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Riassunto: Si possono definire markoviani quegli esperimenti sequenziali in cui la de-
cisione sul come effettuare la prossima osservazione dipende solo dall’osservazione piu
recente. Molti dei disegni sequenziali per il confronto tra trattamenti presenti in lette-
ratura sono markoviani. Qui si mostra come sfruttare questa osservazione per derivarne
in modo unificato le proprieta, con particolare interesse per quelle asintotiche.
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1. Markovian experiments

Sequentially designed experiments occur in biomedical or pharmaceutical practice and are
deemed to be more efficient than non-sequential ones for any given sample size. The ex-
periment may be response-adaptive, which means that the choice of the next design point
is driven by previous responses as well as by previous allocations. Mathematically, a se-
quential experiment is a sequence {(X,,Y,),n € N}, where the X’s denote the “design
points”, namely combinations of experimental conditions under the control of the experi-
menter, and the Y’s the responses. A probabilistic model for the responses is assumed and
the design consists in an assignment rule of the point X,,;; given the o—algebra gener-
ated by the “past”, S, = 0 { X1, Y7, ..., X;s, Y5, }. This rule may be deterministic or, more
likely, probabilistic, since in general a certain amount of randomization is desired. A fre-
quent assumption is conditional independence of the observations, namely, with obvious
notation,

Pr(Yor =y | Xnt1,S0) = Pr(Yo =y | Xnn1) Vn. (D

An experiment can be defined to be Markovian if the allocation of the next design
point depends only on the most recent outcome, i.e.

Pr(Xpm =2 |Sy) =Pr(Xpm =z | Xp,Y) Vn. (2)

Several sequential designs for treatment comparison satisfy condition (2). We show how
this can lead to a unified approach to investigating their properties, especially asymptotic
ones. These results complement other recent ones (Baldi Antognini and Giovagnoli, 2004;
Bortot and Giovagnoli, 2004). The proofs are omitted or just sketched.

Fundamental Lemma Under (1) and (2), given a starting point o, both {(X,,Y,)}
and { X, } are Markov chains, whether or not the experiment is response-driven.
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If the experiment is not response-adaptive there is nothing to prove; if it is, the proof
is trivial for {(X,,, Y,,)} and only a little more elaborate for { X,,}. The importance of this
lemma lies in its generality, since it holds for any pair of sequences { X, } and {Y,,} what-
ever the meaning of the random variables X and Y. In other words, Y;, could be replaced
by an observable quantity which depends only on the past history of the experiment, and
is not an actual physical “response”. The urn example in Section 3 will help clarify this.
Definition (2) can be extended by replacing the sequence of design points { X,,} by a se-
quence of design “statistics” S, = s(X1, ..., X;,) such that o( X7, ..., X;,) = 0(S1, ..., Sn)
V¥n. Then the Markov condition (2) becomes

PT(STZ+1 =S ‘ %n) = PT(SnJrl =S ‘ Snayn) vn (3)

and it can be shown that under (/) and (3) the results of the Fundamental Lemma still
hold, in particular that {.S,,} is a Markov chain.

2. Asymptotic properties of Markovian experiments

If the transition probabilities (2) do not depend on n, not too severe conditions on the
experiment usually ensure the existence of the stationary distribution 7 of the chain. On
a discrete design space D = {di, k € Z}, if N,(d) is the number of times the design
point d has been employed in n steps, then for all &

N, (di) = Nyp(dy)/n — 7m(dx) as n — oo almost surely 4)

by the Law of Large Numbers for Markov chains. Thus, the asymptotic behaviour of the
experiment is described by 7. Properties of the “asymptotic experiment” m are often easier
to establish than small sample ones. By (4), for large samples the asymptotic experiment
is approximated by the design point frequencies N, (x) Vo € D and the approximation is
the more efficient the smaller the asymptotic variance of N,,(z), for all z.

In each of the examples of the next Section the chain is a random walk, with transition
probabilities pr, = Pr(Xp1 = diy1 | X = di) > 0, g = Pr(Xpy1 = dpq | X =
dr) > 0 (some readjustments are needed for barriers). The following are useful results
which can be easily proved.

Proposition 1 a) The asymptotic design m = {m = mw(dy)} is given by the equilib-
rium equations
1

M = Th_1A\k \V/k}, with my = 1+ZH)\]€+ZH1/)\_[C+1 5)

i=1 k=1 i=1 k=1

where Ny = pr—1/qx, Yk if and only if > oo [Tiei M + D ioq [iey 1/ A1 < 00.

b) If { A} is non-increasing, in particular if {py} is non-increasing and {qy} is non-
decreasing, then m is unimodal so there is a design point - or a value of the design statistics
- which tends to occur most frequently.

3. Some examples of Markovian experiments

Biased coin designs  Efron (1971) proposed a design for the comparison of two
treatments basing randomization on the hypothetical tossing of a biased coin with prob-
ability p > 1/2. An extension has been suggested by Baldi Antognini and Giovagnoli



(2004), the Adjustable Biased Coin Design (ABCD). Let 6,, = 1 if the n-observation
is allocated to treatment 77, 6,, = 0 otherwise and D, be the difference between the
treatment allocations after n assignments, and put

Pr(6n+1 - 1) = F(Dn)7 (6)

where F'(-) is a non-increasing function F' : R — [0, 1] such that F/(—z) = 1 — F(x).
The ABC'D generalises several other biased coin designs to be found in the literature,
as well as Efron’s. If we take {D,,} to be the design statistic of interest for the ABC'D,
the sequence {D,,, n = 0,1, ...} is Markovian. More precisely it is a random walk over
the integers Z, with transition probabilities p; = F(j), ¢; = F(—j) Vj € Z. Applying
Section 2 we see that the asymptotic distribution 7p () of { D, } exists, 7p(j) = 7p(—7),
and, from the viewpoint of balance, the asymptotic behaviour of the ABC'D is identical
to the completely randomized design, namely D,,/n — 0 almost surely as n — co.

As regards randomness, an (inverse) indicator is predictability, i.e. the expected propor-
tion Gy, of correct guesses at stage n using an optimal guessing strategy. For the ABC'D,
G, =1 Son_ F(—|Dyl) and, by (4), lim,, 00 G, = 3252, F(—h)mp|(h) almost surely,
where 7| is the stationary distribution of {|D,|} : mp(0) = mp(0), 7 p|(h) = 27p(h)
Vh > 0.

Some biased coin designs, e.g. that of Wei (1978), give rise to a non-stationary Markov
chain {D,,}, so the above results do not hold.

Urn Designs Urns are a classical tool as a randomization device in sequential
experiments to compare several treatments. Assume there are v urns Uy, ..., U,, standing
for the v treatments, containing a total number of w balls; at each trial, eligible subjects
arrive sequentially and, for each subject, a ball is drawn at random among all the balls of
all the urns: if the ball is drawn from urn U; (i = 1,2, ..., v), treatment 7; is allocated to
the subject. Assume for simplicity only two treatments; define 6, = 1 if the k-th subject is

allocated to 7T} at step k, 0 otherwise, and let 17/ (k) be the number of balls in urn U; after
k steps. Thus Pr (6,41 = 1) = M At each step the selected ball is returned to either
urn - so that the total number w of balls is constant - according to a prescribed probability
rule. When the replacement rule is of the form Pr (W3 (n + 1) = z|Wi(n), 6,) , by letting
6k = Yy and Wi (k) = X, in the Fundamental Lemma it follows that {W; (n)}, . is a
stationary random walk on {0, 1,...,w} . Ehrenfest urn designs are discussed in Baldi
Antognini (2004), where it is shown that the convergence of an urn design towards a
target is given by the convergence of the time average of the Markov chain {W; (n)}, .
to the ergodic mean FE;, where 7 is the stationary distribution. The speeds of convergence
of different types of Ehrenfeld designs can be compared.

Up-and-Down designs Let D = {di, k= 0,1, ..., M} denote a finite set of pos-
sible treatments in increasing order. Let X,, be the treatment applied at the n—th step
and Y,, be the corresponding observation taking values 0 and 1 for negative and positive
responses respectively. Assume the probability of positive response to be an increasing
function Q)(x) of the treatment level. Durham and Flournoy (1995) defined response-
adaptive biased coin designs BC'D — I and BC'D — 11, aimed at identifying a given
quantile of the response function ) (z). The main area of application is for escalating the
dose of a potentially toxic drug in Phase I clinical trials. These experimental protocols
have been extended in several ways and are now more commonly known as Up-and-Down
(U& D) designs. In Giovagnoli and Pintacuda (1998) a general definition is given:
Choose a starting point zg € D. If n > 1 and X,, = dj, then



Conditionally on Y,, =0 : Conditionallyon Y,, = 1:

Xpni1 = dgy1 with probability a > 0 Xpn+1 = di—q with probability 3, > 0
Xpt1 = di_1 with probability ﬁ;c >0 Xn41 = di41 With probability o}, > 0
Xpt1 = di withprob. 1 —ay — 3, > 0| X,,;1 = dj withprob. 1 — 3, — o} >0

By the Fundamental Lemma, {X,} is a Markov chain (in fact, a random walk) over
D with transition probabilities pr = ax(1 — F(dg))+ o) F(dg) and ¢ = B, F(di) +
B (1 — F(dy)). The experiment converges and oy, ak, 5y, 3, can be chosen so as to
modify the asymptotic design (Giovagoréloli and Pintacuda, 1998). Furthermore when
k

ay + Oy
cess to the quantile x(,) of interest, choosing a and (3, as large as possible, namely
ar = min{p/(1 — p), 1} and 3, = ax(1 — p)/p, as suggested by Durham and Flournoy’s
BCD — II (1995), minimizes the asymptotic variance of N,(dy) Vk (Bortot and Gio-
vagnoli, 2004). This result can be extended to the case of an unlimited set of design
points D = {dy, k= ...—1,0,1,..., M, ....} as follows: under the very mild assumption
that inf, F'(dy) = 0 and sup,, F'(dx) = 1 the asymptotic design exists by Proposition 1;
ap(l — F(dy)) .

3. F(dy) in (5). We

oy = B, = 0 Vk, given condition = p, (0 < p < 1), which targets the pro-

such a design is the same for every oy and 3, because of A\, =

can then apply Tierney’s (1998) extension of Peskun’s theorem.

4. Conclusions

Various types of sequential experiments for comparing treatments, which in the design
literature are are investigated in different contexts, satisfy a Markov condition. This paper
shows that a unified study of their asymptotic behaviour may lead to fruitful results.
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