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Riassunto: Nei protocolli campionari con applicazioni ambientali basati sul cosiddetto
approccio da "popolazione continua" vengono considerate varie repliche di un
opportuno disegno al fine di stimare il parametro obiettivo (usualmente il totale di una
certa variabile nell'area di studio). Dal momento che questo parametro può essere
espresso sotto forma di integrale, è immediato riconoscere una dualità fra disegni
campionari replicati e strategie di integrazione con il metodo di Monte Carlo. Questa
connessione permette di analizzare da un punto di vista generale i disegni campionari
replicati nell'approccio da "popolazione continua" e di introdurre tecniche campionarie
molto efficaci.

Key words: Replicated environmental designs; Horvitz-Thompson estimator; linear
homogeneous estimator; Monte Carlo integration; importance sampling; control variate
method; regression estimator.

1. Introduction

Ecological studies involve designs which may be dealt with on the basis of two
paradigms (Williams and Eriksson, 2002, Thompson, 1992, p.4). The first approach -
the so-called  paradigm - relies on the assumption that the study regiontessellated plane
is partitioned into a finite number of sub-regions which constitute an area sampling
frame. Thus, the inference under this paradigm may be drawn by adopting the usual
sample theory setting. The other approach - the so-called  paradigm -continuous plane
implies that the design is carried out by selecting a point on a . In ecologicalcontinuum
applications, the  paradigm is very useful (Williams and Eriksson,continuous plane
2002). When large study regions are considered, the two approaches may be coupled in
two-stage sampling: in the first stage some sub-regions are sampled -  the i.e. tessellated
plane approach is adopted - while in the second stage these sub-regions are in turn
sampled using a design under the  approach (Pisani, 2002, continuous plane Fattorini,
Marcheselli Pisani, 2004,  and Pisani, 2004) and Fattorini .

When the  paradigm is considered, pcontinuous plane ractical environmental designs
may be divided into two families (see e.g. Barabesi and Fattorini, 1998, Barabesi and



Pisani, 2002) designs which are implemented the: by selecting a point on the baseline (
projection of the study region onto a line of arbitrary direction) and designs which are
carried out by selecting a point on the study region. On one hand, the first class (say
Family 1) encompasses Thompson's (1992, p.225) line-intercept sampling, strip
sampling (Fattorini and Pisani, 1999, p.106) and Thompson's (1992, p.176) line-transect
sampling, among others. he second class (say Family 2) comprises On the other hand, t
plot sampling, Bitterlich sampling ( , Kaiser's (1983) line-Schreuder , 1993, p.117)et al.  
intercept sampling, point sampling (Brus and De Gruijter, 1997), line transect sampling
(Barabesi, 2000, Barabesi  and point-to-plant sampling (Barabesi, 2001a,et al., 2002)
Barabesi and Marcheselli, 2002), among others.

Under the  approach, environmental sampling protocols arecontinuous plane
commonly based on the replication of a suitable design (Thompson, 1992, p.188,
Schreuder , 1993, p.114). In this case, the aim of a quantitative ecological study iset al.  
the estimation of the target parameter - usually the population total of the variable under
study. Accordingly, if  replications of the selected design are performed, the focus is8
the choice of an appropriate strategy for the placement of the  points on the reference8
set - baseline (Family 1 case) or the study region (Family 2 case). The U.S.i.e. the 
Environmental Protection Agency actually suggests four strategies for the placement of
the  points on the reference set (8 U.S. EPA QA/G-5S Guidance, 2002, p.36, p.39, p.63,
Gilbert, 1987, p.21). The first strategy involves generating  independent random points8
on the reference set - a method commonly adopted but likely to produce undetected
parts Hence, field researchers prefer a systematic searchin the reference set (Fig.1a). 
over the study region. Therefore, the second strategy - so-called non-aligned systematic
sampling - involves partitioning the reference set into  equal subsets and generating 8 8
independent random points in these subsets (Fig.1b). The third strategy - so-called
aligned systematic sampling of points - is based on the same partition considered for the
second strategy, but solely a random point is generated in the first subset and this point
is systematically replicated in the other subsets (Fig.1c). The fourth strategy is obtained
by generating a quasi-random sequence (or a randomized quasi-random sequence) of
points on the reference set (Fig.1d). A quasi-random sequence aims to cover the space
as uniformly as possible (L'Ecuyer and Lemieux, 2002).

If the target parameter is the population total of the variable under study, Barabesi
(2003b) has shown that this parameter may be expressed as a suitable integral of the
Horvitz-Thompson estimator function. Accordingly, Barabesi (2003b) has emphasized
the connection between Monte Carlo integration and Horvitz-Thompson estimation in
replicated designs . under the  approachcontinuous plane Thus, the first strategy leads to
the basic MC integration method (Rubinstein, 1981, p.118), the second strategy to the
so-called Modified Monte Carlo (MMC) integration scheme (Haber, 1966), the third
strategy to the Random Grid (RG) quadrature method (Cruz-Orive, 1993) and the
fourth strategy to the Quasi-Monte Carlo (QMC) - or to the Randomized Quasi-Monte
Carlo (RQMC) - quadrature method (L'Ecuyer and Lemieux, 2002). A related setting is
considered in Valentine  (2001) which underlines the link between Monte Carloet al.
methods and the sampling methods used in forestry.

In this paper, the connection between replicated environmental sampling designs under
the  approach and Monte Carlo integration methods continuous plane is exploited in a
general perspective and some new procedures are suggested.



Figure 1. Four patterns of 64 points in the unit square generated according to the considered strategies.

c Aligned systematic pattern d Quasi random pattern

aRandom pattern b Nonaligned systematic pattern

2. The target parameter representation

When a quantitative environmental study is carried out, the target parameter is usually
represented by the total of the variable in a delineated region. The variable under study
may be defined over a finite set of points in the region (the  case) ordiscrete variable
over the whole region (the  case).continuous variable

In the  case, let us consider a set of  units scattered at fixeddiscrete variable R
locations in the region. In addition, let  be the values of the variableC ßá ß C" R

corresponding to each unit. In this case, the target parameter is given by

X œ CC 6

6œ"

R"  .

First, let us consider a Family 1 design. Without loss of generality, let us suppose that
the baseline corresponds to the set . Thus, let  be the location of the selectedÐ!ß "Ñ ? 
point on the baseline. In this setting, the a suitable inclusion set  for the -th unit is c6 l
interval contained in the baseline  -th unit is selected - (see Barabesi, 2003a) and the e.g. l
and  is measured - if C ? −6 c6. As an example, let us consider a population of plants and



let the target parameter is the totalC6 be the biomass of the -th plant, in such a way that l
biomass in the forest. If line intercept sampling is adopted, the inclusion sets are the
projections of the plant crowns on the baseline (Barabesi, 2003a). Indeed, a plant is
selected if the corresponding crown is intercepted by a line perpendicular to the baseline
at location .?

In order to obtain a suitable representation for , it is worth noting that, if solely theXC
l intensity l-th unit is considered, the  of the variable of interest over the -th inclusion set
is given by C Î œ Ð?Ñ.?6 6 6 6!

"
1 1 c, where I  is the length of . Hence, the  of the'

c6
intensity

variable at location  is given by?

CÐ?Ñ œ Ð?Ñ
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6œ"

R
6
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Incidentally, it is at once apparent that  is no more than the Horvitz-ThompsonCÐ?Ñ
estimate of  when location  is selected. Therefore, the total  of the variableX ?C intensity
of interest over the study region turns out to be

( ( "
! !

" "

6œ"

R
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6
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C
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I  ,c6

i.e. an integral representation is achieved and hence the estimation of  reduces to anXC
integration problem. In turn, the same representation holds if the Horvitz-Thompson
estimate is more generally substituted by linear homogeneous estimate (for a reviewthe 
of these estimates in line-intercept sampling, see Barabesi and Fattorini, 1997)

CÐ?Ñ œ Ð?Ñ
C

A
"
6œ"

R
6

6
6<  , (2)

where  and  is a function . Hence, the strategiesA œ Ð?Ñ.?6 6 6 6!

"' < < cvanishing if ? Â
adopted for the MC quadrature of an integral can be adopted in order to choose 8
locations  on the baseline and to implement an overall estimate of type? ßá ß?" 8

X œ X Ð? ßá ß? Ñ œ CÐ? Ñ
"

8
– –  . (3)C C " 8 3

3œ"

8"

A similar framework may be introduced for a Family 2 design. Let us suppose that the
study region corresponds to the unit square . Ð!ß "Ñ# If the study region is not the unit
square, a box that closely fits the region is considered and it is scaled to the unit square:
a point placed inside the unit square is selected only if it belongs to the study region.
Hence, let  be the coordinates of the selected point on the study region. For a Family 2u
design, a suitable connected compact set containedthe inclusion set  for the -th unit is f6 l
with  -th unit is selected - andin the study region (see Barabesi, 2003a). Hence, the e.g. l
C −6  is measured - if u f6 6. As an example, let us consider a population of trees and let C
be the wood of the -th tree. Therefore, 6 the target parameter is the total quantity of
wood in the forest. If circular plot sampling is adopted, the inclusion sets are circles of
equal sizes centered at the tree locations (Barabesi, 2003a). Hence, a tree is selected if u
is located in the corresponding circle.



In this setting, if solely the -th unit is considered, the  of the variable ofl intensity
interest over the -th inclusion set is given by l C Î œ Ð Ñ.6 6 6 ! !

" "
1 1, where I  is the' '

f6
u u

area of . Hence, the  of the variable of interest at location  isf6 intensity u
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and hence the integral representation of  turns out to beXC
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Obviously, the Horvitz-Thompson estimate (4) may be more generally replaced by the
linear homogeneous estimate

CÐ Ñ œ Ð Ñ
C

A
u u"
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R
6
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where  and  is a suitable function . It is worthA œ Ð Ñ.6 6 6 6! !

" "' ' < < fu u vanishing if u Â

noting that the Family 1 notations are also adopted in the Family 2 setting with slight
abuse. In turn, the strategies adopted for the numerical quadrature of a bivariate integral
can be used to choose  locations  on the study region and to implement an8 ßá ßu u" 8

estimate of type

X œ X Ð ßá ß Ñ œ CÐ Ñ
"

8
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In the  case, the parameter representation reduces to acontinuous variable
straightforward issue. Indeed, for a Family 1 design, if  is the  of theCÐ?Ñ intensity
variable at location  on the baseline, the target parameter obviously turns out to be?

X œ CÐ?Ñ .?C
!

"

(  .

Accordingly, an estimate of type (3) is appropriate if  locations are selected on the8
baseline. As  is the total quantity an example, in the case of line-transect sampling, if CÐ?Ñ
of a pollutant along a transect placed at location  in the baseline, ? the target parameter
is the total quantity of pollutant over the region. In this framework, an estimate of type
(3) is usually implemented by selecting  points on the baseline as starting points for the8
lines ( .U.S. EPA QA/G-5S )Guidance, 2002, p.38

In the case of a Family 2 design, if  is the value of the variable at location  on theCÐ Ñu u
study region, the target parameter is obviously given by

X œ CÐ Ñ .C
! !

" "

( ( u u

and an estimate of type (6) is suitable. Again, it is worth noting that slight abuse occurs
in order to simplify the notation. As  represents the an example, let us suppose that CÐ Ñu
presence of a certain habitat at location  in the study region,  is a two-valuedu ui.e. CÐ Ñ



function taking value one if the habitat is present and zero otherwise. Therefore, the
target parameter is the total coverage of the habitat over the region. In this case, point
sampling is usually carried out by selecting  points on the study region and8
implementing an estimate of type (6).

3. The strategies

In this section, the main features of the four strategies considered are briefly reviewed
(for a more comprehensive account, see Barabesi, 2003b). In order to implement
estimate (3), the basic MC strategy requires  realizations  8 ? ßá ß?" 8 of  independent8
random variables uniformly distributed on the baseline. Alternatively, in order to
implement estimate (6), the basic MC strategy is based on  realizations  8 ßá ßu u" 8 of 8
independent bivariate random vectors uniformly distributed on the study region. As is
well known he MC strategy produces unbiased estimators(Rubinstein, 1981, p.118), t
with a normal large-sample distribution, as well as consistent variance estimation.
However, the MC estimators are inefficient since they display low variance convergence
rates, whichever class function  belongs to (Table 1).C

In order to implement estimate (3), the MMC strategy requires that the baseline be
partitioned into  segments of equal lengths, in such a way that the s are the8 ?3
realizations of independent random variables uniformly distributed in each segment. In
order to implement estimate (6), the MMC strategy requires that the study region be
partitioned into  rectangles of equal sizes, in such a way that the s are the realizations8 u3

of independent bivariate random vectors uniformly distributed in each rectangle.
Interestingly enough, the genesis of the MMC strategy is linked to ranked-set sampling,
as has recently been shown by Al-Saleh and Samawi (2000) (for more details on ranked-
set sampling, see Barabesi, 2001b, Barabesi andBarabesi and El-Sharaawi, 2001, 
Fattorini, 2002, Barabesi and Marcheselli, 2004 . ) The MMC strategy produces unbiased
estimators which are more accurate (for each ) than the estimators obtained under the8
MC strategy. In addition, the MMC estimators display an elevated variance convergence
rate, whichever class function  belongs to (Table 1). Moreover, if  function  obeys aC C
Lipschitz condition, the MMC estimators display a normal large-sample distribution and
consistent variance estimation is available (Barabesi and Marcheselli, 2003, Barabesi and
Pisani, 2004).

In order to implement estimate (3), the RG strategy requires the same partition as in
the MMC strategy, but  is the realization of a random variable uniformly distributed in?"
the first segment, while  are systematically replicated in the other segments.? ßá ß?# 8

Similarly, i the RG strategy involves the samen order to implement estimate (6), 
partition as in the MMC strategy, but  is the realization of a bivariate random vectoru"

uniformly distributed in the first rectangle, while  are systematically replicatedu u# 8ßá ß
in the other rectangles. The RG strategy produces unbiased estimators, which however
may be less accurate than the estimators obtained under the basic MC strategy. The RG
estimators may display an elevated variance convergence rate, which increases with the
"regularity" of the function  (C Garcia-Fiñana and Cruz-Orive, 2000). For example, if a
Family 1 design is considered, a SÐ8 Ñ ;#;#  variance rate is obtained where  is a
positive "smoothness" parameter (with  in practical stereological!  ;  "
applications). However, in order to achieve a high variance rate (  for ),  musti.e. ;  ! C



be a periodic function. Moreover, no results on the large-sample distribution of the RG
estimators are available, even if consistent variance estimation is possible ( ,Kiêu et al.
1999, Garcia-Fiñana and Cruz-Orive, 2000).

In order to implement estimate (3) and (6), the RQMC strategy requires  realizations8
? ßá ß? ßá ß" 8 " 8 (equivalently ) u u of the first  terms of a shuffled one-dimensional8
(equivalently two-dimensional) quasi-random sequence (L'Ecuyer and Lemieux, 2002).
The RQMC strategy produces consistent estimators (which may be unbiased for some
8), which however may be less accurate than the estimators obtained under the basic
MC strategy. The RQMC estimators display an elevated variance convergence rate and
a large-sample normal distribution if the function  is in the class  (Table 1).C G#

However, no results are available for less smooth functions. In addition, consistent
variance estimation is solely possible by using a set of randomized quasi-random
sequences ( .L'Ecuyer and Lemieux, 2002)

Table 1. The variance rate for the class of the function .  represents the class of elementary functions.C I

The question mark indicates that the rate is not known. See the text for values indicated with an asterisk.

Strategy Family
MC 1

2
MMC 1

2
RG 1 * * *

2 * * *
RQMC 1 ? ? ?

2 ? ? ?

I G G G

8 8 8 8

8 8 8 8

8 8 8 8

8 8 8 8

8

8

8

8 8

! " #

" " " "

" " " "

# $ $ $

$Î# # # #

#

$Î#

$

$log

On the basis of the methodological remarks contained in this section and on the basis
of the simulation performed in Barabesi (2003b), in the author's opinion the MMC
strategy may be preferable in the setting of an elementary function  (as in the case ofC
Horvitz-Thompson estimation). In addition, the MMC strategy might perform well also
if  is in the class  (as in the case of the linear homogeneous estimation considered byC G!

Barabesi and Fattorini, 1997), even if in this setting the RG strategy may be competitive.
Further analysis would be welcome for smoother  functions, especially from a practicalC
viewpoint.

4. Advanced methods

For a Family 1 design, it is worth noting that the parameter may be expressed as

X œ 1Ð?Ñ .? œ .?
CÐ?Ñ CÐK Ð?ÑÑ

1Ð?Ñ 1ÐK Ð?ÑÑ
C

! !

" " "

"( (  ,

where  is a probability density function on  with corresponding distribution1Ð?Ñ Ð!ß "Ñ
function . This parameter reformulation gives rise to the well-known importanceKÐ?Ñ
sampling method , which leads to the estimate(Evans and Swartz, 2000, p.166)
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where the s may be selected according to a strategy described in the previous section.?3
Hence, if some information about the structure of  is known,  may be chosenCÐ?Ñ 1Ð?Ñ
approximately proportional to . Therefore, the estimator variance may beCÐ?Ñ
considerably reduced when  is suitably chosen ( . In1Ð?Ñ Evans and Swartz, 2000, p.171)
the environmental framework, importance sampling may actually be interpreted as a
stratification technique, in the sense that it allows for a more elevated density of points
in some parts of the baseline according to the structure of . Finally, since it1Ð?Ñ
obviously turns out that

X Ð? Ñ
"

8
–  ,Cß 3

3œ"

8

IMP œ "<

where , it is worth noting that estimate (7) is actually an<Ð?Ñ œ CÐK Ð?ÑÑÎ1ÐK Ð?ÑÑ" "

analog of estimate (3). Hence, the same comments made in Section 3 may be applied in
order to choose an appropriate strategy for the selection of .? ßá ß?" 8

As an example of the previous considerations, if line intercept sampling is carried out,
more information may be obtained if the procedure favors large length transects on the
study region. Thus, it may be convenient to select transects with probabilities
proportional to their length,  so-called L-weighted transects (Barabesi and Fattorini,i.e.
1997). In this setting,  is chosen as1Ð?Ñ

1Ð?Ñ œ Ð?Ñ
6Ð?Ñ

E
I  ,Ð!ß"Ñ

where  is the length (on the study region) of a transect placed at location  on the6Ð?Ñ ?

baseline, while  is the area of the study region. The estimates consideredE œ '!"6Ð?Ñ.?
in Barabesi and Fattorini (1997) and Valentine  (2001) may be obtained byet al.
coupling this choice of  with linear homogeneous estimates of type (2).1Ð?Ñ

Furthermore, it is worth noting that proposal - usually cited in the pointCordy's (1993) 
sampling framework - is based on the mixture

1Ð?Ñ œ 1 Ð?Ñ
"

8
"
6œ"

8

6  , (8)

where the 1 Ð?Ñ6 s are probability density functions. This special choice (8) is remarkable
since it leads to an interpretation of estimate (7) in terms of Horvitz-Thompson
estimation (Cordy, 1993). Moreover, it allows for an automatic stratification of the
baseline. As an example, let us consider the classical stratification technique which
requires the partition of the baseline into  strata , in such a way that  points5 ßá ß 8V V" 5 6

are uniformly selected in the l-th stratum. This setting may be obtained from expression
(8) when  is set to1Ð?Ñ

1Ð?Ñ œ Ð?Ñ
" 8

8 -
"
6œ"

5
6

6
I  , (9)V6



where - œ Ð?Ñ.?6 !
"' I  is the size of the V6

l-th stratum. Incidentally, it is worth noting that
the MMC strategy is actually based on the choices  and 8 œ "6 V6 œ ÒÐ6  "ÑÎ8ß 6Î8Ñ in
(9). Therefore, the MMC strategy may also be interpreted as an optimal stratification
technique. Finally, it is very important to observe that the automatic stratification
reached by means of (8) avoids the problem of additional boundary corrections (for a
review of the boundary effect problem, see Schreuder , 1993, p.297). In contrast, ifet al.  
the study region is partitioned into strata, in such a way that the aim is to estimate the
total as a sum of the totals in each stratum, the boundary corrections increase with the
number of strata. In this case, environmental sampling may become practically unfeasible
in the field.

The issues contained in this section may be easily extended to a Family 2 design. An
additional comment solely involves the two-dimensional generalization of the mixture
(9). Indeed, in this case the MMC strategy is achieved if the strata are based on a regular
grid of squares, but similar procedures may be obtained by considering regular grids of
triangles or hexagons Stevens, 1997, ). In( U.S. EPA QA/G-5S Guidance, 2002, p.72
turn, these procedures may be easily adapted to the RG strategy.

5. Auxiliary variables

Let us suppose that an auxiliary variable is available. Hence, for a Family 1 design, let us
suppose that a known function  - which resembles DÐ?Ñ CÐ?Ñ - is at our disposal.
Accordingly, the target parameter may be expressed as

X œ ÐCÐ?Ñ  DÐ?ÑÑ .?  DÐ?Ñ .? œ ÐCÐ?Ñ  DÐ?ÑÑ .?  XC D
! ! !

" " "

( ( (  ,

where

X œ DÐ?Ñ .?D
!

"

(  .

Obviously, this parameter reformulation gives rise to the well-known control-variate
method . In this case, an estimate (which closely(Evans and Swartz, 2000, p.206)
resembles the usual difference estimate considered in sample theory) is given by

X œ X Ð? ßá ß? Ñ œ ÐCÐ? Ñ  DÐ? ÑÑ  X
"

8
– –  . (10)Cß Cß " 8 3 3 D

3œ"

8
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However, since it is difficult to specify in practice the function DÐ?Ñ, it is useful to
assume a model of type , where  is a known function, such thatDÐ?Ñ œ +  ,BÐ?Ñ BÐ?Ñ

X œ BÐ?Ñ .?B
!

"

(  ,

while  and  are unknown parameters. In the environmental sampling setting, this+ ,
choice of  actually leads to the regression estimator ( Thus, on the basisDÐ?Ñ Brus, 2000). 
of the previous expression of , by choosing  locations  on the studyX 8 ? ßá ß?C " 8

region, the regression estimate is given by
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where –X C  is defined in (3), while
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8
– –
B œ B " 8 3

3œ"

8"

and

, œs
!

!3œ"
8

3 B 3 C

3œ"
8

3 B
#

ÐBÐ? Ñ  X ÑÐCÐ? Ñ  X Ñ

ÐBÐ? Ñ  X Ñ

– –

–  .

For large , stochastic Taylor series expansion provides the following linearization of8
X
–
CßREG

X X X X
– – –
Cß C BREG µ  ,Ð  ÑB  ,

where  is the population parameter value obtained with the least-square method (Brus,,
2000)

, œ
'

'!
"
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!
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B
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ÐBÐ?Ñ  X Ñ .?
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On the basis of the previous expansion, it is worth noting that

X Ð? Ñ
"

8
–  ,Cß 3

3œ"

8

REG µ "9

where . Accordingly, (11) actually displays a structure9Ð?Ñ œ CÐ?Ñ  ,ÐBÐ?Ñ  X ÑB
similar to (3) - at least in a large-sample setting. Hence, the same comments made in
Section 3 may be applied in this case in order to choose an appropriate strategy for the
selection of . Moreover, the regression estimator may be coupled with the? ßá ß?" 8

importance sampling method. In addition, more than one auxiliary variable may be
considered, , wherei.e. the model may be expressed as DÐ?Ñ œ +  , B Ð?Ñ!

6œ"
7

6 6

B Ð?Ñßá ßB Ð?Ñ + , ßá ß ," 7 " 7 are known functions, while  and  are unknown parameters.
Finally, it should be remarked that the regression estimators may be easily extended to a
Family 2 design by means of suitable (and straightforward) changes in the notation.

6. Conclusions and future directions

When the  paradigm is considered, the replicated environmentalcontinuous plane
sampling design setting may be embedded into a simple homogeneous theory by using
Monte Carlo integration methods. This theory makes it possible to observe a  ofplethora
different techniques commonly adopted in environmental studies in a unique perspective.
Moreover, it is at once apparent that this link may produce new and effective methods.
As an example, the MMC (alternatively the RG) strategy may be coupled with
importance sampling estimates or regression estimates in order to obtain estimators with
an elevated variance convergence rate to be used in forestry and in soil sciences. In



addition, more effective Monte Carlo integration strategies - such as an improved MMC
strategy - may be introduced. The author is planning to explore these topics in
subsequent papers.
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