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Riassunto: Si presentano alcuni risultati sulla distribuzione asintotica del numero di co-
incidenze in ambito bayesiano, éigualora il meccanismo aleatorio che genera i dati sia
specificato mediante una distribuzione a priori. In particolare si determinano condizioni
necessarie e sufficienti per la convergenza in distribuzione del numero di coincidenze ad
una mistura di Poisson, nel caso di una generica distribuzione a pricgineita sola
ipotesi che i dati siano scambiabili. Risultati asintotici in questo ambito eranadati,

in letteratura, per particolari distribuzioni a priori. Le dimostrazioni si basano su recenti
risultati sui grafi aleatori colorati, con colori scambiabili.
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1. Introduction

One of the most renowned probability problems isbiréhday problem(Von Mises,
1939): if n balls are randomly dropped into boxes, what is the chance ofnaatch
that is, that two or more balls fall in the same box? The classical answer is given under
the assumption that balls are dropped independently and uniformly into each box. If
k = 365, the answer gives the probability of two or more coincident birthdays, in a group
of n individuals.

In a recent paper Diaconis and Holmes (2002) take up again the birthday problem in a
new perspective: "Consider a practical demonstration of the birthday problem on the first
day of a class. Are the birthdays of the students reasonably considered as balls dropped
uniformly into 365 categories? After all there are well known weekend/weekdays effects,
and perhaps seasonal and lunar trends for birth rates. On reflection, the instructor may
conclude that the change of a student being born on days not uniform and in fact is
not known.”

Some results on the birthday problem with non-uniform occurrence probabilities can
be found in the literature (see Joag-Dev and Proschan (1992), Mase (1992), Henze (1998),
Camarri and Pitman (2000)). The main innovation in Diaconis and Holmes (2002) con-
sists in putting prior probabilities on the’s, in a Bayesian perspective. Exact calcu-
lations, for the chance of a match, are presented under uniform prior and symmetric
Dirichlet prior. Moreover a Poisson approximation for the law of the number of boxes
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containing two or more balls, is proved, under general Dirichlet priors. This last result
relies on the Chen-Stein approximation methods, applied to negatively associated random
variables (see Chen (1975), Barbaatral. (1992)). In a remark, Diaconis and Holmes
(2002) claim that the limiting law of the number of boxes, containing two or more balls,

Is a mixture of Poisson distributions, whatever the prior is.

In the present paper, the approximation problem for the number of matches is faced,
under a general prior, that is only assuming that the balls are exchangeable. Following a
suggestion in Barbouat al. (1992), we treat the birthday problem as a counting problem
for colored graphs. In this setting, a match consists in a pair of balls falling in the same
box. Results for this kind of birthday problem are given in Barbeual. (1992), in the
classical i.i.d. setting. Taking up again this point of view, we apply some recent results on
random graphs with exchangeable colors (Cerquetti and Fortini (2003)) and find necessary
and sufficient conditions for the law of the number of matches to be well approximated by
a mixture of Poisson distributions, under a general prior orptise This result enables,
in a Bayesian setting, to decide whether to assume a Poisson model, for the number of
matches, on the base of prior information.

The paper is organized as follows. Section 2 contains the main result and some ex-
amples. An application to the surname problem in Japan (Mase (1992)) is presented in
Section 3, together with some remarks and suggestions for further developments.

2. The Poisson approximation

For everyn = 1,2,..., let (X;,);=1..., be a finite sequence of exchangeable random
variables taking values ifil, ..., k,}, that can be extended to an infinite exchangeable
sequence. According to de Finetti’'s representation theorem, there exists, fomewery
random vector,, = (Q1n,-..,Qk,») such thatX,,,..., X, are conditionally i.i.d.,
givenq@,,, and

for everyi, j, n. For everyn, let Z,, denote the number of matchesXi,,, ..., X,,:
Zn = Z ]'(X'in:Xln)' (2)

i<l
The following theorem gives a sufficient condition for the limiting law(&f,),, to be a
mixture of Poisson distributions.

Theorem 1.For everyn, let(.X,,);—1 2.... be a sequence of exchangeable random variables
satisfying

E( max Q;,) = 0(711) asn — oo. (3)

1< <kn

a) If (Z,,),, converges in distribution to a random variablg asn — oo, then

P(ZeA)= [ Po(A)du(N), (4)

[0,400)

wherePo,({0}) = 1 and, forA > 0, Po, denotes the Poisson distribution with parameter
A. Moreover, the mixing measurein (4) is unique.



b) The sequencé&Z, ), converges, in distribution, if and only if there exists a random
variable A such that

kn
(;L) Z Q?n LA asn — oco. (5)
j=1

Moreover, the mixing measurein (4) is the law ofA.

The proof of Theorem 1 can be obtained by applying a recent result in Cerquetti
and Fortini (2003) to the following random colored graph. For everfet GG,, be the
complete graph witw vertices anc(g) edges and let! be the graph composed of one
edge joining two vertices. Consider a sequence of colors, ndnied. ... Color the
vertices of each grapf¥,, assigning colotX;,, to thej-th vertex of graplty,,. LetW,, be
the number of edges left after deleting the edges with different colors at the endpoints.
ThenZ,, as defined in (2), coincides witl,,. In Cerquetti and Fortini (2003), necessary
and sufficient conditions are given for the number of subgraphs of a fixed kind, in a
graph with exchangeable colors, to converge, under a negligibility assumption on the
frequencies of colors. Moreover it is proved that the limiting law, when it exists, is a
mixture of Poisson distributions. The negligibility condition is easily seen to follow from
(3) and the necessary and sufficient condition is seen to coincide with (5).

Remark 1. Assumption (3) implies that

asn — oo, for everyi, [, with 1 < i < [ < n. In fact, if (3) holds,

1<j<kn

kn,
nP(Xiy = X)) = nE(Z Q?n) <nE( max @Q;,) —0
=1

asn — oQ.
On the other hand, the probability distributiongf might fail to converge tdv( Po, ),
if (3) does not hold, even under (5) and (6). See Example 2.

Example 1. Theorem 1 is consistent with the solution of the classical birthday problem, in
which Xy,,,..., X,,, are i.i.d. with uniform distribution ovef1, ..., k, }, with (3 ) /k, —

A, asn — oo. In this case?);, = 1/k, and, thereforeF (maxi<j<x, Qn) = 1/k, =
o(1/n) asn — oo. Furthermore\ = lim,, ., (g)/kn = lim,, oo (g) ngl fn

Example 2. For everyn, let Xy,,...,X,, be ii.d. random variables, taking values
1,...,n* with probabilities,1/n,1/(n? + n),1/(n* + n),...,1/(n* + n), respectively.
Since (g) Z}il Q?n — 1, (5) holds withA = 1. On the other hand, the law d&f,
does not converge to thBo, distribution, asn — oo. In fact, it can be easily proved
that P(Z, = 0) 4 e ! asn — oo. Notice that (3) does not hold in this case, since
E(max;<j<,2 Qjn) = 1/n fails to beo(1/n), asn — oo.



3. Final remarks.

In a Bayesian framework, if assumption (3) is believed to be coherent with the mechanism
that generates the data, then, according to Theorem 1, a Poisson model should be fixed for
the number of coincidences. As far as the prior probability distribution is concerned,
notice that the random parameter is the mean of the random probability distribution of
7. Hence, the mixing measugein (4) must reflect the statistician’s prior opinion on the
mean number of coincidences.

Example 3. The birthday problem with unequal probabilities has recently been applied,
in a classical i.i.d. setting, to estimate the coincidence probability of surnames in Japan
(Mase (1992)). Suppose that you want to face the same estimation problem in a Bayesian
framework. Consider a group composecdchahdividuals and suppose that you are inter-
ested in the number of couples of individuals whose surnames coincide. If, on the base of
prior information, the probabilities of the different surnames are thought to be uniformly
small, compared ta, then (3) can be assumed to be true. Therefore the Poisson model
can be chosen for the numbgrof matches in the surnames, the random parameter being
the mean number of coincidences.

To conclude, notice that, in Theorem X;,,, ..., X,,, are assumed to be the first
elements of an infinite exchangeable sequence. It would be interesting to explore the
limiting distribution of the number of coincidences, when, for everx,,, ..., X, isa
finite exchangeable sequence.
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