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Riassunto: Nell’ambito degli esperimenti sequenziali per il confronto di due W tpat-
tamenti, molteplici possono essere gli obiettivi sperimentali cosne le proporzioni

target di assegnazioni dei trattamenti che da essi possono derivare. |l target prefissato
spesso dipende dai parametri incogniti del modello ipotizzato. In generale dimostriamo
che la procedura sequenziale di massima verosimiglianza, che consiste nell’assegnare
ad ogni passo ciascun trattamento con probabpdri alla stima corrente di massima
verosimiglianza della propria proporzione target, converge quasi certamente al target
stesso. Inoltre, applicando questa procedura gli stimatori di massima verosimiglianza
sSono ancora consistenti ed asintoticamente normali e se ne deriva la matrice di varianza-
covarianza asintotica.
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1. Introduction

Sequential experiments are especially used and indeed often recommended in biomedi-
cal practice, but they are also used in other applied contexts. These procedures are very
flexible since the experimenter can modify the trial as it goes along, on the basis of the
previous allocations and/or observations. In clinical or pharmaceutical trials there is also
a need for a certain amount of randomization in the assignments to protect against several
types of bias. Furthermore, the experimenter may have several purposes in mind: accurate
inference about unknown parameters of the population under investigation, cost saving,
ethical preoccupations, etc. Often these objectives can be defined as an optimization
problem and sometimes the solutions depend on the unknown parameters of the trial. For
example, in the case of a binary response trial for comparing two treatmenis|det

andp (¢2) be the probabilities of success (failure)afandTs; if we are interested only

in inferring on the difference; — p, it is well known that the so-called Neyman alloca-

tion NN the proportion of assignments df which minimizes the variance of

the estimatop, — p, and maximizes the power of the corresponding test. However, this
allocation does not take into account the patient’s experience and may be unsuitable when

ethical issues are involved. In this case one would possibly prefer the allo%gg%,

which minimizes - for a fixed variance ¢gf — p, - the expected number of treatment
failures. Other “ethical” procedures are ttendomized play-the-winner rul@Vei and
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Durham, 1978) and thdrop-the-loser rulg(lvanova, 2003). These designs lead to the
very attractive proportion of allocations/ (¢ + ¢2), which represents the relative risk of

the treatmenf’ (see Hu and Rosenberger, 2003).

Still on the question of comparing two treatments, the problem of finding a response-
adaptive design which is asymptotically optimal (in Kiefer’'s sense) for parametric infer-
ence has recently been investigated in Baldi Antognini and Giovagnoli (2004).

In the large majority of the cases, the target proportion of allocations of the treatments
depends on the unknown population parameters. A natural response-adaptive randomiza-
tion procedure consists, at each step, to assign each treatment with probability given by a
suitable estimate of the target. But this poses problems as regards the correct inferential
paradigm. If the design does not depend on the observed data, then it can be regarded as
an ancillary statistics and we may infer conditionally on the design. In contrast, for all
response-adaptive procedures, the design variability must be accounted for and we should
argue unconditionally (see Rosenberger and Lachin, 2002).

As regards experiments for comparintreatments, we consider the maximum likelihood
design, namely that based on the step-by-step updating of the target estimates by ML. We
show that the maximum likelihood design converges to any fixed target proportion of al-
locations to the treatments. Under this procedure the MLE’s retain the strong consistency
and asymptotical normality properties and therefore the asymptotic variance-covariance
matrix is derived.

2. Sequential designs and likelihood-based inference

Let 9; be a design point and; the corresponding response. A randomized sequential
design can be considered as a stochastic progg$sy where eachy; is a random
variable. Aftern steps lety™ = (§,,6,,...,6,) be the allocation sequence a#gdl¥ =

(Z4, Zs, ..., Zy,) the sequence of the corresponding responses; the choice of the next design

point 4,1 will depend on the previous allocations and/or outcor(ﬁé@, Z<”)), so that

the next allocation can be represented by the conditional distribtjﬁc(ﬁ@ﬂ 60, 7 <")).
Let £, be the probability law of the responge. In what follows we assume that

e L; depends on the design poifitwhere it is observed and a vector of unknown
parameters and satisfies the usual Rao-Cramer regularity conditions;
¢ conditionally on the design points, the observations are independent.

Thus, the conditional distributioi® of the design point is ancillary for the likelihood of

the parameters, whether or not the design is adaptive, and the maximum likelihood esti-
mators are the same as if the observed design points were predetermined. However, in
general, the distribution of the MLE’s is not the same as when the observationistare

so that confidence intervals and hypothesis testing cannot be constructed in the classical
way. Chaudhuri and Mykland (1993), Rosenberger, Flournoy and Durham (1997) and,
for the case of two treatments, Melfi and Page (2000) give some regularity and conver-
gence conditions under which the MLE’s retain the strong consistency and asymptotical
normality properties, but the problem lies in the possibility of checking if such conditions
hold for a given application (Rosenberger and Lachin, 2002).



3. Designs for comparingu treatments: notation and model

Suppose we wish to compavretreatments’y, ..., T, and letd, = (01, - .., dyx) be the
treatment allocation at step whered;, = 1 if 7} is assigned to thé-th unit, 0 oth-
erwise. The experimental design can be represented by the lawamid the sequence
{Pr (6]~(n+1) = 1|6™, Z(”)) ,j = 1,...,0}nen. In addition, letN; (k) = ¥, 6, and
m;x = k' N; (k) be the number and the proportion of allocation§’tdj = 1,...,v) re-
spectively, andXy;, . .., X, be the potential responses to each treatment. At anykstep
exactly one of them is observed and the respdfisean be written ag;, = Z};l 01X k-
For any givenj = 1,...,v we assume thaf{X.}, . arei.i.d. and the distributions
belong to the same regular exponential family, i.e.

X; ~exp{o; " [a(0;)z; — b(0;)] + ¢ (x5, 6,) | (1)

with a(-) andb(-) twice continuously differentiable, whefe € © C R is the parameter
of interest andp; € R* is a nuisance parameter. Special cases are normal, Poisson,
exponential, Bernoulli and logit models for the responses.

4. Maximum likelihood designs

Suppose now there exists a given target proportiea (pi, . . ., p,), With 3°7_, p; = 1,

of allocations of thev treatments - which is considered optimal by the experimenter -
depending on the unknown population paramefets(6,, . ..,0,) ande = (¢4, ..., ¢,).

In particular we assume thatis a continuous function di; ¢) with

p;i=pj;¢)>0  Vji=1,... v 2

Classical examples are A-, D- and E-optimal proportions for parameter estimation and the
target allocations corresponding to the other “ethical” procedures considered previously.
For hypothesis testing, other proportions would be suitable (Hu and Rosenberger, 2003).
Additionally, suppose that an initial numbeer,, . . . , n,) of observations have been allo-
cated to the treatments in order to compute an initial non-trivial estimate (Melfi, Page and

Geraldes, 2001) and at any stage: ny = Y.0_, nj let the MLE's6), = (élk, . ,ka)

andg¢y, = (qﬁlk, o gbvk) of # and¢ based or(d(’f), Z(k)). Then we define the maximum
likelihood design by choosing at each step treatn¥§nvith probability given by the
current estimate of the corresponding target proportiomamely

Pr (e = 10, 20) = pjr = p; (O dx) Yk > no. 3)
Theorem 1  For any given targep satisfying (2), under the the maximum likelihood
designN; (n) — oo almost surely as: — oo foranyj = 1,...,v. Thus, the MLE’s of

0, ¢ andp are strongly consistent and

lim N; (n)/n=p; as. Vji=1,..., 0.

The proof of this result generalizes Theorem 8 and Corollary 9 of Baldi Antognini and
Giovagnoli (2004) to the case of> 2 treatments and any given target.

Without loss of generality, the exponential family in (1) can always be reparametrized



in such a way that the parameters of interest are the mean responses of the treatments,
namelyE [X;] = 6, , so that for anyj = 1,...,v the MLE's of §; are the sample means

0, = N, (n)"' S, §,,X;;. Given this reparametrization there follows

Theorem 2 LetVar(X;) = sz; then for any given targep satisfying (2), under

the maximum likelihood design the vect(o\Vﬁ [éjn — Qj] ,7=1,... ,v) is asymptot-
ically normal with mean zero and diagonal variance-covariance matrix with elements
vij=03/p; forj=1,...,v (v =0Vj #1).

Example  Givenwv treatments, assumg,; ~ N(/,Lj;a?.) foranyj = 1,...,v. The
A-optimal proportiong; = o,/ >°7_, 0; minimizes the sum of the variances of the esti-
mators of the means. At stép let /i;, anddj, be the MLE’s of;; ando;; by (3) the
maximum likelihood design is

|3r(5jk+1 = 1]6®, Z<'f>) — G/ S G, G=1,...,0 Vk>nq.
By Theorem 1 such procedure converges almost surely to the target, namely

lim N, (n) /n=o0;/3%,0; a.s. Vi=1,...,v

n—oo

and by Theorem 2, as — oo
o vVl — ] = N(0,0;5 1 05) j=1,...,0;

o /0 [(fijn — fn) — (g — )] — N (0, (0 +00) Xy 00) V4,0 j#L.
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