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Riassunto: Si è più volte osservato in letteratura come gli approcci non parametrici alla
stima della frontiera di produzione siano scarsamente robusti rispetto alla presenza di
valori eccezionali. Il presente lavoro propone una classe di stimatori robusti della frontiera
basati sulla teoria dei valori estremi. Il metodo propostoè di natura parametrica e consente
di definire un test asintotico utile al fine di verificare la presenza di outliers nell’insieme di
produzione osservato. Vengono infine presentati i risultati di un’applicazione del metodo
descritto ad un campione di imprese estratto dalle indagini del Mediocredito Centrale
sulle imprese manifatturiere italiane relative al periodo (1989-1997).
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1. Introduction and statement of the problem

In the last two decades non-parametric methods for the estimation of production fron-
tiers, such as Data Envelopment Analysis (DEA) and Free Disposal Hull (FDH), have
been widely applied in the economic literature. These methods have the advantage of
being based on a relatively small set of easily interpretable economic assumptions with
no need for the formulation of restrictive hypotheses on the functional shape of the re-
lationship between input and output variables on the frontier of the production set. One
of the main drawbacks associated to these estimators is related to their robustness since,
as pointed out by recent literature (Cazals et al., 2002), they are very sensitive to the
presence of outliers. An alternative nonparametric approach which, by construction, is
more robust to the presence of extreme observations, is that based on the concept of Ex-
pected Maximal Output (or, equivalently, Expected Minimum Input) function proposed
by Cazals et al. (2002). However, in a nonparametric setting, the derivation of a test
for detecting potential outliers is in general not straightforward. Furthermore, for many
applications, the availability of a parametric model often allows for a more thorough eco-
nomic interpretation of the phenomenon to be modeled. To conjugate the advantages of
both approaches, Florens and Simar (2001) suggest a two stage procedure in which first,
the frontier is estimated nonparametrically and, then, the best parametric approximation
(in the least squares sense) of the estimated nonparametric frontier is found.
In this paper we propose a parametric approach to the estimation of the production fron-
tier which is robust to the presence of extreme values and outliers and, at the same time,
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2Il lavoro è stato svolto con finanziamenti MIUR. Un ringraziamento speciale a Stuart Coles per aver
fornito le routines in S-PLUS utilizzate per l’analisi empirica.



still relies on relatively weak distributional assumptions. The structure of the paper is as
follows. Section 2 illustrates the proposed estimator while in Section 3 the results of an
application to a microeconomic dataset are presented.

2. Robust estimation of the production frontier

Consider a reference set includingn producers characterized by a technology with one
output and q≥1 inputs. For each producer, letYi be the observed output andXi be the
associated input vector (q × 1), for i = 1, . . . , n. Cazals et al. (2002) define the expected
maximal output frontier of order-m as:

φm(x) = E(max(Y 1, . . . , Y m)|X ≤ x) (1)

where(Y 1, . . . , Y m) arem independent identically distributed random variables gener-
ated from the distribution ofY givenX ≤ x. In practice the expectation in (1) can be
approximated by a simple Monte Carlo procedure. First a random sample of sizem is
drawn with replacement from the empirical distribution ofY given X ≤ x. Then, de-
noting this sample by (y1

b , . . . , y
m
b ), the sample maximum will be given bỹφb,m(x) =

maxi=1,...,m(yi
b) with m < n(x), wheren(x) is the number of producers using input

Xi ≤ x, i = 1, . . . , n(x). Finally, the above steps are repeated forb = 1, . . . , B and the
Expected Maximal Output Frontier of orderm (EMOFm) is estimated as:

φ̂m,n(x) = B−1

B∑
b=1

φ̃b,m(x) (2)

where the quality of the approximation depends on the value ofB. The sampling proper-
ties of this estimator are discussed by Cazals et al. (2002).
TheEMOFm can be regarded as a nonparametric approach since it does not require the
specification of a parametric model for the frontier. Differently, the method which is here
proposed is based on a parametric fit even if it relies on weak distributional assumptions
and does not imply any hypothesis on the nature of the functional shape of the frontier.
More precisely, given a sample of i.i.d. random variables(Y1, . . . , Ym) it follows that,
under suitable assumptions, by the Extremal Types theorem (Coles, 2001) the sample
maximumMm = max(Y1, . . . , Ym) asymptotically converges in distribution to a Gener-
alized Extreme Value (GEV) distribution :

Mm
d→ Z (3)

asm →∞, whereZ ∼ GEV (µ, σ, ξ) with probability distribution function given by:

G(z) = exp

{
−

[
1 + ξ(

z − µ

σ
)

]−1/ξ
}

(4)

for −∞ < µ < ∞, σ > 0 and−∞ < ξ < ∞. The expected maximum is given by

E(Z) = µ +
σ

ξ
[Γ(1− ξ)− 1] for ξ < 1 (5)

while the quantile of order(1− p) of the GEV distribution is:

zp

{
= µ− σ

ξ

{
1− [−log(1− p)]−ξ

}
for ξ 6= 0

= µ− σlog [−log(1− p)] for ξ = 0
(6)



Hence, for a given value of the input vectorx, a GEV distribution with parametersµ(x)
(location),σ(x) (scale) andξ(x) (shape) can then be fitted by maximum likelihood to the
series of sample maximãφ1,m(x), . . . , φ̃B,m(x) (Coles, 2001). The expected value of this
distribution can be derived by equation (5) and can be regarded as the parametric counter-
part of theEMOFm. An alternative, and more general, approach would be to define the
frontier aszp(x) i.e. as the percentile of order1 − p of the underlying GEV distribution.
From an economic standpoint,zp(x) can be directly interpreted as the output level which
will be exceeded with probabilityp by the maximum output observed amongm randomly
chosen producers using less or equal input thanx. Henceforth, we will refer to this fron-
tier as theExpected Return Levelof order (m, p) (ERLm,p). Also note that, in practical
applications, for assessment purposes, the reference standard could be made more or less
severe by tuning the parameterp. Estimateŝzm,p(x) and Êm(x) of zp(x) as well as of
the expected maximum in (5) can be obtained by a simple plug-in of the ML estimates of
(µ(x), σ(x), ξ(x)) in equations (6) and (5), respectively.
Furthermore, this approach also offers a convenient framework for testing for the presence
of outliers. This could be done referring to the symmetric(1− 2α)% confidence interval
based on the profile likelihood ofzp(x). If, for a given producer(x0, y0) the observed
outputy0 exceeds the upper boundary of the confidence interval forzp(x0), the producer
will be then classified as a potential outlier at the levelα. In this way, only producers
characterized by extremely high output levels can be detected while, for the purpose of
detecting producers characterized by extremely low production levels, a slight modifica-
tion to the above described framework should be considered. More precisely, we could
refer to the empirical distribution of Y givenX ≥ x0, drawB random samples from this
distribution and then, as suggested in Coles (2001), fit a GEV distribution to the sample
maxima of the negated data. Then, again, if the observed outputy0, multiplicated by -1,
exceeds the upper boundary of the estimated confidence interval forzp(x0), the producer
will be classified as a potential outlier characterized by an extremely low output level.

3. The empirical analysis

In this section the proposed approach is applied to a panel of Italian manufacturing firms
extracted from the three surveys performed by Mediocredito Centrale during the period
1989-1997. The sample includes 4322 firms operating in the Machinery sector. For each
firm we observe one output, given by value added, and three inputs given by gross fixed
assets at book value and labour disaggregated in the number of ‘blue’ and ‘white’ collars,
respectively. Value added and fixed assets were deflated using annual price indices based
on Istat national accounting. There are well-known problems with using assets at book
value as a measure of capital stock. Yet our data afford no alternative and the literature
always reports reasonable parameter estimates for this variable. More details on the data
can be found in Destefanis (2000). In our analysis the production frontier has been es-
timated by using theEMOFm as well as the approach based on theERLm,p for two
different values ofm (30,50) and three different values ofp (0.10,0.05,0.01) (Table 1).
Furthermore, the parametric estimator of the expected maximumÊm(x) has been consid-
ered. The number of replicates used was for the estimation wasB = 200.
The last column in Table 1 reports the number of times in which the algorithm for the
numerical maximization of the GEV likelihood converged. Failures were mainly concen-



EMOFm Êm ẑm,0.10 ẑm,0.05 ẑm,0.01 nobs
m=30 2180 2181 1155 814 273 3407
m=50 1828 1830 916 624 178 3442
m=100 (par.) 657 657 355 276 181 4322

Table 1: Number of observations exceeding the frontier for different estimators and dif-
ferent values of m.

trated at the beginning of the sample (ordered by increasing values of the input). In this
sense we can say that a substantial drawback of theÊm andERLm,p estimators is rep-
resented by end effects. In order to overcome this problem it is possible to replace non-
parametric resampling from the empirical CDF by a parametric resampling procedure.
This alternative approach has been here applied (Table 1) with a window of lengthm=100
and assuming an exponential distribution for the output i.e.(Y |X ≤ x) ∼ Exp(θ(x))
with density:

f(y|X ≤ x) = θ(x)e−θ(x)y

For each producer(x, y), the rate of the relevant exponential distribution was estimated
as the reciprocal of the sample mean of the output valuesYi observed for producers with
input levelXi ≤ x.
The results in Table 1 show that the estimators considered do not envelope all the data

points and are in this sense more robust to the presence of extreme values than conven-
tional estimators such as DEA or FDH. The value ofm acts as a smoothing parameter
since the number of observations exceeding the frontier reduces asm increases. For more
details on the impact of the value ofm on the estimated frontier, the reader may refer to
Cazals et al. (2002). Similarly, for fixedm, the estimated frontier output levelẑm,p is a
monotonic function ofp: asp increases the frontier tends to get closer to the bulk of the
observed data. It is also interesting to note how the results for theEMOFm and for the
‘parametric’ estimate of the expected maximum are very close, in the non-parametric case
as well as when a parametric resampling procedure is adopted. The estimator based on
parametric resampling looks like a promising alternative to its non-parametric counterpart
since it allows to drastically reduce the impact of end effects. A more thorough investiga-
tion of the economic implications and of the statistical properties of the approaches based
on theÊm andERLm,p estimators is left for future research.
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