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Riassunto: In questo lavoro si fornisce una rassegna di alcuni recenti sviluppi dei metodi
asintotici in statistica non parametrica. L'enfasposta principalmente sui processi em-
pirici indicizzati da funzioni, di cui viene evidenziato, anche attraverso esempi, il fon-
damentale ruolo da essi svolto. Vengono poi discusse applicazioni alla consistenza di
stimatori, alla valutazione della veloaitli convergenza, e allo studio di distribuzioni lim-

ite. Infine, viene discusso il metodo delta funzionale.
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1. Introduction

Asymptotic theory plays a primary role in statistics, for several important reasons.
() It provides, in many cases, a useful tool fgpproximatingthe actual sampling dis-
tribution of a statistical quantity of interest. As well-known, in many cases the exact
probability distribution of an estimator (or a test-statistic) possesses a complicate form,
and frequently it cannot be even expressed in a closed form. Even more importantly,
it depends on the population distribution, which is unknown. This case is particularly
important in nonparametric statistics, where fitvan of the population distribution is un-
known. On the other hand, in several caseslénge sampledistribution of estimators
can be obtained virtually effortless. Its form is frequently simple, and this is appealing for
applications, because of the relative simplicity in finding out confidence intervals and/or
rejection regions of a given size. Of course, asymptotic theory only provides an approx-
imation of exact sampling distributions. Hence, it would be important to evaluate, even
roughly, the quality of such an approximation.
(77) At a more abstract level, asymptotic theory in important since it provides an answer
to the following question: “What is the behaviour of a statistical procedure (an estimator
or a test-statistic) when the sample size increases?” A fairly natural requirement is that
the behaviour of a statistical procedure should be better and better as the sample size
increasesi.e. the gain due to a larger sample size should be a greater precision. In other
words, when the sample size increases, the risk of error should decrease. This is actually
the well-known problem of theonsistencyf a statistical procedure.
(7ii) A question connected witfii), but somewhat deeper, is the evaluation ofgheed
at which the “error” of a statistical procedure decreases as the sample size increases. In
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technical terms, the problem is to evaluate e of convergencef an estimator.

(1v) A problem frequently encountered by statisticians is to choose among different statis-
tical procedures as solutions of the same problem. For a finite sample size, such a choice
is very difficult, and in many cases impossible. However, when the sample size is large
the problem becomes simpler. As the sample size increases, the structure of the risk of
error connected to a statistical procedure become simpler and more transparent, and this
drastically simplifies the problem described above. At a more elaborated level, this is the
problem of studying theasymptotic efficiencgf an estimator.

Asymptotic theory in nonparametric statistics has received a considerable impulse in
the last 15 years. This is basically due to two reasons. First of all, the use of nonparamet-
ric techniques is becoming very popular, due to their excellent flexibility, as well as to the
availability of fast computers. In the second place, since the beginning of the '90s, ex-
cellent mathematical tools are available. They(anerecent and important developments
in the theory of empirical processes, a(l the availability of an “efficient” differential
calculus for maps defined on functions spaces.

In the present review, our first aim is to show the main ideas behind the techniques
used in(i)-(iv). Although statistical problems are different, the theoretical treatment of
the main asymptotic properties rests on a few, fairly simple ideas. This is undoubtedly the
main merit of the modern asymptotic theory based on empirical processes, that provide a
general setting for many different problems. Our main effort is to enucleate such ideas,
and to present them in a unitary way.

2. Basic definitions and examples

A population is formalized as@&dimensional random variable (r.\g, taking values
in X, a subset ofR¢. Thepopulation probability distributioris aprobability measure?,
on IR (equipped by the Boret-field B(IR?)). Furthermore, we will denote b (z) =
Prp,(X < z) = Py((—o0, x]) the populatiordistribution function(d.f., for short). Given
two vectorsz = (z1, ..., za4), ¥y = (Y1, ---, Ya), ¥ < = means that; < x; for every
i=1,...,d. Let(X,; n > 1) be a sequence of independent “copies” of the population
X, i.e. a sequence of independent and identically distributedi() r.v.s (defined on a
probability spacg2, A, 7)), such thatPrp, (X; < z) = Fy(z) for everyi > 1. Of
course, a sample of sizeis the collectionXy, ..., X, ofr.v.s.

The population probability distributiofi, is assumed unknown. Our only assumption,
at this stage, is thaft, is a member of the clagB of all possible population distributions
assumed as “reasonable” for the populatidn The family 7 completely defines the
statistical modelve deal with. A statistical model igarametricwhen the members of
‘P can be indexed by a Euclidean (finite-dimensional) parameter. A statistical model is
nonparametriavhen?P is the set of all probability distributions oti (with possibly some
restrictions, such as continuity). A modelssmiparametriavhen the members ¢? can
be written in the formFy ,, wheref is a Euclidean parameter andies to an infinite-
dimensional family of probability distributions. Although in the present review we mainly
focus on nonparametric models, many technical tools extend to semiparametric models.

A “statistical quantity of interest”, conventionallymarametey is essentially a func-
tion of the probability population distribution, and is denoteddby 6(P). In particular,
0y = 0(F) is the “true population parameter”. The $&t= {0 = 6(P); P € P} is the
parameter spaceSince a probability distributio® € P is completely specified by its



distribution functionF'(x) = Prp(X < x) = P((—o0, z|), from now on we will use as
equivalent the notation P) andd(F).

On the basis of a sampl¥,, ..., X, a “natural estimator” of the population prob-
ability distribution P, is theempirical distributionP,, which is the discrete probability
distribution giving mass /n to the sample points,, ..., z,. In symbols:P,(x;) = 1/n
foreveryi =1, ..., n. If Bis asubset oft, itis then immediate to see that

P.(B) = —#(xine B).

The expectation of a real-valued functigf) underP (P,, resp.) is denoted by
1 n
Py = Erlo(X)) = [g@)dP. Pg=2Y gw)= [owar. @
=1

In particular, Pyg = [ g(z)dP, is the expectation of(X) under the “true population
probability distribution”. Moreover, if we consider the indicator function of aBdi.e.
Ig(z) = 1if x € B, andlg(xz) = 0 otherwise) then it is easy to see thaiz = P(B),
andP,Ig = P,(B).

The reason whyP, is a natural estimator of the population probability distribution
is simple. For everyixedset B, the r.v. nP,(B) = number of sample points in the set
B possesses binomial distributio®rp, (nP,(B) = k) = (;;)PO(B)M — Py(B))"*,

k = 0,1, ..., n. Hence, the expected value and the variancé,g8, underF,, are
Py(B), Py(B)(1— Py(B))/n, respectively. For fixedB, P,(B) is aconsistenestimator

of Py(B). In fact, from the strong law of large numbers it is easy to deduceRRhds)
converges almost surely (a.s., for short)Ag B). In symbols: P,(B) > Py(B) asn
goes to infinity. Furthermore, from the central limit theorem, it is not difficult to deduce
that\/n(P,(B) — Py(B)) tends in distribution, as goes to infinity, to a normal r.v. with
mean zero and variand&(B)(1 — Py(B)).

A statistical estimatef the parametef, = 0(F,) is a functiond,, = 0,.(P, (P,) of the
empirical distribution.

Example 1 (Moments)The simplest example of parameter is the population medh;) =
Pyx = [z dFy(x). More generally, théth momentis given by (FPy) = Pya* [ 2% dFy(z).
A simple estimator is thel, = P,z = [ 2*dP,(z) = n~* Y XF, thekth sample mo-
ment. If thek-th population momend, = Pyz* exists finite, from the strong law of large
numbers in follows thaff\n is a consistent estimator 6f: 0, % 0, asn — oo. Further-
more, from the central limit theorem we have that(6,, — 6,) tends in distribution, as
the sample size increases, to a normal r.v. with mean zero and vafigri¢e- (Pyz"*)?.o
Example 2 (Population distribution function and density) The simplest example of
a functional parameter is the population d.f.e. the whole functiond(Fy) = Foy(:).
Suppose that’ C IR, and that the d.fF(+) is absolutely continuous. Then, there exist a
function fo(-) for which the relationship#y(z) = [*_ fo(t) dt, and fy(z) = dFy(x)/dx
(almost everywhere w.r.t. the Lebesgue measure) hold true. The ful¢fioh= fo(-)

is (a version of) thelensity functiortorresponding to the probability distributidfy, and
is a “parameter” of considerable interest in statistics.

Since Fy(z) is nothing more that the probability of the half-lite-oo, z], a natural
estimator off(z) is theempirical distribution functior{e.d.f., for short):

Fu(x) = Pa((—00, 2]) = M——Z Iixca)



For every fixedr nF,(x) possesses a binomial distributio®rp, (nF,(x) = k) =
<Z>F0(a:)k(1 — Fy(x))" %, k=0, 1, ..., n. By the strong law of large numbers, ()

converges almost surely t(z), the true population d.f.7,(z) > Fy(z) as n —

oo, Vx € IRF. Furthermore, by the central limit theorei, (x) is asymptotically normal

with meanFy(z) and variancery(z)(1 — Fo(z)). In symbols:/n(F,(z) — Fy(z)) <,

N(0, Fo(z)(1 — Fy(x))) as n — oo, Yz € IRF, where-% denotes convergence in
distribution, andV (u, 0?) denotes a normal distribution with mearand variance?.
Example 3 (Monotone dependence measurekgt ¢g(-) be a real valued, convex and
non-decreasing function, such thg0) = 0. Suppose further that the populatioh, Y")

takes values ink?, and denote byy(z, y), Foi(x), Foe(y) the joint and marginal d.f.s,
respectively. The following (non-normalized) general measure of monotone dependence
is considered in Cifarelket al. (Cifarelli et al. (1996)):

0(Fy) / / [9(1Fon(2) + Fooly) — 1) — (| Foa (@) — Foa())} dFo(s ). (2)

With obvious notation, a “natural” estimator is then:
0, = / {9(|Fin(z) + Fan(y) — 1) — g(|Fin(z) — Fon(y)])} dEu (2, z). 3)
BZ

It is not difficult to see that,, can be expressed in terms of sample ranks. Up to normal-
ization factors, and up to ternd¥(n '), wheng(z) = z it reduces to Gini's cograduation
index, and whem(z) = 22 it reduces to Spearman’s rank correlation coefficient. Asymp-
totic properties of the estimat@s) are studied in Cifarellet al. (1996)5

Example 4 (Quantile function) Suppose that the r.v.Js;s are real valued, and consider a
real numbed < y < 1. Theyth population quantile is then defined@g(y) = F; *(y) =
inf{x : Fy(x) > y}. Thequantile population functiors then the functior®,(-). In this
example, we take a¥ F,) the whole functior),(-). As far as an estimator @k F}) is
concerned, take a fixedl< y < 1, and letQ,,(y) = F;'(y) = inf{z : F,(z) > y} be

the yth sample quantile It easily seen thal),,(y) = X,..fny), WhereX,,; < -+ < X,

are the ordered sample observations. $&ple quantile functiois thend,, = Q,.(-).o
Example 5 (Cumulative hazard function) The cumulative hazard function is of primary
interest in survival analysis, reliability, etc.. Suppose that arei.i.d “failure times”,
taking non-negative values, and IBf, be their d.f.. Denote by, its left-continuous
version: Fi(t) = lim.jo Firo(t — €) (if Frro is continuous, thed’,,, coincides withFr).

The cumulative hazard at point thés defined as:

! 1
ATo(t):/o TMCZFTO(:E)

In survival analysis, the failure timé§s are not properly observed. What are commonly
observed areight censored datai.e. pairs (X;, A;)s, whereX; = min(7;, C;), C;
being a censoring time, anll; = 1if T; < C;, A, = 0 otherwise. Denote byx, the
“true” probability distribution ofX;s, and byFy(z) = Prxo(X; < ) the d.f. of X;s.
Assume further that’;s arei.i.d. r.v.s independent d¢f;s, and define the “sub-distribution
function” Fig(z) = Prx,(X; < z, A; = 1). Taking into account that — Fy, =

(1 — Fp)(1 — F;) (whereF¢ is the d.f. ofC;s), and thatiFyy = (1 — F) dFxo, itis



not difficult to see that the relationship

t
1
Aro(t) = / ——— dF(z)
o 1— Fxo(x)

holds. The quantity of intere8t F'x,, Fio) is here the cumulative hazard functidm(-).

On the basis of sample datéy, andF}, can be estimateda their empirical counter-
parts: Fx,(z) = 23" | Iixi<a)s Fin(z) = 237 I(x,<0, a=1)- N this way, we obtain
the Nelson-Aalen estimataf the cumulative hazard functlon

é\n = An(t) = /0 %}z(x) dFln(fL’)D 4)

Example 6 (Nonparametric regression)The regression model takes the foih =
go(z) + U, whereY is theresponse variabler is acovariate andU is the error. Condi-
tionally onz, the errorU is a zero mean r.v.E[U |z] = 0, so thatgy(z) = E[Y |z]. The
function go(z) is theregression functiomf Y w.r.t. . When the covariate is fixed in
advance, before observing the corresponding respbnsiee regression model isfexed
designmodel. On the other hand, whenis a realization of a r.v.X, then the regres-
sion model is astochastic desigmodel. Denote by”;|, the probability distribution of
the errorU given the covariate,, and (in the case of a stochastic design modelPRy
the probability distribution ofX'. In both cases the quantity of interest is the regression
functiong,. In symbols:d(Py|.) = go(-). A sample of size:, in the present case, consists
of n observationgY;, z;), linked by the model

E:gO(xz)+UZ7 izlv"')”

where the error#/;s are assumed to be independent r.v.s, but not necessarily identically
distributed. In this case, the parameter of interest is the fungtioh

Example 7 (Ruin probability in collective risk theory) An insurance company re-
ceives claims of siz€’;, C,,... at random timeg, 17 + 15, .... The most common
assumption (Andersen (1957)) is that the two sequefites > 1), (C;;i > 1) are
independent, and that each of them is composediloy r.v.s. Denote byFrq, Fco

the d.f.s of ;s andC;s, respectively. For every > 0, let N(¢) be the number of
claims in the time interval0, t|. If the company possesses an initial capfal> 0,

and receives premiums linearly at a rate> 0, then its reserve at timeis equal to

S(t) =K+ pt — ZN“ C;. The company isuinedas soon as its reserve becomes neg-
ative. Itsruin probability is 7y = Pr(inf;~o.S(t) < 0). Now, m, can be computed in

a closed form only in very special cases. However, a convenient approximation can be
obtained under additional assumptions. Uét= —pT;, denote byFy, its d.f.,, assume

that Geo(u) = [7 e dFeo(x), Gwolu) =[5 e"* dFwo(x) exist whenu lies in a
nelghbourhood of the origin, and l&%(u) = Gco(u) Gwo(u). Define furtherR, as the
largest non-negative root of the equati6h(u) = 1. Then, the inequalityry, < e foX

holds (Grandell (1991)). The quantify, is theadjustment coefficienand plays a pri-
mary role in risk theory, as well as in queueing models. We congigers our parameter

of interest. An estimator oR, is theempirical adjustment coefficiet,, = R,, = largest
non-negative root of the equati@i, (u) = 1, whereG,,(v) = Gen(u) Gy, (u), and

n

1
GCn(u) _ / R dFCn Z euC ’ GWn / oue dFWn - Z GUWZ
0



Examples 1, 3, 4, 7 are special casestafistical functionalsSuppose that the popu-
lation parameter of interest is a real o vector parameter, expressed in thé fera ;).
A simple (and natural, as well) idea to construct an estimati if to replace the “true”
population d.f.F}, by the e.d.f.F}, in 6(-); in symbols:6,, = 6(F,).

As already said, asymptotic statistics mainly deals with consistency, rates of conver-
gence, and limiting distributions. In particular, consistency means that the esttmaasr
the sample size increases, with “high probability” becomes “very close” to the unknown
population parameter. To express this notion in general, we must define a distance on
O, i.e. a functiond(-,-) : © x © — [0, oo) such that(a) d(6,, 62) = 0 if and only if
01 = 02, (b) d(6y, 02) = d(02, 01); (c) d(01, O2) < d(0y, 03) + d(62, 05). Many of the
distances used in asymptotic analysis are induced by normsrrAon (the linear space)

© is a function|| - || : © — [0, oo) such that(:) ||0|| = 0 if and only if 6 is null; (i7)
Bl = el 10]]; (i2d) (161 + 65| < [|62]] + [[6a]|. The quantityd(6y, 62) = [|f1 — 6,
is then adistanceon ©. When (i) ((a)) does not hold|| - || (d(-,-)) is a pseudo-norm

(pseudo-distance).

A sequencéd,; n > 1) of estimators of), is (weakly)consistentf d(6,, 6,) = 0 as
n goes to infinity (the symbof> indicates “convergence in probability”).

The rate of convergencef a consistent estimatcﬁn indicates the speed at which
d(@n, 0y) goes to zero in probability as increases. Let(n) be a positive, increasing
function of n, tending to infinity asn does. 0, converges td), at the ratet(n)~! if
t(n) d(@n, 6y) is bounded in probabilityi.e. if for every positivee there existss, > 0
such thatPrp, (t(n) d(@n, 0y) < K.) = 1 — e for everyn. In this case, we will write
d(@n, 8y) = O,(1/t(n)). Consider Ex. 1 and suppose that 1, so thatd,, andd, reduce
to the sample and population mean, respectively. Using the disdiaﬁge%) = |§n—90
from Chebyshev’s inequality it follows thé}i converges t®, at the ratel //n.

In some cases, i, possesses a rate of convergetge !, then the probability law
t(n)(@n — 6p) converges to the probability law of a proper random variable. For instance,
consider again Ex. 1 witkh = 1. From the central limit theorem it follows that the
probability law of\/ﬁ(@L — 6p) is asymptotically normal with mean zero and variance
Pyx? — (Pyz)?. This kind of result holds true in more general cases, even when the
parametep is a function. This is actually the most mathematically difficult part of our
programme. Roughly speaking, the estimﬂgir-) may be viewed as a “rule”, or better
as amap that associates an element@to every realization, ..., z, of the random
sampleXy, ..., X,. If the elements 0B are functions (as in Examples 2, 4, 5, 6), then
5n is arandom functioni.e. a stochastic process

Modern theory of empirical processes offers very powerful tools to study the con-
sistency, rates of convergence, and asymptotic distributions of estimators. As it will be
clear in the sequel, the problems consistency, rates of convergence and the existence of
an asymptotic distribution can be attacked essentially by using a unique toehttbpy
The basic advantage consists in reducing the study of asymptotic properties of estimators
to a study of asymptotic properties of empirical processes. In the sequel, a few examples
motivating the use of the empirical processes theory are given. Next, the foundations of
the modern theory of weak convergence and empirical processes are shortly reviewed.




3. Motivations for using empirical processes techniques

As already said, an estimat@{ of ¢, is consistent iﬂ(@\n, 6y) converges in probability
to zero as the sample size increases. Now, in many cases the di&(émca]) can be
studiedvia a quantity of the formsup . P9 — Fog|, whereg, is a class of functions
g : IR* — IR (we are using the notation introduced(in). The class;,, may depend on
n. More precisely, in some cases it is possible to prove an inequality of the form

d(@n, ) < const sup |P,g — Pog| (5)
9€Gn

which of course implies that

d(0,, o) 2> 0if sup |Pog — Pog % 0. (6)

an

In other cases, an inequality of the fol®) does not hold. However, the consistency of
8,, can be still provedia (6).

Example 8 (Population distribution function, Ex. 2 contd.) Consider again Ex. 2,
and suppose that the goal is to estimate the whole populatiof,@)f. The simplest
estimator ofFy is the e.d.f. F,(+), defined in Ex. 2. Of course, the parameter space
is the setF of all d.f’s on X. According to the programme described in the previous
section, we must define a distance®BnThe most widely used distance is tkelmogorov
metric dx (F,, Fy) = sup,cpa |Fn(z) — F(z)|. For everyx in IR?, define the function
9.+ R* — R asg,(y) = I(_w4(y), and consider the clags= {g.(-); = € R}. From
F.(x) = P,g., Fo(z) = Pyg., we conclude that

dK(Fna FO) = sup |Pngx - P09x| = Sup|Png_ POg| -0
x€IR4 geg

Example 9 (MLE of a density, Ex. 2 contd.)Suppose that the population possesses a
density (w.r.t. the Lebesgue measure, for the sake of simplicity), afd betthe class of
all possible density functions foX. Denote as usual by, the “true” population density.
As a distance ouF take theHellinger metric defined as:

h(fi, f2) = ( /(\/fl \/fl(x))2 d$>1/2

The maximum likelihood estimator (MLE, for shorﬁ of fy is the functionf € F that
maximizes the likelihood function(f) = [[, f(x;). With obvious symbols:

F = argmay.- [ 1og f(a) P

Letf, = (f.+ fo)/2, and letA be the set of alts such thaffy(z) > 0. It can be shown
(see Birg (1983), Birg¢ and Massart (1993), van de Geer (2000)) that the inequalities

W(Fas Jo? < 16h(T fo)?
=7 {E ; 8 2fo(w:) Lag () = /log 2fo(x) ai @) dPo}

= 8 <Pn log Z}?

— Pylog 2f 1 ) (7)



hold. To obtain an inequality similar t®), denote byg the class of functiongg(x) =
log{(f(x) + fo(x))/2fo(2)} L s+ (x); f € F}. From(7) itis immediate to see that

h(fAm fo)? < 8sup |P.g — Pogl .
geg

If, in addition, the clas$ of densities ionvexthen a result better (and simpler, as well)
that(7) can be obtained. In fact, Jf is convex, then the inequality

- fn J?n
h ny 2 <;2 }%1/\ _'ZD ~ 8
(fos Jo) ( 7ot fo Ofn+fo> ®)

holds (see van de Geer (1993) ). Hence, by considering the class of fungtioas
{g9(z) = f(2)/(f(x) + fo(x)); f € F}, from (8) we obtain the inequality

h(fas fo)? < 2sup [Pog — Pogl .0 (9)
gege

Example 10 (Mixture models)An important application of9) is to mixture models. We
consider here only a very simple case. kebe a real r.v. with unknown d.&; € F, the
set of all d.f.s on the real line. The r.Y.is not observable. What is observable is a Kv.
whose density function, conditionally an = v, is fx(x |y) For the sake of simplicity,
assume thafx (z |y) is known. Define the densityrx(z) = [ fx(z|y)dF(y), and
denote byFx = {frx(-); F' € F} the set of all pOSS|quFXs WhenF = F, the
density fox = [ fx(z|y)dFy(y) is the “true” density of the r.v.X. The problem is
to estimateF; on the basis of a sampl&,, ..., X,,. Our basic assumption is théj
is identifiable i.e. that frx coincides withfyx if and only if £ is equal toFy. Using
the same notation as in Ex. 9, this is equivalent to assumehthfaty, fox) = 0 if
and only if F = F,. Consider then the map(-) defined asl'(F) = fpx. If Fyis
identifiable, then the maf' is invertible, and it is possible to writed" = T !(frx).
The form of 7', and hence that of its inversé=!, is in principle known Invertibility
of 7" allows us to produce an estimator 8§. The basic idea is t¢:) estimate first

fox by its MLE: fnx(-) = argmax.» > log f(z;); (i7) estimater; by inverting 7"
Fo(:) = T (fax ())-

To make the problem of estimating, precise, we must adopt a distance&n The
most convenient distance for our problem is tiexy distancgsee Schweizer and Sklar
(1983)). Given two d.f.g7, F, on the real line, their Levy distaneg (£, F») is equal
toinf{e > 0: Fi(x —¢) —e < Fa(z) < Fi(x +€) + ¢ Yoz € IR}. As shown in
Pfanzagl (1988), identifiability of}, implies thaTdL(ﬁn, Fy) goes to zero in probability as
n increases, Wheneve(fnx, fox) does. Hence, to prove thE;Q is a consistent estimator
of Fy, it is enough to show thaf, is a consistent estimator gf, and this essentially
depends on inequalitip).

Example 11 (Nonparametric regression, Ex. 6 contd.)Consider the nonparametric
regression model introduced in Ex. 6, and debe the parameter spaceg. the set

of all regression functions of the assumed statistical model. For instance, in parametric
regressiorny takes the formr{ 5, ¢ (z)+- - -+ Gror(x) }, wheregp;(z)s are known functions,
andg;s are unknown parameters. Tleast squares estimataf g is:

Gn = argminyg > _(Yi = g(:))’ (10)



Of course, wherG = {Bi¢1(z) + --- + Gror(2)}, the estimator(10) takes the form
Elgbl(x) ++ ﬁkqﬁk(x), Whereﬁjs are the least squares estimators st

The r.v.sY;s, in this case, areoti.i.d.. Lety be the vectofy; ... y,), and letg be
the vector(g(z) ... g(z,)). Moreover, define the scalar produyet, g),, = (y19(z1) +
-+ yng(x,))/n, and the norm|yl,, = /(¥ +--- +y2)/n. With this notation we
haveg, = argmin;|ly — gl/,. The parameter spacgis equipped with the distance
dn(91: 92) = 191 — 2|l

In this example, unless to impose very stringent conditions, we cannot obtain an in-
equality of the form(5). However, the argument if6) still works. Let K be a positive
real, and consider (with obvious notation) the class of functi@nds) = {g € G :
lg — golln < K}. As shown is van de Geer and Wegkamp (1997), the inequality

=R 1 — €
Pre, (19, — golln > €) < Prp, ( sup  — > (Ui, j<a (9(x:) — go(x:)) > Z)
ge€Gn(K) n =1

1 — et
+ 2Prp, (; > Ul gu<an > W) (11)
i=1

holds, for every positivé, M, e. Under simple regularity conditions @ns, by lettingM/
large andK’ small the last term iri11) can be made arbitrarily small. Hence, the consis-
tency ofg, essentially depends on whether the quastity, .., x) >; Uil (v.1<ar) (9(:)—
go(x;))/n converges in probability to zero for small valuestot;

The examples above show two important fa¢i$.In many nonparametric problems
the consistency of estimators depends on the asymptotic behaviouL of quantities of the
formsup g, |P.g — Pgl). (ii) The speed of convergence of an estiméfpto the “true
parameter?, depends on the speed of convergence (to zero)igt; |F.g— Pg|. Both
these points, roughly speaking, are related to the “dimension” of the@ldég,, is “too
large”, thensup,.g, |P,g — Pg| could not tend to zero in probability. Furthermore, the
smallergG,, the fastestup,.s, |P.g — Pg| tend to zero (in probability), and hence the

fastest,, converges td,.

As already said in Section 2, an impgrtant problem is to approximate (if possible)
the probability distribution of an estimatéy,. More formally, the problem consists in
showing that, for some sequentén); » > 1), the probability law oft(n) (6, — 6,)
converges to the probability law of a proper random variable, that should be (at least
approximateAIy) computed. We stress again that wihgetakes values in a functional
spacet(n) (6, — 6y) is arandom function(a stochastic proce3sand the study of its
limiting distribution requires some basic tools of the theory of weak convergence.
Example 12 (Elementary empirical process and Kolmogorov statistic, Ex. 8 contd.)
Consider again Ex. 8, and suppose thas are real r.v.s (univariate data). Uét,(z) =
Vn(Fn(x) — Fy(x)), = € IR. For every fixede W, (z) is a r.v., such thahF,(z) =
n(W,(z)/+/n+Fy(z)) possesses binomial distribution. Tlaadom function\W,,(z); = €
IR) is the simplest example of empirical process, and will be termed “elementary empir-
ical process”. WhenX;s are uniformly distributed o0, 1), the elementary empirical
process is called “uniform empirical process”.

The “classical’Glivenko-Cantelli theorenestablishes the uniform a.s. convergence
on F,(-) to Fy(-): sup,ep |[Fu(z) — F(x)] 3 0 as n — oo. A stronger result holds
when one considers the asymptotic distribution of the random funtign) = (W, (z); x €



IR). For the sake of simplicity, assume that the population #fis continuous. As a
consequence of the central limit theorem, for every fixatie r.v. W, (z) converges in
distribution to a normal r.v. with mean zero and variad¢ér)(1 — Fy(z)). As a sim-
ple extension of this result, it is not difficult to see that for every> 1 and for every
T1, ..., Ty, them-dimensional r.v.\/n(W, (z1), ..., W,(z,,)) converges in distribu-
tion, asn goes to infinity, to an-variate normal r.v(Y3, ..., Y;,), with mean vector zero
and covariance matrik'[Y;Y},| = Fy(min(x;, zp)) — Fo(x;)Fo(xp). This result suggests
that the probability law of the whole random functid¥,(-) should converge, in some
sense, to the probability law of a random functi@fy) such that, for everyn > 1 and
for everyzxy, ..., z,, the rv. (G(xy), ..., G(z,,)) possesses m-variate normal dis-
tribution with E£[G(x;)] = 0 and E[G(z;) G(xy)] = Fo(min(x;, xp)) — Fo(x;) Fo(xp).
Clearly,G(-) defines aGaussian stochastic processonsider now a Gaussian stochastic
processB(-) = (B(t); 0 < t < 1), with E[B(t)] = 0, E[B(t) B(u)] = min(t, u) — tu.
The process3(-) is a Brownian bridge Among its properties, we mention the (a.s.)
continuity of its trajectories: with probability one, realizations ®f-) are continuous
functions, withB(0) = B(1) = 1. Now, it is not difficult to see that the probability law
of (G(z); = € IR) coincides with the probability law of B(Fy(x)); = € IR). In other

terms, it is possible to writé&/(-) < B(Fy(+)), where< denotes “equality in distribu-
tion”. Hence, the probability law of the elementary empirical prodéss-) converges,
in some sense, to the probability law of the Gaussian stochastic prB¢éss)). As a
consequence, the probability of the Kolmogorov statigticsup,, | F,,(z) — Fy(z)| should
converge, as increases, to the probability law eip, | B(Fy(x))|. Since (by a continuity
argumentyup, | B(Fy(x))] is a.s. equal teup,,, |B(t)|, we conclude that:

Visup [Wo(z)| = Vasup |Fy(x) — Fo(x)| % sup [B(t)] asn — . (12)
z€R z€IR o<t<1

Taking into account thaP (sup, | B(t)| < z) = 1+ 237 _(—1)*e=2**" (Billingsley
(1999)), relationshig12) gives the asymptotic distribution of the Kolmogorov statistic

The heuristic reasoning of Ex. 12 was first used by Doob (1949), with an evident lack
of rigorousness. Its main weak-points are two.
(1) What is the exact meaning of the sentence “the probability law of the empirical pro-
cessiV,,(-) converges to the probability law of the Gaussian stochastic prdegss ))?
Elementary probability theory deals with convergence in distribution of real-valued or
vector-valued r.v.s. The objects involved here are considerably more complicated, be-
cause their realizations are not real numbers or vectorsubations Hence, we need an
extension of the elementary theory of convergence in distribution.
(77) Why should the probability law of the function@(\V,,) = sup, |W,(z)| converge in
distribution tosup,| B(t)|? Elementary theory of probability tells us tha{¥,; n > 1)

andY are (real-valued or vector valued) r.v.s such Mati Y asn tends to infinity,

and if g(+) is a continuous function, thef(Y;,) <, g(Y') asn increases. In other words,
convergence in distribution is preserved under continuous transformations. We need an
extension of this argument to stochastic processes.

The first rigorous answer to these questions was given by Donsker (1952), who clar-
ified the meaning of the convergence of the probability law of the empirical process
Vn(F.(-) — F(-)); such a kind of convergence was termed since then “weak conver-
gence”. This originates a series of important studies, that settled the theory of weak
convergence for Borel-measurable random functions. An excellent exposition of this the-
ory (with some extensions to non-Borel-measurable random functions) is in Billingsley



(1999). Statistical applications motivated further advances to the whole theory of weak
convergence. We present in the sequel a very short account of the weak convergence
theory due to Hoffmann-Jgrgensen (1991) (see also van der Vaart and Wellner (1996)).

4. Some basic theory of weak convergence

In this section we provide a short sketch of the theory of weak convergence due to
Hoffmann-Jgrgensen (1991). LgR, A, P) be a probability space, and Ig$, d) be a
metric space. Th8orel o-field B(S) on (S, d) is the smallest-field containing all the
open sets w.r.t. the topology induced by the dista#iceOf course, whert' is the k-
dimensional Euclidean space (i.&* equipped by the Euclidean metridj(S) reduces
to the “usual” Borelo-field. A mapY : Q — S is Borel-measurablef the inverse
imageY !(B) = {w: Y(w) € B}isin A for every B in the Borelo-field B(S). A
Borel-measurable map is usually referred to aaradlom elementThe very first devel-
opments of the theory of weak convergence of stochastic processes were based on the
assumption of Borel-measurability. The “prototype” is essentially the elementary em-
pirical processV,,(-) = /n(F,(-) — Fy(-)), that can be viewed ad a random function
taking values in the sdb[—oo , +oc] of right-continuous functions with left-hand limits.
The setD[—oc0 , +0o0] can be equipped by an appropriate metric (the Skorokhod metric)
that makedV,,(-) Borel-measurable. However, in many cases of interest in statistics, one
has to consider random functions that ace Borel-measurable. This has forced modern
developments of the theory of weak convergence of random functions.

Let(Y,;n > 1) be a sequence of random functions, a sequence of maps : 2, —

S, where(S, d) is an arbitrary metric space. Although the notion of weak convergence
is just the infinite-dimensional counterpart of the usual convergence in distribution of
random variables or vectors, its definition is considerably more involved. Consider a
random functiort” taking values inS, and letg : S — IR be a real function. Unless is

a random elemeng(Y) is not a random variable, and the expected vallig(Y )| does

not make any sense. To overcome this inconvenient, we takati#s expectation

E*g(Y)] =inf{E[U]: U: Q — IR is measurable, U > g(Y), and E[U] exists}.

In particular, wherng(xz) = I4(z) is the indicator function of a set, then the outer
expectation reduces to tloeiter probabilityof A.

A sequenceY,; n > 1) of random functiongonverges weaklto a random element
Y if lim,, .., E*[f(Y,)] = E[f(Y)] for every continuous and bounded functipn S —

IR. This definitiondoes notrequire thatY,,s are random elements, but only thatis
Borel-measurable. Weak convergence possesses nice mathematical properties. Among
them, we mention here tt@ntinuous mapping theorent f : S — FE is a continuous
function from the metric spacgs, d) to the metric spacéF, p), and if Y,, converges
weakly toY, thenf(Y,,) converges weakly tg(Y).

Generally speaking, it is a very difficult task to verify whether a given sequence of
random functions converges weakly to a random element. However, the effort required
reduces considerably in the simple but important case (at least, very important for statis-
tical applications) of empirical processes. Before giving general results, let us consider
the simple case of the uniform empirical procéBs(z) = /n(F,(z) —z); 0 < z < 1),
arising when the sample observatiokiss are uniformly distributed o0, 1) (cfr. Ex.

12). We have already said that,(-) converges weakly to the Brownian bridg.). This
assertion is equivalent to the following two:



(1) them-variate r.v.(E, (z1), ..., E,(z,)) converges in distribution taB(x1), ..., B(

Tn,)), foreverym > 1andzy, ..., z, in [0, 1];
(17) for every positivee, §, there exist a partition of0, 1] into finitely many intervals
I, ..., I such thatim sup,,_,_ P* <3up1<j<k SUp, yer, |En(z) — Enly)| = €> <0

This criterion reduces the verification of the weak convergence aatidom function
E,, to a simpler problem, involving only #nite number of real-valued random variables.
It can be extended to many random functions arising in asymptotic statisticg. hestin
arbitrary set, and 1df°(7") be the set of alboundedreal-valued functiong : 7' — IR.
Consider further a sequen€g,; n > 1) of random functions, and a random elemgnt
taking values iri>°(T"). In the case of the uniform empirical proce®s= [0, 1]. Clearly,
the random function¥’,s, Y, can be written in the forniY,,(¢); ¢t € T), (Y'(¢); t € T).
As shown in van der Vaart and Wellner (1998),converges weakly t&” if and only if:
(1) them-variate r.v. (Y, (t1), ..., Ya(tn)) tends in distribution tdY (¢), ..., Y(tm)),
foreverym > 1 andty, ..., t,, InT;
(7i) for every positiver, §, there exist a partition df’ into finitely many setd?, ..., Ty

such thatim sup,, ., P* (Suplgjgk SUp, e, [Yn(t) — Ya(u)| > 6) < 0.

Weak convergence of random element&4ii7’) can be also characterized as follows.
Let BL(I*°(T)) be the set of all functiong : [*(T) — [—1, 1] that areuniformly
Lipschitz |A(uy) — h(ug)| < ¢ sup, |ui(t) — ue(t)]. Then,(Y,(t); t € T) converges
weakly to(Y'(t); t € T) if and only if (van der Vaart and Wellner (1996))

sup  |E*[h(Y,)] — E[R(Y)]| = 0 asn — oc. (13)
heBL(1%(T))

5. Empirical processes

5.1 Basic problems

The results established so far are of considerable utility when applied to empirical
processes. The general setting is the same as in Sections 2, 8X /et > 1) be a
sequence of r.v.s, defined on a probability spdeeA, P), and letFy(x) = Prp,(X; <
x) be the population d.f.. Denote By the set of values that eacti may take. Of course,
the most common case & = IR¢ (d-variate observations). Consider further a function
g X — IR, lying in a classg of functions. Using the same notation of Section 2, let
P, be the empirical measure corresponding to a sample. .., X,, of sizen, and let
P.g=>"g(X;)/n, Pog = [ g(x) dPy. Theempirical processndexed byy is defined as:

Gu(-) = (Gulg); 9 €G) = (Vn(Pug — Pog); g € G).

For everyfixed g in the classg, the quantityG,(g) is a real-valued random variable.
Hence, the wholéamily (G,,(¢); g € G) is a stochastic process.

As shown in the examples of Section 3, to study the large sample properties of an
estimatord,, we have to study first the large sample behaviour of the empirical process
Gn(+). Since(g(X;); i > 1) is a sequence afi.d. r.v.s, the limiting behaviour of7,,(¢g)
for a fixedg can be easily studied. Assuming thag, |g(X)| is finite, from the strong law
of large numbers it follows that

1 ¢
Pag =~ 9(X:) 5 Ep[9(X)] = Pog asn — o (14)
=1



and hencéP, g — P,g| “> 0 asn increases. Assuming further that the ry(&(;)s possess
a finite variancei(e. E'p,[9(X;)? = Pyg* < o), from the central limit theorem for sums
of i.i.d. r.v.s, it follows thatG,,(¢) converges in distribution to a normal r.&(g) with
mean zero and variandey, [¢(X;)?] — Ep,[9(X;:)]> = Pog® — (Pyg)*. In symbols:

Gn(9) KR G(g) ~ N (0, Po(g?) — (Pog)®) asn — . (15)

As an easy generalization ©f5), it is not difficult to prove that, for every positive integer
m and for everyyy, ..., g,, in G, them-variate r.v.(G,(g1), - .., Gn(gn)) COnverges in
distribution, as: increases, to a-variate normal distributiofG(g1), ..., G(g)) with
Ep,[G(g;)] = 0andEp,[G(g;) G(an)] = Er,[0;(X:) gn(X:)]~ Ery [g;(X0)] Ep lgn(X,)] =
Po(gi9:) — (Pog;)(FPogr). As in the case of the elementary empirical process, the family
of rv.s(G(g); g € G) defines a random function taking valuedin(G), i.e. astochastic
processindexed byg. Unfortunately,(14) and (15) are not enough to characterize the
asymptotic behaviour of the stochastic proc&ss(g); g € G). In the sequel, we will
answer to two basic questions.

() Does(14) hold uniformlyin the classj? In other words, does the quantityp,,¢ | g

— Pyg| tend a.s. to zero asincreases?

(i7) Does the probability law of the stochastic procéSs(g); g € G) converge to the
law of a stochastic proceg&:(g); g € G), asn goes to infinity? More formally, does
(Gn(9); g € G) converge weakly t6G(g); g € G) asn increases?

5.2 Entropy and Vapnik-Cervonenkis dimension

The answers to questioiig, (ii), as well as the evaluation of the rate of convergence
of estimators, are largely based on a fundamental mathematical toohetie entropy
of the clasgj. Roughly speaking, the entropy Gfprovides a measure of the “width” of
G. Given a clasg of functionsg : X — IR, let( be a probability measure oti, and let
m be a positive integer. Define the (semi) norm

ngmm{@WW=m/awa (16)

Clearly,|| g1 — g2 ||o.m is @ (semi) distance betweenandg,. An open ballof centerg,
and radius: > 0 is the set of function®3,,_ ,,(go, €) of all functions inG having distance
from g, smallest thare: Bg (9, ¢) = {9 € G : | 9 — 90 |lg.m< €}. Thee-covering
numberN,, (e, G, Q) is the smallest number of balls of radiusoveringg. In symbols:

k
Nu(e, G, Q) = smallest k for which 3 gy, ..., gr such that G C U B, m(gj, €).

=1

Thee-entropyof G is the logarithm of itg-covering number. In symbol§%,, (¢, G, Q) =
log Non(e, G, Q). In particular, when the measufg is the empirical measureP, the
entropy is termedandom entropyand it is denoted b¥,,(¢, G, P,).

The computation of the entropy of a clag®f functions could be, in principle, com-
plicate. A simplification can be obtained by using the so-called “entropy with bracketing”.
The basic idea of covering numbers is to make a partitiof bf/ balls of radius cov-
eringg. Bracketing is based on the same idea, but it does not use balls. Given a positive
reale, ane-bracketof G is a set ofN pairs of functions{(¢-, ¢V), ..., (g%, ¢5)} such



that: (a) || gF — g7 [lo.m< e foreveryj =1, ..., N; (b) for everyg € g there exists an
index1 < j < N such thaly} < g < gY. Thee-bracketing numbeof G is the smallest
N such that there exists arbracket{(¢f, ¢¥), ..., (9%, ¢¥)}. In symbols:

Nimle, G, Q) = inf {N such that 3 a e-bracket {(gy, g¥). ..., (95, g8)} of G} .

The e-entropy with bracketingf G is the logarithm of its-bracketing number. In sym-

bols: Hz (€6, G, Q) = log Npwm(e, G, Q). Bracketing numbers are easier to compute
than covering numbers. Furthermore, they are bigger than covering numbers, since for
every positiver the inequalityH,,, (¢, G, Q) < Hpm(€, G, Q) holds.

The entropy of several classes of functions interesting for statistical applications is
computed in van der Vaart and Wellner (1996), Vapnik (1998), and in references therein.
In many cases, entropy can be computed by elegant combinatorial arguments, that form
the so-calledvapnik-Chervonenkis thegrgfr. Vapnik and Chervonenkis (1971), Vap-
nik (1998). Letxy, ..., z, ben points of X, let C be a class of subsets &f, and let
Se(xy, ..., x,) be the class of all subsets of the fofmy, ..., z,} N C, with C'in C:

Sc(x1, ..., xn)={{z1, ..., 2,3} NC; Ce€C}.

Finally, denote byS¢(z1, ..., x,) the number of sets i8¢ (z1, ..., z,). Clearly,1 <
Se(zy, ..., x,) < 2" The largest value of¢(z1, ..., x,):
Sc(n) = max Se(zy, ..., xp)
L1,y T

is the shatter coefficienof C. The Vapnik-Cervonenkis dimensi¢i'C-dimension, for
short) V; of C is the largest: for which the equalitySc(n) = 2™ holds. In symbols:
Ve =sup{n: Sc¢(n) =2"}. If Se(n) = 2" for every integemn, then we set = co. A
celebrate inequality (Sauer's lemma) establishes that the relationships

Se(n) < i (Z) < (n+1)%.

k=0

hold. HenceS¢(n) is either identically equal t8™, or bounded by a polynomial in.

Let now G be a class of functiong : R? — |[a, b], denote bySG, its subgraph
SG, ={(z,t) € R* x R: t < g(z)}, and consider the class of s&$ = {SG,; g €
G}. The following inequality, due to Haussler (1992), holds:

2e(b—a)

ng+
) Ve>0, m>1. (17)
€

Nm(é, gv Q) < 6(Vg+ + 1) (
Inequality(17) shows the importance of VC-dimension in bounding the entropy of classes
of functions, sincé4; (¢, G, @) (and in particulaf{, (e, G, P,)) is finite if Vg+ < oo. For
instance, ifG = {61¢:1(-) + - - - + 0k (-) }, with ¢;(-)s known real-valued functions and
;s unknown real parameters, thgpn- < £ + 1 (van der Vaart and Wellner (1996)).

5.3 Glivenko-Cantelli and Donsker theorems

A classg of functions is aGlivenko-Cantelli clas# the uniform law of large numbers
holds: sup,cg | P.g — Fogl %% 0 asn goes to infinity. Entropy allows one to establish
regularity conditions under which a clagss Glivenko-Cantelli. A functiory : X — IR
is anenvelope functiofor G if |g(z)| < g(z) for everyg € G andx € X,



Theorem 1 (Glivenko-Cantelli) Suppose that the envelop®f G possesses finite mean
value Pyg = Ep,[g(X)] < oo, and that one of the following assumptions is met.

(i) Hp1(e, G, Py) < oo for every positive.

(1) Hi(e, G, P,)/n tends to zero in (outer) probability, as— oo, for every positive.
Then, the uniform law of large numbers holds:

sué)\Png Pog‘_SUP Zg — Ep[g(X)]| 20 asn — co.g
ge

A proof of Theorem 1 is in van der Vaart and Wellner (1996). Conditiohis also neces-
sary for the uniform law of large numbers; see Talagrand (1996). A “uniform” Glivenko-
Cantelli theorem, involvingupp, . p sup,cg | P.g — Fogl, is studied in Aloret al. (1997).

In view of (17), condition (i7) is fulfilled whenever;- is finite. In some cases of
statistical intereste.g. nonparametric regression) conditin is too restrictive. On the
other hand(iz) is less stringent, and more suitable for statistical applications.

A class @ of functions is aDonsker classf, when n increases(G,(g); g € G)
converges weakly a Gaussian stochastic pro¢égg); ¢ € G) with mean function
Ep,|G(g)] = 0 and covariance kernélp, [G(g1) G(g92)] = Pogi192 — (Pog1) (Pog2). Con-
ditions on entropy are also the basic ingredient to establish whétisest Donsker class,

i.e. to prove the weak convergence of the empirical procésgg); g € G). Regu-

larity conditions are essentially two. First of all, the clgsshould possess a squared
integrable envelope function. Secondly, it is apparent from the definition of entropy that
H..(e, G, Q) goes to infinity as tends to zero. In order to have weak convergence to a
limiting process, entropy should not increase “too fast”. More precisely, consider again
the envelope functiog(-), and take its norn| g ||o,., as defined if{16). Theuniform
covering numberare defined as

Noi(e, G) = Sgme(E 19 llg.m: G. Q)

where the supremum is taken over all probability meas@ésr which || g ||, »> 0.
Theuniform entropy integraand thebracketing integrabre defined as

) é
jm((sa g) = / \/ 1OgNm(€7 g) d67 ij(67 g7 PO) = / \/logNBm(€7 g7 PO) d€(18)
0 0

respectively. The following result holds (a proof is in van der Vaart and Wellner (1996)).

Theorem 2 (Donsker) Suppose that the envelop®f G possesses finite second moment
Pyg? = Ep,[g(X)?] < oo, and that one of the following assumptions is met.

(i) The uniform entropy/z (9, G) is finite for some > 0.

(77) The bracketing integraliz (9, G, ) is finite for some& > 0.

(7i1) There is a decreasing functidi such thatf(f VH(t)dt < oo for somes > 0, and

P,
lim hmsupP(sup Hale G, Fu) > ]\/[> =0.

M—oo p oo 0<e<d H(C)

Then,((G.(g9); g € G); n > 1) converges weakly to a Gaussian procé5%g); g € G)
with Ep [G(9)] = 0, Ep, [G( 1) G(92)] = Po(g1 92) — (Pogr) (Pog)-o



The main difficulty in applying conditior:) is that the computation of the uniform en-
tropy could be very difficult. However, as a consequencéldj, if G possesses finite
V C-dimension theri) is fulfilled. The computation of the bracketing integral does only
require the computation of an expectation w.f%, the population probability distribu-
tion. Hence, conditior{ii) is apparently simpler thdt). The price to pay is a loss of
generality, since the bracketing integral is larger than the uniform entropy.

5.4 Examples

Example 13 (Ex. 8 contd.)Consider again Ex. 8 and suppose, for the sake of simplicity,
thatd = 1 (unidimensional data). It < z, then it is easy to see tht/_. ,(-) —
I, (-) lPo1= (#2 < x; < 2)/n. Hence, taking);(y) = (o, 2,(y), i =1, ..., n, Wwe
haveNi (e, G, P,) < 1/nforeverye > 1/n. Thisresult clearly shows that, (¢, G, P,)/n
tends to zero in probability asgoes to infinity, for every fixed positive Hence, we have
proved the classic#livenko-Cantelli theorem

sup |Fy,(z) — Fo(2)] 5 0 as n — co.g

Examples 9, 10 offer other simple cases where the theory developed in Subsection 5.3
applies. To prove the consistency of the involved estimators, it is enough to show that
Hi(e, G, P,)/n tends to zero in (outer) probability as the sample size increases.

Example 14 (Isotonic regression)Consider Ex. 11, and denote gy, the probability
measure giving mass'n to eachr;,i = 1, ..., n. From(11) and a result by van de Geer
and Wegkamp (1997Frp, (||g,, — goll» > €) tends to zero as increases provided that

_ 1 1
]\}Enoo “mSUpn_mE ; Ep, [U? Luy>m]| =0, EHl(e’ Gu(K), Q) 2 0asn — oo

for every positivee and K. In particular, suppose that is the class of all real val-
ued, increasing function. This is the caseisutonic regression If the functions inG
are uniformly boundedi.e. if there exitsR > 0 such thatsup, |g(x)| < R for ev-
ery g in G, then, using a result by Birman and Solomjak (1967), it can be shown that
Hi(e, Gu(K), Qn) < C(v/nK + R)/e, C being a positive constant. Hence, in this case
Hi(e, Gn(K), @,)/n tends to zero in (outer)probability asincreases, from which the
consistency of the least squares estimator follows

Further applications to density estimation, penalized maximum likelihood and least
squares, sieves, M-estimators, as well as to the evaluation of rates of convergence, are in
the books by van der Vaart and Wellner (1996), van de Geer (200@)fi@&y al. (2002).

6. Functional delta method

6.1 Introduction and motivations

The second important step in developing general tools for asymptotic statistics is the
so-called functional delta method. At an elementary level, delta method is widely used by
statisticians. Suppose thdt,; » > 1), V are r.v.s, and that,;; n > 1, « are constants

such that,, — oo anda, (Y, — «) 2 v asn increases. Consider next a differentiable
function g, with continuous first derivative such th@ta) # 0. Then,a,,(g(Y,) — g(«))



asymptotically behaves likg(«)a, (Y, — «). In symbols:a,,(g(Y,) — g(«)) < g (a)V
asn tends to infinity. Delta method is a very powerful method in asymptotic statistics,
since it provides for free the asymptotic distributiona@f¢(Y,,) — g(«)) when (i) the
functiong is smooth enough, andi) the asymptotic distribution af,,(Y,, — «) is known.

As remarked in Section 2, many estimators are expressed as functignals of the empiri-
cal measure (or the empirical d.f., which is essentially the same). In synthoist(F,).
Since the asymptotic behaviour ¢fn(F,,(-) — F(+)) is known (EX. 12), a question natu-
rally arises: Is it possible to obtain the asymptotic distribution/@f(¢(F,,) — 0(F)) on
the basis of the asymptotic law of the random function (empirical proggssF,.(-) —
F(-))? What we need is a general tool, similar in principle to the delta method illustrated
above. Of course, there is a considerable mathematical difficulty. The random function
Vn(F,(-) — F(-)) takes values in an infinite-dimensional function space, and what we
need is actually to extend the notion of derivative to infinite-dimensional spaces.

6.2 Hadamard derivatives in normed spaces

Let/, V be two linear normed spaces. To avoid confusion, we denote |hy the
norm onl{, and by|| ||y the norm onV. A mapy : U — V is Gateaux-differentiablat
uo € U if for every fixedu € U there exists a linear, continuous m@f (u) such that

lim
h—0

%W(Uo + hu) = b (ug)) — ¥, (w)|| = 0. (19)

|4

The quantityy;, (u) is the Gateaux derivativef ¢ atu,, along the direction.. When
bothi{, V are the real line, clearly!, (u) = u(d/dul,,). Whend = R*,V = IR,
Y, (u) reduces to the directional derivativef along the direction of the vectar

The notion of Gateaux-differentiability is insufficient for our purposes. What is needed
is a strengthenin@l9) based on a kind of uniformity in. If (19) is required to hold uni-
formly for u in every compact subset &f, theny;, (u) becomes theladamard derivative
of ¢. Equivalently, a map is Hadamard differentiablat v, if there exists a linear, con-
tinuous map),, : U — V such that

lim
h—0

=0 (20)
|4

%W’(uo + hup) — ¥(ug)) — w;o (u)

for everyu, — uash — 0 (i.e. for every| u, — u |[y— 0 ash — 0).

The mapy that appear ir{20) is not necessarily required to be defined in the whole
setU. It suffices that the domain af is a subset{, of ¢/ containingu,, and that(20)
holds for everyu;, — w such that,, + huy, is inU, for everyh small enough. On the other
hand, the maw’, (-) is required to be defined on the whale When1;, (-) only exists
on a subseat/; of U, and the sequencesg — wu are restricted to converge to< U, then

() is the Hadamard derivative of atu,, andtangentially tol/; .

The notion of Hadamard-differentiability is stronger than that of Gateaux-differentiabi-
lity: if v is Hadamard-differentiable, then it is also Gateaux-differentiable, and the two
derivatives coincide. On the other hand, Gateaux-differentiability does not necessarily
imply Hadamard-differentiability.

One of the most important properties of the “usual” derivative is the formula of deriva-
tives of composite functions, ehain rule df (g(x))/dx = f'(g(z)) ¢'(x). The same kind
of formula also holds for general Hadamard derivatives. More precisely,:di, — 1,



¢ : Vo — W be two maps defined on subséts V), of two normed spacéds, V, respec-

tively. If (z) ¢ is Hadamard-differentiable at tangentially td/,, and(ii) ¢ is Hadamard-
differentiable at)(u) tangentially toy;, (U1), theng (v (u)) is Hadamard-differentiable
atu, tangentially ta{;, with Hadamard derlvatlved) (uo) (V1o (0)). The chain rule makes

the Hadamard derivative really useful, since in many cases of interest for applications the
computation of the derivative af(y)(u)) is made easier. In fact, i, ,(-) and (¢, (-))

are already known, then the Hadamard derivative(@f(v)) can be evaluated virtually

effortless, without angx novocalculation.

6.3 Main results and examples

To expose the functional delta method, we consider first the special but important case
of the elementary empirical process. For the sake of simplicity, assume (although it is not
necessary) that the population dtf, is continuous orR. As already seen, the elementary
empirical proces$y/n(F,(z) — Fy(z)); —oo < x < 400) converges weakly, as goes
to infinity, to a Gaussian procesﬁé?(x); —00 < x < 400) = (B(Fy(x)); —o0 <
r < +00), (B(t); 0 <t < 1) being a Brownian bridge. To estimate a real parameter
0 = 0(F), consider the statistical functlon@ = 0(F,). The following result holds.

Theorem 3 (Functional delta method for the elementary empirical processpuppose
that the functionald(-) is Hadamard differentiable afj, with Hadamard derivative
0%, (-). Then,\/ﬁ(@ — 60) = /n(0(F,) — 6(Fy)), asn goes to infinity, converges in
distribution to6%, (G(-)) = 0%, (B(Fo(+))).o

The limiting distribution of\/ﬁ(@\n—eo) is expressed as the probability lawigf (B (Fo(+))),

I.e. as the probability law of a functional of a Gaussian process. Since the Hadamard
derivativet, (-) is alinear, real- valued functional, using the Riesz representation theo-
rem, it can be written in the for, (H) = [ H(x) d¢g,(z), for an appropriate bounded
variation functiong g, (depending orFo) Hence we may write:

+o0
0(C) = [ Gla)don (o) 1)
Relationship(21) shows that, (G) is essentially an integral of the Gaussian process
G(-). As a consequence, it possessesmaldistribution, with mean

B[ ™ 0a) don |- [ " Bn ()] dogy(x) = 0

o [e.e]

and variance (which is thesymptotic variancef @L)

V[/ z) dor (@ } / / min(Fo(z), Fo(y)) — Fo(z) Fo(y)) dor,(x) dor,(y) (22)

provided that the integral if22) exists. In other words, we have obtained, under fairly
general conditions, the asymptotic normality of statistical functionals. The asymptotic
variance(22) depends on the population d &y, which is unknown. General techniques
for estimating(22) are based on the jackknife, the infinitesimal jackknife and the boot-
strap methods. Their consistency is studied in Shao (1993), Shao and Tu (1995).

The functional delta method can be expressed in a form considerably more general
than Theorem 3, and useful for statistical applications. Its proof is, for instance, in Gill
and van der Vaart (1993).



Theorem 4 (Functional delta method, general version)_eti/, V be two normed linear
spaces, and lep : U, — V (withify C U) be Hadamard differentiable ai), tangentially
to ¢,, and with Hadamard derivative,, (u). Assume further thatiV,,; n > 1) is a
sequence of random functions tacking values/jinand (a,,; n > 1) is a sequence of
constants such that, (1W,, — uy) converges weakly to a random elem@ntaking values
inU,. Thena, (v (W;) — ¥(ug)) converges weakly to;, (W).o

Example 14 (Ex. 3 contd.) Consider the monotone dependence mead(Fg) intro-
duced Ex. 3, and its estimat@,l; = 0(F,,). Assume that the joint d.ff(z, y) is contin-
uous , and make the transformation= Fy; (X), V = Fy(Y'), so that the corresponding
joint d.f. reduces to the copuldly(u, v) = Fy(Fp'(u), Fyy'(v)), u, v € (0, 1)%. De-
note by Foi o (2 |y) (F02|1(y |z)) the conditional d.f. ofX givenY (of Y given X), and
let ¢12(U v) = F01|2( > (v) [For! ( )) + Foup(Fop' (1 = w) [Fg' (v)) and oy (u, v) =
Foop (Fgo' (0) [ Foi' () + FOQH(F '(1 — v) |Fy'(u)). As a by-product of results in Ci-
farelli et aI (1996),0 is Hadamard differentiable tangentially to the &edf all continuous
functions on[0, 1)* with a(u, 0) = h(0, v) = 0, and its Hadamard derivative is equal to:

0, (h) //{huv—l—hu 1—v)

—h(u, 1) ¢21(u, v) = h(1, v)P1a(u, v)} dg(lu+v —1|).

The sequence of random functiofB,(z, y) = /n(F.(z, y) — Fo(z, v)); =,y € R)
converges weakly, as increases, to a Gaussian procéS$z, y); =, y € IR) that can

be represented &5(z, y) = B(Foi(z), Foe(y)), where(B(u, v); u, v € [0, 1]) is a
Brownian sheeti.e. a two-parameter Gaussian process with a.s. continuous trajectories,
B(u, 0) = B(0, v) = 0, E[B(u, v)] = 0, E[B(uy, v1) B(ug, v2)] = My(min(uy, us),
min(vy, ve)) — Mo(uq, v1) Mo(ug, v2). Since integrals of Gaussian processes possess
normal distribution (provided it exists), from Theorem 3 it follows tb&(@n —6p) tends

in distribution, as: increases, to a normal r.v. with mean zero and variance

o2 = //// €(u, v1) E(uz, v)] dglur + vy — 1)) dg(lus + vs — 1))

Whereg(“? U) = B(u7 U) + B(’LL, - U) - B(“a 1) ¢21<u7 U) - B(L y) ¢12(u7 U).[]
Example 15 (Ex. 4 contd.)Consider again Ex. 4 (quantile function), and assume that
the population d.f.F; is continuously differentiable ofu, b] = [Qo(u) — €, Qo(v) + €

for somee > 0 and0 < u < v < 1, Qo(y) = F; *(y) being theyth population quantile.
Denote byfy(x) = Fj(z) the population density function, and assume tfds positive

on [a, b]. The mapd(Fy) = (Qo(y);u < y < v) (quantile function restricted tpy, v])

is Hadamard differentiable df, tangentially toC|[a, b], the set of continuous functions
on [a, b}, with derivativefy, (g(-)) = —g(-)/fo(-). On the other hand, the sequence
of random functions,/n(F,(z) — Fo(z); = € IR) tends weakly to a Gaussian process
(G(z) = B(Fy(z)); € IR), where(B(u); 0 < u < 1) is a Brownian bridge (see Ex.
12). Since the random functidr(-) possesses trajectories a.s. continuous, from Theorem
4 we conclude that the sequence of random functigns(Q.,.(v) — Qo(y)); u <y < v)
converges weakly to a Gaussian procgssy); v < y < v) that can be written in the

form G(y) = B(y)/fo(Qo(y)). In particular, for a fixed; in [u, v] /n(Qn(y) — Qo(y))

tends in distribution to a normal r.v. with mean zero and variasite- y)/ fo(Qo(y))?.0



Example 16 (Ex. 5 contd.)In Ex. 5 we have defined the Nelson-Aalen estimaitp(t)
(4). Now, Fx, and F},, are empirical d.f.s, and hence the coupke,(z), Fi,(y)) is
asymptotically normal for every fixed, y. It can be also shown that the stochastic pro-
cess(v/n((Fxn(z) = Fxo(z)), (Fin(y) — Fio(y)); =,y € IR) converges weakly to a
Gaussian procesg:(z, y); =, y € IR), with E[G(x, y)] = 0 and an appropriate covari-
ance function (cfr. Gill and Johansen (1990)). As shown in Gill and Johansen (1990),
the mapd(Fxo, Fi0) = (Aro(t);0 < t < 1) is Hadamard-differentiable &#'x,, Fio),
for every positiver for which Fy,(7) < 1. Hence, the sequence stochastic processes
(vn(A,(t) — Aor(t); 0 <t < 7) converges weakly to a Gaussian process.

As seenin Ex. 5, the cumulative risk is equalttg, (¢) is equal tofot(l — Fry) 'dFro.
The mapy(Fro) = Arg is invertible, and its inverse can be written as pineduct integral
of —Arg: 1= Fro(t) = ¢(Aro) = [Tpeuei(1 — Aro(u)) exp(—AZ(t)), AT, being the
continuous part oA5,,. In this way, we obtain th&aplan-Meyer estimatoof 1 — Fry:

1— FE (1) = 11 # Xi) = &

i X<t Xj > Xi)

Under appropriate regularity conditions, the mép) is Hadamard-differentiable &tr,

and this implies the asymptotic normality of the Kaplan-Meyer estimator

Example 17 (Ex. 7 contd.)Consider again Ex. 7. As already seen, the population adjust-
ment coefficientR, is the smallest root of the equaticfy(u) = 1. Now, an integration

by parts shows that for every positiuehe relationships

—+00

Gco(u):u/_ e (1= Fro(a)) da, Gwo(u):u/ e (1 — Fio(x)) da

o0 —00

hold. Foru > 0, let h,(z) = exp{max(0, ux)}, denote byD, the set of functions
f : IR — IR such thath,(z)f(z) is in D[—oo, +oc] (cfr. Section 4), and define the
norm|| f |l.= sup, |h.(z) f(x)]. f f € Dy, then definep(f)(u) = u [ e“* f(x)

u > 0. The functiony(f1, f2)(u) = (o(f1)(w)) (e(f2)(w)), fi, f2 € D,, maps the set
D, into the set”![0, u;] of real functions continuous g, «,] and differentiable (with
continuous derivative) of¥, u], with 0 < ¢ < u; < w. Consider next the set of all
functionsqg € C!0,u,] such thay(0) = 1, ¢ is convex and differentiable i, €], with

¢ (0) < 0. The setA is equipped by the norr ¢ ||= sup, |¢(x)|. Forq € A define the
functionalw( ) = sup{z > 0: ¢(z) = 1}. From now on, we will assume th&i,(u)

is finite for everyu € [0, 5], B > 2R,. Clearly, the population adjustment coefficiént
is equal toy (o(1 — FCO, 1 — Fwy)). As a by-product of results in Capitanio and Conti
(2003), the function) is Hadamard-differentiable &t — Fo), (1 — Flyo), tangentially
toD, x D, forevery2R, < u < v, with 2Ry < v < . Its Hadamard derivative is:

Preo, o (J1: f2) = ©(1 = Foo) (Ro) o (f2) (Ro) + (1 — Fivo)(Ro) ¢ (f1)(Ro)-

The functional)(q) is Hadamard-differentiable &t, = ¢(1— Fro, 1—Fq), tangentially
to the sety, (D, x D, ), with Hadamard derivativey, (9) = —g(¢(Go))/Go(¥(Go)) =
—9(Ry) /Gy (Ry). By applying the chainrule, itis seen thaf(-)) is Hadamard-differen-
tiable at(1 — Fro, 1 — Fwyo), tangentially toD,, x D,,, with Hadamard derivative:

/ _ (1 = Foo)(Fo) p(f2) (Fo) + o(1 — Fywo) (Bo) (/1) (Fo)
V(@) Fep, Fivo (J15 f2) = = G (o) :




Finally, the sequence of stochastic proc&Ss, (), G2.(y); =,y € IR), n > 1, with
Guin(x) = Vn(Fon(x) = Foo(x)), Gan(y) = vn(Fwa(y) — Fwo(y)), converges weakly

to a two-parameter Gaussian procéSsz, y) = (G1(z), Ga(y)); =,y € IR), where
G1(+), Gy(-) are independent Gaussian processes Withw) = B (Feo(x)), Gao(y) =
Bsy(Fwo(y)), By, B2 being two independent Brownian bridges. Taking into account that
G4, G, take a.s. values i, we conclude that the limiting distributiopn(R,, — Ro)
coincides with the law of-(¢(1 — Fo)(Ro) ¢(G2)(Ro) + ¢(1 — Fiwo)(Ro)) ©(G1)(Ro)/

G} (Ry), that turns out to be normal with mean zero and varidG&e (2 Ro) Gwo(Ro)? +
Gwo(2Ro)Gco(Ro)? — 2Gco(Ro)*Gwo(Ro)?)/Gh(Ro)* .o

7. Approximating empirical processes via bootstrap

The bootstrap method provides a simple approximation of the probability distribution
of estimators (and test-statistics, as well). Assume #at. .., X,, arei.i.d. with com-
mon probablllty distribution?,, and letd, = 6(P,) be a parameter of interest. Denote by
6 = 9( ,) an estimator of)o, whereP, is the empirical measure introduced in Section
2. Consider next r.v.s Xi, ..., X, i.i.d. conditionally onX, = (X1, ..., X,), with
Pr(X; € B|X,) = P.(B). Thebootstrapprobability measur@n is defined as:

for every subseBB of X. Whenn is large, the bootstrap measuig(B) is close to the
empirical measuré’, (B), by the strong law of large numbers. On the other hand, when
the sample size is largk, (B) is close toFy(B). From this simple remark, we conclude
that, for every fixedB, P,(B) is close toFy(B) as the sample size is large. As a
consequence, when the sample size is large the probability dlstrlbut@nsrbfould be
close to the conditional probability distribution of = 0(P,), givenX,,. Of course, the
advantage of this procedure is that, conditionallyXy, the distribution ofP, is known

and hence also the conditional distributiordgfis known. The precise meaning of these
sentences heavily rests on the techniques developed so far. Using the same notation as in
Section 2, consider a real-valued functiplying in some clasg, and letP, g = [ g dP,.
Consider next the empirical process indexeddyy(G,(g) = /n(P.g — Fug); g €

G), and the corresponding “bootstrapped” procgss(g) = /n(P.g — P.g); g € G).

The basic result in this direction is due to @iand Zinn (1990), and tells us that, as
n goes to infinity, the conditional law af,,(-), given X ,,, possesses the same limit as
the unconditional law of the empirical proceSg(-). More precisely, assume th@tis

a Donsker class, so thét,(-) converges weakly to a Gaussian procéss (oni>(G))

asn increases. Denote bﬁ the expectation w.r.t. the probability law of the bootstrap
sample, conditionally oX ,,, and consider the sétL({*°(G)) of all uniformly Lipschitz
functionsh : [*°(G) — [—1, 1]. The following result holds.

Theorem 5 (Donsker theorem for bootstrapped processed)et G be a Donsker class
with finite envelope functiopwith P,p?, so thatG,,(-) converges weakly t6'(-). Then:

sup E[hG,) | X.] — E[R(G)]| %50 as n — oo.0 (23)
heBL(1°°(G))



In view of (13), statemen(23) tells us that, for a set of data sequence having proba-
bility one, the bootstrap proceén(-) converges weakly ta7(-). In other words, the
conditionallaw of G,,(-) possesses the same limit as timeonditionallaw of G, ().

Using Theorem 5, it is possible to prove a version of the functional delta method for
bootstrapped processes. Denotefhyz) = S 1 (%:<x)/n the bootstrap d.f., and consider

a parametet = 0(Fy), and estimatord = o(F,), 8 = 6(F,). Suppose further that
the functionab)(-) is Hadamard differentiable &, with Hadamard derivativé/, (-). We
already know that/n(F,,— Fy) converges weakly to a Gaussian proa@ég = B(Fy(-)),
B(-) being a Brownian bridge. As seen in Theorem/3,(6,, —6y) = /n(6(F,)—0(F)),
asn goes to infinity, converges in distribution . (G(-)) = 0, (B(Fo(-))).

Theorem 6 If the functionald(-) takes values idz*, k > 1, then

sup | E[h(v/n(8, — gn)) | X ] — E[h(0R,(G))] 20 asn — co.g (24)
h€BL(IRF)

Taking into account relationshi@d3), from Theorems 3, 6 we conclude that the condi-
tional distribution of\/ﬁ(gn — §n), given X ,,, tends to the same limit as the unconditional
distribution of /n(6,, — 6y). Note that in(24) we have convergence in probability instead

of almost sure. This means that the result now obtained is weaker than those of Theorem
5. More general version of Theorem 6 are in the paper by @id Zinn (1990).

8. Asymptotic efficiency in nonparametric models

A very important point in estimation theory is the choice among different estimators
of the same parameter. In parametric models, apart from a few special cases, this problem
can be effectively approached only when the sample size is large. The reason for this fact
is simple. To study the efficiency of estimators, it is first necessary to establish a tight
upper bound for their mean squared errors, and this is possible only when the sample size
goes to infinity. For this reason, from now on we will consider asgmptotic efficiency
of estimator. Asymptotic efficiency fggarametricmodels is is well established since the
beginning of the Seventies; an excellent account is in Lehmann and Casella (1998). The
first step towards a theory of asymptotic efficiency for nonparametric models is in Levit
(1978). Many results are in Gill (1989). An excellent account, with special emphasis on
methods for constructing estimators, is in Bickehl. (1993).

For the sake of simplicity, consider a parameter tg&l), P € P, and denote by
andd, = 0(P,) the true population distribution and the true parameter, respectively. For
every one-dimensional submode} = {P; 0 < t < 7} C P containing the true?
(obtained as goes to 0), define the score functigrat = 0 as a (measurable) function
s: X — IR such that

t—0

1 1 2
lim {z(dpf/2 —dP)?) — 55() dPol/Q} =0 (25)

In several cases the score function takes a simple form. Suppose for instance than the
probability distributionsP;, possess a density w.r.t. the Lebesgue measure, so tfi)

reduces tof {(p;* — py/*)/t — s(x)po(z)}> dz. Then,s(z) reduces tadlog p;/dt|i—o,



which is the “usual” score function. The set of score functions obtained &, ranges
over a class of submodels, igangent sebf the modelP at P,. Denoting byL?(P,) the
set of all functions; for which Pyg¢? is finite, the relationshig,C L?(P,) holds.

To define the information for estimatirtg %), we consider only submodefg, such
that (P,) is Hadamard-differentiable @t= 0, tangentially top,. According to(20),
there exists a linear, continuous functign L*(P,)) — IR* such thaflim,_(6(P;) —
0(Py))/t =h, (s) for everysin Po. Using the Riesz representation theorem, it is possible
towritedy (s) = [ s(z ) 6o(z) d P, for an appropriate functiof(-), which is unique in the

closures_p(?o) of all linear combinations of elements Pf,. Consider now a submodel
Po. s with score functiors. With the same notation as in Section 2, the optimal asymptotic
variance to estimaté 1), underP, , is equal to (Lehmann and Casella (1998))

(dO(P,)/dt]—0)? | Pos® =8¢ (s)?/Pys>. (26)

The supremum of26), taken w.r.t. all score functionsin 5p(P,), defines theoptimal
asymptotic variance for the nonparametric model By Schwarz inequality, it is not
difficult to see that the optimal asymptotic variance ®iis equal toPy62, and plays a

role similar to that of the optimal asymptotic variance in parametric models. In particular,
under appropriate restrictions of the estimators considered (necessary to avoid supereffi-
ciency; see Lehmann and Casella (1998) Bicekeil. (1993)), the asymptotic variance

of every (regular) sequence of estlmat(ﬂg, 1) is bounded from below by,62.

The sequenc@?n; n > 1) is asymptotically eff|C|enf \/_(0 — b) tends in distribution,

asn increases, to a normal r.v. with mean zero and varla%éé The notion of asymp-

totic efficiency can be easily extended to vector parameters, and is particularly important
for semiparametric models. For these (and many other) topics, the reader is deferred to
Bickel et al. (1993), van der Vaart (1996), Robins and Ritov (1997).
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