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Riassunto: Il packageggm, scritto in linguaggioR consente di adattare modelli grafici
Gaussiani basati su grafi non orientati, su grafi orientati aciclici e su grafi ancestrali. In
questo lavoro vengono discusse alcune estensioni che consentono di calcolare a partire
da un grafo orientato aciclico generatore, dei grafi di altra natura (per esempio grafi a
catena) da esso implicati. Gli algoritmi utilizzati sono basati su semplici trasformazioni
dalla matrice di adiacenza del grafo generatore (see Cox and Wermuth (2004)).
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1. Introduction

TheR packageggm (see Marchetti and Drton (2003)) is designed for fitting Graph-
ical Markov models to data from Gaussian distributions. The underlying graphs can be
directed acyclic graphs (DAGs), concentration and covariance graphs and more generally
ancestral graphs. See Lauritzen (1996) for the basic terminology on graphs and Richard-
son and Spirtes (2002) for the definition of ancestral graph. The package is intended as a
contribution to the gR-project described in Lauritzen (2002).

Within ggm the graph objects are defined simply by their adjacency matrix, or equiv-
alently by theiredge matrix(cf. Cox and Wermuth (2004)). The edge matrixA of a graph
is derived simply from the adjacency matrixE asA = (I + E)T.

The packageggm has special functions that allow to define easily some basic types
of graphs by using model formulae. For example, in figure1 the directed acyclic graph to
the right is defined with the functionDAGshown top left and its output is the adjacency
matrix of the graph.

In this paper we describe some useful extensions to the packageggm that concern
graph computations. In particular we describe procedures to derive from the adjacency
matrix of a generating DAG and an ordered partition of its vertices, an implied chain graph
after grouping and reordering the variables as specified by the partition. The appropriate
theory is discussed in a recent paper by Cox and Wermuth (2004). Here we describe the
details of the implementation inR and we show that the adjacency matrix of the chain
graph can be computed compactly by a single matrix formula.
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Figure 1: A generating directed acyclic graph obtained from the functionDAGusing
regression model formulae.
> dag = DAG(x ~ y, y ~ z + u, w ~ u + v, z ~ a,
+ u ~ b, a ~ d, b ~ d + e, c ~ e)
> dag

x y z u w v a b d e c
x 0 0 0 0 0 0 0 0 0 0 0
y 1 0 0 0 0 0 0 0 0 0 0
z 0 1 0 0 0 0 0 0 0 0 0
u 0 1 0 0 1 0 0 0 0 0 0
w 0 0 0 0 0 0 0 0 0 0 0
v 0 0 0 0 1 0 0 0 0 0 0
a 0 0 1 0 0 0 0 0 0 0 0
b 0 0 0 1 0 0 0 0 0 0 0
d 0 0 0 0 0 0 1 1 0 0 0
e 0 0 0 0 0 0 0 1 0 0 1
c 0 0 0 0 0 0 0 0 0 0 0
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2. Chain graphs induced from a generating DAG

Let us denote byV the set of nodes and byE = [eij] the adjacency matrix of a DAG
D = (V, E). Given a set of random variablesY = (Y1, . . . , Yd) if they can be associated
to the nodesV of the graph such that their densityfY factorizes as

fY = f1 · f2|pa(2) · · · fd|pa(d)

wherepa(i) = {j ∈ V : j → i} is the set of parents on nodei ∈ V , then the random
vectorY is said to be Markov with respect to the DAGD. Then, to the set of missing
edges of the DAG (or equivalently to the setM = {{i, j} : eij = 0, eji = 0} of struc-
tural zeros of the adjacency matrix) corresponds a set of conditional independencies that
are satisfied by all distributions that are Markov with respect to the graph (the so called
Markov properties, see Lauritzen (1996)).

Given a DAGD = (V, E), a setS of selected nodes, and a disjoint setC of con-
ditioning nodes, we can obtain two induced undirected graphs (see Cox and Wermuth
(1996)):

• the induced covariance graph ofS givenC, which has an undirected edge between
i andj ∈ S iff D does not implyi⊥⊥ j | C;

• the induced concentration graph ofS given C, which has an undirected edge be-
tweeni andj ∈ S iff the DAG does not implyi⊥⊥ j | C ∪ S \ {i, j}.

The covariance graphs are usually drawn with dashed edges or bidirected edges.
The functionsinducedConGraph andinducedCovGraph are provided in pack-

ageggm for deriving from a given DAG the induced concentration and covariance graph
respectively. The functions use the matrix formulae explained in Cox and Wermuth
(2004). The formulae are written more compactly by using the three operatorsIn, anc
andclos. Given a square matrixM, InM = abs(sign(M)) is the indicator matrix of
the zeros in the matrixM. Given the edge matrixA of a DAG,ancA = In[(2I −A)−1]
is the edge matrix of the overall ancestor graph. Finally, given the edge matrixS of an



undirected graph,closS is the edge matrix of its transitive closure. We use matrix sub-
scripts to define subsets of matrices. For example,Aaa is the submatrix ofA obtained by
selecting the rows and the columns indexed bya. We define analogously the matrixAab.
Note that whena is empty the matrixAab has zero rows. In these cases, we will use the
convention that the products involving the matrixAab return a zero matrix. For example,
if a = ∅ then we haveAbaAab = Obb.

Then, the induced covariance graph for nodes inS givenC has edge matrix

SSS|C = In[ancAC̄,C̄clos(In(I + T T
CC̄TCC̄))(ancAC̄C̄)T]SS(1)

whereC̄ = V \ C andTba = In[AbaancAaa]. Note that this formula is correct even ifC
is the empty set as the middle factor is the identity matrix and the formula simplifies as
SSS = In[ancA(ancA)T]SS. An analogous expression is obtained for the edge matrix of
the induced concentration graphSSS|C for S givenC.

From a generating DAG and two disjoint sets of nodesS andC we may also derive a
chain graph with componentsC andS. This is defined by two undirected graphs within
each component and by a directed graph between them, in such a way that no directed
cycles appear. We distiguish two types of directed graphs fromC to S:

• the inducedmultivariate regression graphwhich has an arrowi → j, with i ∈ C
andj ∈ S, iff D does not implyi⊥⊥ j | C;

• the inducedblocked-concentration graphwhich has an arrowi → j, with i ∈ C
andj ∈ S, iff D does not implyi⊥⊥ j | C ∪ S \ {i, j};

The edge matrix of the induced multivariate regression graph ofS givenC is

PS|C = In[ancAC̄C̄T T
CC̄clos(In(I + TCC̄T T

CC̄))ACC.C̄ + FC̄C ]SC(2)

whereFab = In[ancAaaAab] andAbb.a = In[Abb + AbaancAaaAab]. Finally, the edge
matrix of the induced blocked-concentration graph can be obtained from the induced con-
centration graph for the nodesC∪S, with empty conditioning set, and then extracting the
(S, C) matrix block:

CS|C = [SC∪SC∪S]SC .(3)

From the above definitions and formulae we may derive induced chain graphs with sev-
eral components and different interpretations. For example, if the setV is partitioned into
three componentsa, b andc (ordered froma to c), then the induced chain graphs with
the Lauritzen-Wermuth-Frydenberg (LWF) and Andersson-Madigan-Perlman (AMP) in-
terpretations (see Andersson and Perlman (2001)) have edge matrices, respectively:

Sbb|a, Cb|a,Scc|ab, Cc|ab(4)

Sbb|a,Pb|a,Scc|ab,Pc|ab.(5)

3. R implementation and examples

In R the implementation of the above ideas is straightforward. We add toggm only
a function inducedRegGraph to compute the adjacency matrix of the multivariate
regression graph from equation (2), and a general functioninducedChainGraph that
builds the chain graph, with the required interpretation from (4) and (5).



Figure 2: A chain graph induced by the DAG in fig.1. The chain components areA =
{a, d, z, y} andB = {b, u, e, w}. The interpretation of the graph is the AMP.

> cc = list(A = c("a", "d", "z", "y"),
+ B = c("b", "u", "e", "w"))
> cg = inducedChainGraph(dag, cc, type = "AMP")
> cg

a d z y b u e w
a 0 1 1 0 0 0 0 0
d 1 0 1 1 1 1 1 1
z 1 1 0 1 1 1 1 1
y 0 1 1 0 1 1 1 1
b 0 0 0 0 0 1 1 0
u 0 0 0 0 1 0 0 1
e 0 0 0 0 1 0 0 0
w 0 0 0 0 0 1 0 0
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For example, starting from the DAG in figure1 and choosing as chain components
A = {a, d, z, y} andB = {b, u, e, w} (marginalizing overM = {x, c, v}) we get the
chain graph shown in figure2. Note that the arguments ofinducedChainGraph are
the adjacency matrix of the DAG, the list of chain components (number of components
> 1) and thetype of the required chain graph (with possible values"AMP" and"LWF" ).
The function returns the adjacency matrixE = [eij] of the chain graph. Thus, there is a
directed edgei → j iff eij = 1 andeji = 0, and an undirected edgei−− j iff both eij = 1
andeji = 1.

The zeros in the adjacency matrix of the induced chain graph indicate the indepen-
dencies that are logical consequences of the generating process underlying the directed
acyclic graph. With the induced chain graphs we can easily assess the consequences im-
plied by the DAG when some subsets of variables are considered jointly, with different
conditioning set and also with a different ordering.

The functioninducedChainGraph will be included in the next release of package
ggm.
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