2k F(= k: 2 = =1,2....
70 TGk (k4 1) (Q’k’k+ ’2) (k o)

F being the Gauss hypergeometric function.
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