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Abstract: Dawid and Lauritzen (1993) introduce the hyper Dirichlet family for the pa-
rameter of a discrete decomposable graphical model. They describe an algorithm for the
construction of such a family, which requires specification of prior densities for the pa-
rameters of cliqgue marginal models. We consider a three vertex decomposable graphical
model with binary variables, and show that the hyper Dirichlet family can be derived
from the standard conjugate family on the canonical parameter of the underlying natural
exponential family, exploiting conjugacy properties of the parametrisations.
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1. Introduction

Consider the decomposable undirected gréph (V, E') whereV = {1,2,3} andE =
{(1,2),(2,3)}. LetCy, = {1,2}, Cy = {2,3}, andS = {2} denote the two cliques
and the separator @, respectively. Binary random variablés = (X, X5, X3) are
associated to vertices i, and we denote with = {p;;x, (¢,7,k) € {0,1}*} the set of

joint probabilities forX, wherep;;, = Pr{X; = i, Xy, = j, X3 = k|p} andpgpo = 1 —

D (k) £(00.0) Pigk- Similarly, for any pair of subsets, W of V, p” andp"IV are the set

of U-marginal andV |U-conditional probabilities respectively. We consider a parametric
family of distributions forX, { fx(x|p), p € P}, such that each probability mass function
(pmf) in the family satisfies the Markov property w.r@, namely Xy L Xy | Xyaw, P

for any decompositiofi/, W) of G. Assume that a parametric family of priors, indexed

by «, is assigned op. We consider prior families satisfying the strong hyper Markov
property w.r.t.G, namelyp? 1L p"!V|a for any decompositiof/, W) of G. Dawid and
Lauritzen (1993) describe an algorithm for the construction of a hyper Dirichlet prior
for p based on specification of hyper compatible Dirichlet densities on the parameters
indexing the clique marginal models. We show that this prior coincides with that induced
from a standard conjugate prior on the canonical parameter of the exponential family
describing the graphical model. For an account of the theory of graphical models needed
in this paper see Lauritzen (1996), Chapter 1-3, wherea&Gexi-Pé&a and Smith (1995)
contains relevant material on the theory of exponential families and conjugate priors.
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The structure of the paper is as follows. Section 2 describes the NEF associated with
G and derives the hyper Dirichlet family, while Section 3 contains some remarks and
conjectures for future work.

2. Exponential family representation and hyper Dirichlet prior

Consider the clique and separator marginal probabiliifés= {p;;,, (i,7) € {0,1}*},

P = {pijr, (4, k) €{0,1}°},p% = {p+j+, 7 € {0,1}}, wherepoo., proo @ndp.o are
redundant. By the Markov propery;;, = pﬂpi—’]’if’“ so the joint probability mass function

for X can be written
1;(x1)1(z2)1k(x
fedp) =TT el
(4,9,k)€{0,1}3
Fxe, (21, 22|p) fxe, (22, 23]P2)
fxs(22]p”)

wherel, is the indicator function foe, 1o(z1) = 1 — 11(zy) (similarly for 1y(x2) and
1o(z3)), and fx.,, fx., and fx, are the clique and separator marginal pmfs. Given a

sample(Xy;, Xo;, X3;), i = 1,...,n, the pmf above can be written as a five dimensional
natural exponential family

fr(yl6) = exp{@"y —nM ()} (1)
where

Y = (Yla }/27 }/37 }/;b Y5> = (2?21 X1i7 Z?:l X2i7 Z?:l X3i7 Z?:l XliX2i7 Z?:l X2iX3i)
and@ are the canonical statistic and parameter respectively)af@) = log [ e? Vdy.
The mean paramet&(Y'|0) is denoted by:. More precisely

6, = log Z;—gi p1 = n(piy + pioy)

0, = log ig—;i + log % —log ;;I—;i p2 = n(put + pory)
= n(py11 + prio)

0; = log % p3 = n(pyi+prot)

01 = logFoms Ha = NP1y

05 = log BrubEoL M5 = NPpy11-

P+10P+01

Similarly, any clique and separator marginal pmf can be written as a NEF, where (with
the obvious notationy ©* = (Y7, Y5, Ys), 8" = (6,652, 05), uCt = (1, pia, p3), Y2 =
(Y, Y3, ¥5), 0% = (652,03, 05), p% = (ua, ps, 1), Y = Y3, 0° = 03, p¥ = i,
and6$' = log ;jg—;i, 05% = log %, 05 = log ii—éi. In order to prove the subsequent
results, we point out that can be viewed as a vector of random variables associated to a
graphGg’ = (V', E') whereV’ = V U {4,5} andE' = EU{(1,4),(2,4),(2,5),(3,5)}.
Equivalently,(Y7, ;) 1L (Y3, Y5)| Yo, 6.

Assume tha# is assigned a standard conjugate fardjy namely

79(0) < exp{@Ty’ — n°M(0)}, n° € R, y° € R®.

Denote withC, the standard conjugate family f@, and with Cg’ the family of priors
induced byCy on p, see Gutrrez-Pé&a and Smith (1995) for definitions. Note tit
is the hyper Dirichlet family. We show tha} = Cg. We first need the following result.
Denote withV (i), V(u“), V(u®) the variance function foY, Y% i = 1,2 andY®,



Lemma 1. LetG = (V, E) be a three vertex decomposable graph with cliqGgs=
{1,2} and Cy = {2,3}. LetJy(pr) be the Jacobian matrix for the transformation frén
to p. LetJye, (u), i = 1,2, and J4s (1u°) be the Jacobian matrices for the correspond-
ing transformations in the clique and separator marginal models. Then

e el G e Oy Cz
detuew):dt(JQ g;t&ij(:g; (n™)) @

Proof. Consider the matrix/p(ps) = V' (1) and notice thagis — % — 2 —

gff‘ = 0. Therefore, the Jacobian matrix is symmetric and has zero entries corresponding

to conditional independencies in the graphso that Lemma 5.5 in Lauritzen (1996) can
be applied to the decompositidh, = {1,2,4}, V) = {2,3,5}), yielding

det([Jo " (1)]vyvy)
det([Jg " (m)]vy) det([J5 " (1)]vy)
det([V ()]vynvy)

= TV (@) det(V (1)Tvg) ©)

where the notatiofA]y- identifies the submatrix oflt with entries(s, j) € V/ x V{, and
similarly for the other submatrices. It can be shown that each subvg€tory “2, Y° is
a cut forY’, so that submatrices &f(u) corresponding ta;, Cs, S are just the marginal
variance functions. Moreover, notice thit, 1, andV/ N V; are the vertices of the
subgraphs induced ky,, C, andS respectively. Therefore, (3) becomes

det(V" (i) det(V" ()
det(V 1 (pg))

det(Jge, (HE)) det(Jye (1))
det(Js (%))

det(Jo(p))

det(Jo(p)) =

and the proof is complete.
The following facts are also useful: i) for simple quadratic variance function (SQVF)
NEFs the canonical parameter and mean parameter are conjugaﬂ;(#ecz), and ii)
Cu=Cj, & Jo(p) o< L(ply) = fr(y|0(p)).

We are now ready to prove the main result. We wiite (u“
Ls(p®|y®) for the marginal likelihood functions.

y%), i = 1,2, and

Proposition 2. LetG = (V, F) be a three vertex decomposable graph with cliqUes-=
{1,2} and C,; = {2,3}. Suppose the standard conjugate fandllyis assigned orf.
Thencg is the hyper Dirichlet family.

Proof. Since marginal models correspondingdp, C, andS are all SQVF NEFs,
results (i) and (ii) above hold, and from (2) we can write

LCl (IJ’CI |y01)LCQ (l"’CQ ’yC2> _ L(,Lb|y)
Ls(pSly?)

Using (ii), it follows that@® andu are conjugate parametrisations, i.e. the family induced
on u is the standard conjugate. Notice that he support of the hyper Dirichlet distribution
is spanned by a subsptof {p“, p©2}. Consider now the transformation fromto p,

and notep is a linear function ofp. The determinant/,(p) is therefore constant and
the family induced orp from p is the standard conjugate, i.e the hyper Dirichlet. The
latter coincides Withﬁg since the property of conjugate parametrisation is transitive. The
conclusion follows upon noticing that the distributionpis described in terms dd.

det(Jo(p)) ox



3. Discussion

We have shown that, for a three vertex binary decomposable graphical model, the hyper
Dirichlet family coincides with the family induced from the standard conjugat®.on

This is based on the following facts: i) the determinant of the Jacobian matrix can be
decomposed according to (2), and ii) clique and separators marginal models are SQVF
NEFs. We remark that a non complete decomposable discrete graphical modeais
guadratic variance function family. Yet we have proved that, in our setfiramd .. are
conjugate parametrisations, thus providing a partial answer to a query raisedémasiti

Peia and Smith (1995).

We conjecture that the results above can be extended to more general models. If
the Markov property is assumed, as it is usually the case, for an arbitrary decomposable
graphical model with random variables = (X;,...,X,,), cliques(Cy,...,Cy) and
separators$Ss, . .., Sk), the following factorisation holds

ITi1 fxe, (X, IP%)
[T fxs, (Xs:PS)

Also, recall that the hyper Dirichlet for a general model (see Dawid and Lauritzen (1993))
is of the form

fx(X|p) =

. Hf:1 D(pci O‘CZ)
m(P) = Hf:28<psi s 3%)

whereD(x|a) denotes the Dirichlet distribution with parameterand B (x|«, ) denotes

the Beta distribution with parametetisand 5. We point out that for complete graphs the
joint pmfis always a SQVF NEF, and conjugacy of parametrisations is automatically sat-
isfied. Therefore, the idea is to work locally on cliques and separators where marginal
pmfs are all SQVF NEFs and properties of the variance function can be used as in Propo-
sition 1 and 2. In order to proceed in this way, we want to obtain a factorisation for the
determinant of the Jacobian matrix as

_ I det(ges (1)
[T}, det(Jgs, (157))

Moreover, we would like to identify.

det(Jo(p))
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