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Riassunto: In questo lavoro si fornisce una rassegna di alcuni recenti sviluppi dei metodi
asintotici in statistica non parametrica. L’enfasiè posta principalmente sui processi em-
pirici indicizzati da funzioni, di cui viene evidenziato, anche attraverso esempi, il fon-
damentale ruolo da essi svolto. Vengono poi discusse applicazioni alla consistenza di
stimatori, alla valutazione della velocità di convergenza, e allo studio di distribuzioni lim-
ite. Infine, viene discusso il metodo delta funzionale.
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1. Introduction

Asymptotic theory plays a primary role in statistics, for several important reasons.
(i) It provides, in many cases, a useful tool forapproximatingthe actual sampling dis-
tribution of a statistical quantity of interest. As well-known, in many cases the exact
probability distribution of an estimator (or a test-statistic) possesses a complicate form,
and frequently it cannot be even expressed in a closed form. Even more importantly,
it depends on the population distribution, which is unknown. This case is particularly
important in nonparametric statistics, where theformof the population distribution is un-
known. On the other hand, in several cases thelarge sampledistribution of estimators
can be obtained virtually effortless. Its form is frequently simple, and this is appealing for
applications, because of the relative simplicity in finding out confidence intervals and/or
rejection regions of a given size. Of course, asymptotic theory only provides an approx-
imation of exact sampling distributions. Hence, it would be important to evaluate, even
roughly, the quality of such an approximation.
(ii) At a more abstract level, asymptotic theory in important since it provides an answer
to the following question: “What is the behaviour of a statistical procedure (an estimator
or a test-statistic) when the sample size increases?” A fairly natural requirement is that
the behaviour of a statistical procedure should be better and better as the sample size
increases,i.e. the gain due to a larger sample size should be a greater precision. In other
words, when the sample size increases, the risk of error should decrease. This is actually
the well-known problem of theconsistencyof a statistical procedure.
(iii) A question connected with(ii), but somewhat deeper, is the evaluation of thespeed
at which the “error” of a statistical procedure decreases as the sample size increases. In
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technical terms, the problem is to evaluate therate of convergenceof an estimator.
(iv) A problem frequently encountered by statisticians is to choose among different statis-
tical procedures as solutions of the same problem. For a finite sample size, such a choice
is very difficult, and in many cases impossible. However, when the sample size is large
the problem becomes simpler. As the sample size increases, the structure of the risk of
error connected to a statistical procedure become simpler and more transparent, and this
drastically simplifies the problem described above. At a more elaborated level, this is the
problem of studying theasymptotic efficiencyof an estimator.

Asymptotic theory in nonparametric statistics has received a considerable impulse in
the last 15 years. This is basically due to two reasons. First of all, the use of nonparamet-
ric techniques is becoming very popular, due to their excellent flexibility, as well as to the
availability of fast computers. In the second place, since the beginning of the ’90s, ex-
cellent mathematical tools are available. They are(a) recent and important developments
in the theory of empirical processes, and(b) the availability of an “efficient” differential
calculus for maps defined on functions spaces.

In the present review, our first aim is to show the main ideas behind the techniques
used in(i)-(iv). Although statistical problems are different, the theoretical treatment of
the main asymptotic properties rests on a few, fairly simple ideas. This is undoubtedly the
main merit of the modern asymptotic theory based on empirical processes, that provide a
general setting for many different problems. Our main effort is to enucleate such ideas,
and to present them in a unitary way.

2. Basic definitions and examples

A population is formalized as ad-dimensional random variable (r.v.)X, taking values
in X , a subset ofIRd. Thepopulation probability distributionis aprobability measureP0

on IRd (equipped by the Borelσ-field B(IRd)). Furthermore, we will denote byF0(x) =
PrP0(X 6 x) = P0((−∞, x]) the populationdistribution function(d.f., for short). Given
two vectorsx = (x1, . . . , xd), y = (y1, . . . , yd), y 6 x means thatxi 6 xi for every
i = 1, . . . , d. Let (Xn; n > 1) be a sequence of independent “copies” of the population
X, i.e. a sequence of independent and identically distributed (i.i.d.) r.v.s (defined on a
probability space(Ω, A, π)), such thatPrP0(Xi 6 x) = F0(x) for every i > 1. Of
course, a sample of sizen is the collectionX1, . . . , Xn of r.v.s.

The population probability distributionP0 is assumed unknown. Our only assumption,
at this stage, is thatP0 is a member of the classP of all possible population distributions
assumed as “reasonable” for the populationX. The familyP completely defines the
statistical modelwe deal with. A statistical model isparametricwhen the members of
P can be indexed by a Euclidean (finite-dimensional) parameter. A statistical model is
nonparametricwhenP is the set of all probability distributions onX (with possibly some
restrictions, such as continuity). A model issemiparametricwhen the members ofP can
be written in the formPθ, ν , whereθ is a Euclidean parameter andν lies to an infinite-
dimensional family of probability distributions. Although in the present review we mainly
focus on nonparametric models, many technical tools extend to semiparametric models.

A “statistical quantity of interest”, conventionally aparameter, is essentially a func-
tion of the probability population distribution, and is denoted byθ = θ(P ). In particular,
θ0 = θ(P0) is the “true population parameter”. The setΘ = {θ = θ(P ); P ∈ P} is the
parameter space. Since a probability distributionP ∈ P is completely specified by its



distribution functionF (x) = PrP (X 6 x) = P ((−∞, x]), from now on we will use as
equivalent the notationsθ(P ) andθ(F ).

On the basis of a sampleX1, . . . , Xn, a “natural estimator” of the population prob-
ability distributionP0 is theempirical distributionPn, which is the discrete probability
distribution giving mass1/n to the sample pointsx1, . . . , xn. In symbols:Pn(xi) = 1/n
for everyi = 1, . . . , n. If B is a subset ofX , it is then immediate to see that

Pn(B) =
#(xi ∈ B)

n
.

The expectation of a real-valued functiong(·) underP (Pn, resp.) is denoted by

Pg = EP [g(X)] =

∫
g(x) dP, Png =

1

n

n∑
i=1

g(xi) =

∫
g(x) dPn. (1)

In particular,P0g =
∫

g(x) dP0 is the expectation ofg(X) under the “true population
probability distribution”. Moreover, if we consider the indicator function of a setB (i.e.
IB(x) = 1 if x ∈ B, andIB(x) = 0 otherwise) then it is easy to see thatPIB = P (B),
andPnIB = Pn(B).

The reason whyPn is a natural estimator of the population probability distribution
is simple. For everyfixedsetB, the r.v. nPn(B) = number of sample points in the set
B possesses binomial distribution:PrP0(nPn(B) = k) =

(
n
k

)
P0(B)k(1 − P0(B))n−k,

k = 0, 1, . . . , n. Hence, the expected value and the variance ofPnB, underP0, are
P0(B), P0(B)(1−P0(B))/n, respectively. For afixedB, Pn(B) is aconsistentestimator
of P0(B). In fact, from the strong law of large numbers it is easy to deduce thatPn(B)

converges almost surely (a.s., for short) toP0(B). In symbols:Pn(B)
a.s.→ P0(B) asn

goes to infinity. Furthermore, from the central limit theorem, it is not difficult to deduce
that

√
n(Pn(B)− P0(B)) tends in distribution, asn goes to infinity, to a normal r.v. with

mean zero and varianceP0(B)(1− P0(B)).
A statistical estimateof the parameterθ0 = θ(P0) is a functionθ̂n = θ̂n(Pn) of the

empirical distribution.
Example 1 (Moments)The simplest example of parameter is the population mean:θ(P0) =
P0x =

∫
x dF0(x). More generally, thekth moment is given by:θ(P0) = P0x

k
∫

xk dF0(x).

A simple estimator is then̂θn = Pnx
k =

∫
xk dPn(x) = n−1

∑
Xk

i , thekth sample mo-
ment. If thek-th population momentθ0 = P0x

k exists finite, from the strong law of large
numbers in follows that̂θn is a consistent estimator ofθ0: θn

a.s.→ θ0 asn → ∞. Further-
more, from the central limit theorem we have that

√
n(θ̂n − θ0) tends in distribution, as

the sample size increases, to a normal r.v. with mean zero and varianceP0x
2k−(P0x

k)2.¤
Example 2 (Population distribution function and density) The simplest example of
a functional parameter is the population d.f.,i.e. the whole functionθ(P0) = F0(·).
Suppose thatX ⊆ IR, and that the d.f.F0(·) is absolutely continuous. Then, there exist a
functionf0(·) for which the relationshipsF0(x) =

∫ x

−∞ f0(t) dt, andf0(x) = dF0(x)/dx

(almost everywhere w.r.t. the Lebesgue measure) hold true. The functionθ(P0) = f0(·)
is (a version of) thedensity functioncorresponding to the probability distributionP0, and
is a “parameter” of considerable interest in statistics.

SinceF0(x) is nothing more that the probability of the half-line(−∞, x], a natural
estimator ofF0(x) is theempirical distribution function(e.d.f., for short):

Fn(x) = Pn((−∞, x]) =
# ofXi 6 x

n
=

1

n

n∑
i=1

I(Xi6x).



For every fixedx nFn(x) possesses a binomial distribution:PrP0(nFn(x) = k) =(
n
k

)
F0(x)k(1− F0(x))n−k, k = 0, 1, . . . , n. By the strong law of large numbers,Fn(x)

converges almost surely toF0(x), the true population d.f.:Fn(x)
a.s.→ F0(x) as n →

∞, ∀x ∈ IRk. Furthermore, by the central limit theorem,Fn(x) is asymptotically normal

with meanF0(x) and varianceF0(x)(1 − F0(x)). In symbols:
√

n(Fn(x) − F0(x))
d→

N(0, F0(x)(1 − F0(x))) as n → ∞, ∀x ∈ IRk, where
d→ denotes convergence in

distribution, andN(µ, σ2) denotes a normal distribution with meanµ and varianceσ2.¤
Example 3 (Monotone dependence measures)Let g(·) be a real valued, convex and
non-decreasing function, such thatg(0) = 0. Suppose further that the population(X, Y )
takes values inIR2, and denote byF0(x, y), F01(x), F02(y) the joint and marginal d.f.s,
respectively. The following (non-normalized) general measure of monotone dependence
is considered in Cifarelliet al. (Cifarelli et al. (1996)):

θ(F0) =

∫ ∫
{g(|F01(x) + F02(y)− 1|)− g(|F01(x)− F02(y)|)} dF0(x, y). (2)

With obvious notation, a “natural” estimator is then:

θ̂n =

∫

IR2

{g(|F1n(x) + F2n(y)− 1|)− g(|F1n(x)− F2n(y)|)} dFn(x, x). (3)

It is not difficult to see that̂θn can be expressed in terms of sample ranks. Up to normal-
ization factors, and up to termsO(n−1), wheng(z) = z it reduces to Gini’s cograduation
index, and wheng(z) = z2 it reduces to Spearman’s rank correlation coefficient. Asymp-
totic properties of the estimator(3) are studied in Cifarelliet al. (1996).¤
Example 4 (Quantile function)Suppose that the r.v.sXis are real valued, and consider a
real number0 < y < 1. Theyth population quantile is then defined asQ0(y) = F−1

0 (y) =
inf{x : F0(x) > y}. Thequantile population functionis then the functionQ0(·). In this
example, we take asθ(P0) the whole functionQ0(·). As far as an estimator ofθ(F0) is
concerned, take a fixed0 < y < 1, and letQn(y) = F−1

n (y) = inf{x : Fn(x) > y} be
theyth sample quantile. It easily seen thatQn(y) = Xn:dnye, whereXn:1 6 · · · 6 Xn:n

are the ordered sample observations. Thesample quantile functionis thenθn = Qn(·).¤
Example 5 (Cumulative hazard function)The cumulative hazard function is of primary
interest in survival analysis, reliability, etc.. Suppose thatTis arei.i.d “failure times”,
taking non-negative values, and letFT0 be their d.f.. Denote byF−

T0 its left-continuous
version:F−

T0(t) = limε↓0 FT0(t − ε) (if FT0 is continuous, thenF−
T0 coincides withFT ).

The cumulative hazard at point thet is defined as:

ΛT0(t) =

∫ t

0

1

1− F−
T0(x)

dFT0(x).

In survival analysis, the failure timesTis are not properly observed. What are commonly
observed areright censored data, i.e. pairs (Xi, ∆i)s, whereXi = min(Ti, Ci), Ci

being a censoring time, and∆i = 1 if Ti 6 Ci, ∆i = 0 otherwise. Denote byPX0 the
“true” probability distribution ofXis, and byFX0(x) = PrX0(Xi 6 x) the d.f. ofXis.
Assume further thatCis arei.i.d. r.v.s independent ofTis, and define the “sub-distribution
function” F10(x) = PrX0(Xi 6 x, ∆i = 1). Taking into account that1 − F−

X0 =
(1 − F−

T0)(1 − F−
C ) (whereFC is the d.f. ofCis), and thatdF10 = (1 − F−

C ) dFX0, it is



not difficult to see that the relationship

ΛT0(t) =

∫ t

0

1

1− F−
X0(x)

dF10(x)

holds. The quantity of interestθ(FX0, F10) is here the cumulative hazard functionΛT0(·).
On the basis of sample data,FX0 andF10 can be estimatedvia their empirical counter-

parts:FXn(x) = 1
n

∑n
i=1 I(Xi6x), F1n(x) = 1

n

∑n
i=1 I(Xi6x, ∆i=1). In this way, we obtain

theNelson-Aalen estimatorof the cumulative hazard function

θ̂n = Λn(t) =

∫ t

0

1

1− F−
Xn(x)

dF1n(x).¤ (4)

Example 6 (Nonparametric regression)The regression model takes the formY =
g0(x) + U , whereY is theresponse variable, x is acovariate, andU is the error. Condi-
tionally onx, the errorU is a zero mean r.v.:E[U |x] = 0, so thatg0(x) = E[Y |x]. The
functiong0(x) is theregression functionof Y w.r.t. x. When the covariatex is fixed in
advance, before observing the corresponding responseY , the regression model is afixed
designmodel. On the other hand, whenx is a realization of a r.v.X, then the regres-
sion model is astochastic designmodel. Denote byPU |x the probability distribution of
the errorU given the covariatex, and (in the case of a stochastic design model) byPX

the probability distribution ofX. In both cases the quantity of interest is the regression
functiong0. In symbols:θ(PY |·) = g0(·). A sample of sizen, in the present case, consists
of n observations(Yi, xi), linked by the model

Yi = g0(xi) + Ui, i = 1, . . . , n

where the errorsUis are assumed to be independent r.v.s, but not necessarily identically
distributed. In this case, the parameter of interest is the functiong0(·).¤
Example 7 (Ruin probability in collective risk theory) An insurance company re-
ceives claims of sizeC1, C2, . . . at random timesT1, T1 + T2, . . .. The most common
assumption (Andersen (1957)) is that the two sequences(Ti; i > 1), (Ci; i > 1) are
independent, and that each of them is composed byi.i.d. r.v.s. Denote byFT0, FC0

the d.f.s ofTis andCis, respectively. For everyt > 0, let N(t) be the number of
claims in the time interval(0, t]. If the company possesses an initial capitalK > 0,
and receives premiums linearly at a ratep > 0, then its reserve at timet is equal to
S(t) = K + pt −∑N(t)

i=1 Ci. The company isruinedas soon as its reserve becomes neg-
ative. Itsruin probability is π0 = Pr(inft>0 S(t) < 0). Now, π0 can be computed in
a closed form only in very special cases. However, a convenient approximation can be
obtained under additional assumptions. LetWi = −pTi, denote byFW0 its d.f., assume
that GC0(u) =

∫∞
0

eux dFC0(x), GW0(u) =
∫∞

0
eux dFW0(x) exist whenu lies in a

neighbourhood of the origin, and letG0(u) = GC0(u) GW0(u). Define furtherR0 as the
largest non-negative root of the equationG0(u) = 1. Then, the inequalityπ0 6 e−R0K

holds (Grandell (1991)). The quantityR0 is theadjustment coefficient, and plays a pri-
mary role in risk theory, as well as in queueing models. We considerR0 as our parameter
of interest. An estimator ofR0 is theempirical adjustment coefficient: θn = Rn = largest
non-negative root of the equationGn(u) = 1, whereGn(u) = GCn(u) GWn(u), and

GCn(u) =

∫ ∞

0

eux dFCn(x) =
1

n

n∑
i=1

euCi , GWn(u)

∫ ∞

0

eux dFWn(x) =
1

n

n∑
i=1

euWi .¤



Examples 1, 3, 4, 7 are special cases ofstatistical functionals. Suppose that the popu-
lation parameter of interest is a real o vector parameter, expressed in the formθ0 = θ(F0).
A simple (and natural, as well) idea to construct an estimate ofθ0 is to replace the “true”
population d.f.F0 by the e.d.f.Fn in θ(·); in symbols:θ̂n = θ(Fn).

As already said, asymptotic statistics mainly deals with consistency, rates of conver-
gence, and limiting distributions. In particular, consistency means that the estimatorθ̂n, as
the sample size increases, with “high probability” becomes “very close” to the unknown
population parameter. To express this notion in general, we must define a distance on
Θ, i.e. a functiond(·, ·) : Θ × Θ → [0, ∞) such that(a) d(θ1, θ2) = 0 if and only if
θ1 = θ2, (b) d(θ1, θ2) = d(θ2, θ1); (c) d(θ1, θ2) 6 d(θ1, θ3) + d(θ2, θ3). Many of the
distances used in asymptotic analysis are induced by norms. Anormon (the linear space)
Θ is a function‖ · ‖ : Θ → [0, ∞) such that(i) ‖θ‖ = 0 if and only if θ is null; (ii)
‖cθ‖ = |c| ‖θ‖; (iii) ‖θ1 + θ2‖ 6 ‖θ1‖ + ‖θ2‖. The quantityd(θ1, θ2) = ‖θ1 − θ2‖
is then adistanceon Θ. When(i) ((a)) does not hold,‖ · ‖ (d(·, ·)) is a pseudo-norm
(pseudo-distance).

A sequence(θ̂n; n > 1) of estimators ofθ0 is (weakly)consistentif d(θ̂n, θ0)
p→ 0 as

n goes to infinity (the symbol
p→ indicates “convergence in probability”).

The rate of convergenceof a consistent estimator̂θn indicates the speed at which
d(θ̂n, θ0) goes to zero in probability asn increases. Lett(n) be a positive, increasing
function of n, tending to infinity asn does. θ̂n converges toθ0 at the ratet(n)−1 if
t(n) d(θ̂n, θ0) is bounded in probability, i.e. if for every positiveε there existsKε > 0

such thatPrP0(t(n) d(θ̂n, θ0) 6 Kε) > 1 − ε for everyn. In this case, we will write
d(θ̂n, θ0) = Op(1/t(n)). Consider Ex. 1 and suppose thatk = 1, so that̂θn andθ0 reduce
to the sample and population mean, respectively. Using the distanced(θ̂n, θ0) = |θ̂n−θ0|,
from Chebyshev’s inequality it follows that̂θn converges toθ0 at the rate1/

√
n.

In some cases, if̂θn possesses a rate of convergencet(n)−1, then the probability law
t(n)(θ̂n − θ0) converges to the probability law of a proper random variable. For instance,
consider again Ex. 1 withk = 1. From the central limit theorem it follows that the
probability law of

√
n(θ̂n − θ0) is asymptotically normal with mean zero and variance

P0x
2 − (P0x)2. This kind of result holds true in more general cases, even when the

parameterθ is a function. This is actually the most mathematically difficult part of our
programme. Roughly speaking, the estimatorθ̂n(·) may be viewed as a “rule”, or better
as amap, that associates an element ofΘ to every realizationx1, . . . , xn of the random
sampleX1, . . . , Xn. If the elements ofΘ are functions (as in Examples 2, 4, 5, 6), then
θ̂n is arandom function, i.e. astochastic process.

Modern theory of empirical processes offers very powerful tools to study the con-
sistency, rates of convergence, and asymptotic distributions of estimators. As it will be
clear in the sequel, the problems consistency, rates of convergence and the existence of
an asymptotic distribution can be attacked essentially by using a unique tool: theentropy.
The basic advantage consists in reducing the study of asymptotic properties of estimators
to a study of asymptotic properties of empirical processes. In the sequel, a few examples
motivating the use of the empirical processes theory are given. Next, the foundations of
the modern theory of weak convergence and empirical processes are shortly reviewed.



3. Motivations for using empirical processes techniques

As already said, an estimatorθ̂n of θ0 is consistent ifd(θ̂n, θ0) converges in probability
to zero as the sample size increases. Now, in many cases the distanced(θ̂n, θ0) can be
studiedvia a quantity of the formsupg∈Gn

|Png − P0g|, whereGn is a class of functions
g : IRd → IR (we are using the notation introduced in(1)). The classGn may depend on
n. More precisely, in some cases it is possible to prove an inequality of the form

d(θ̂n, θ0) 6 const sup
g∈Gn

|Png − P0g| (5)

which of course implies that

d(θ̂n, θ0)
p→ 0 if sup

g∈Gn

|Png − P0g| p→ 0. (6)

In other cases, an inequality of the form(5) does not hold. However, the consistency of
θ̂n can be still provedvia (6).
Example 8 (Population distribution function, Ex. 2 contd.) Consider again Ex. 2,
and suppose that the goal is to estimate the whole population d.fF0(·). The simplest
estimator ofF0 is the e.d.f. Fn(·), defined in Ex. 2. Of course, the parameter space
is the setF of all d.f.’s onX . According to the programme described in the previous
section, we must define a distance onF . The most widely used distance is theKolmogorov
metric dK(Fn, F0) = supx∈IRd |Fn(x)− F (x)|. For everyx in IRd, define the function
gx : IRd → IR asgx(y) = I(−∞,x](y), and consider the classG = {gx(·); x ∈ IR}. From
Fn(x) = Pngx, F0(x) = P0gx, we conclude that

dK(Fn, F0) = sup
x∈IRd

|Pngx − P0gx| = sup
g∈G

|Png − P0g| .¤

Example 9 (MLE of a density, Ex. 2 contd.)Suppose that the populationX possesses a
density (w.r.t. the Lebesgue measure, for the sake of simplicity), and letF be the class of
all possible density functions forX. Denote as usual byf0 the “true” population density.
As a distance onF take theHellinger metric, defined as:

h(f1, f2) =

(
1

2

∫ (√
f1(x)−

√
f1(x)

)2

dx

)1/2

The maximum likelihood estimator (MLE, for short)̂fn of f0 is the functionf ∈ F that
maximizes the likelihood functionL(f) =

∏
i f(xi). With obvious symbols:

f̂n = argmaxf∈F

∫
log f(x) dPn.

Let fn = (f̂n + f0)/2, and letA+
0 be the set of allxs such thatf0(x) > 0. It can be shown

(see Birǵe (1983), Birǵe and Massart (1993), van de Geer (2000)) that the inequalities

h(f̂n, f0)
2 6 16h(fn, f0)

2

6 8

{
1

n

n∑
i=1

log
fn(xi)

2f0(xi)
IA+

0
(xi)−

∫
log

fn(x)

2f0(x)
IA+

0
(x) dP0

}

= 8

(
Pn log

fn

2f0

IA+
0
− P0 log

fn

2f0

IA+
0

)
(7)



hold. To obtain an inequality similar to(5), denote byG the class of functions{g(x) =
log{(f(x) + f0(x))/2f0(x)} IA+

0
(x); f ∈ F}. From(7) it is immediate to see that

h(f̂n, f0)
2 6 8 sup

g∈G
|Png − P0g| .

If, in addition, the classF of densities isconvex, then a result better (and simpler, as well)
that(7) can be obtained. In fact, ifF is convex, then the inequality

h(f̂n, f0)
2 6 2

(
Pn

f̂n

f̂n + f0

− P0
f̂n

f̂n + f0

)
(8)

holds (see van de Geer (1993) ). Hence, by considering the class of functionsGc =
{g(x) = f(x)/(f(x) + f0(x)); f ∈ F}, from (8) we obtain the inequality

h(f̂n, f0)
2 6 2 sup

g∈Gc

|Png − P0g| .¤ (9)

Example 10 (Mixture models)An important application of(9) is to mixture models. We
consider here only a very simple case. LetY be a real r.v. with unknown d.f.F0 ∈ F , the
set of all d.f.s on the real line. The r.v.Y is not observable. What is observable is a r.v.X
whose density function, conditionally onY = y, is fX(x |y). For the sake of simplicity,
assume thatfX(x |y) is known. Define the densityfFX(x) =

∫
fX(x |y) dF (y), and

denote byFX = {fFX(·); F ∈ F} the set of all possiblefFXs. WhenF = F0 the
densityf0X =

∫
fX(x |y) dF0(y) is the “true” density of the r.v.X. The problem is

to estimateF0 on the basis of a sampleX1, . . . , Xn. Our basic assumption is thatF0

is identifiable, i.e. that fFX coincides withf0X if and only if F is equal toF0. Using
the same notation as in Ex. 9, this is equivalent to assume thath(fFX , f0X) = 0 if
and only if F ≡ F0. Consider then the mapT (·) defined asT (F ) = fFX . If F0 is
identifiable, then the mapT is invertible, and it is possible to writeF = T−1(fFX).
The form ofT , and hence that of its inverseT−1, is in principleknown. Invertibility
of T allows us to produce an estimator ofF0. The basic idea is to(i) estimate first
f0X by its MLE: f̂nX(·) = argmaxf∈FX

∑
log f(xi); (ii) estimateF0 by invertingT :

F̂n(·) = T−1(f̂nX(·)).
To make the problem of estimatingF0 precise, we must adopt a distance onF . The

most convenient distance for our problem is theLevy distance(see Schweizer and Sklar
(1983)). Given two d.f.sF1, F2 on the real line, their Levy distancedL(F1, F2) is equal
to inf{ε > 0 : F1(x − ε) − ε 6 F2(x) 6 F1(x + ε) + ε ∀x ∈ IR}. As shown in
Pfanzagl (1988), identifiability ofF0 implies thatdL(F̂n, F0) goes to zero in probability as
n increases, wheneverh(f̂nX , f0X) does. Hence, to prove that̂Fn is a consistent estimator
of F0, it is enough to show that̂fnX is a consistent estimator off0X , and this essentially
depends on inequality(9).¤
Example 11 (Nonparametric regression, Ex. 6 contd.)Consider the nonparametric
regression model introduced in Ex. 6, and letG be the parameter space,i.e. the set
of all regression functions of the assumed statistical model. For instance, in parametric
regressionG takes the form{β1φ1(x)+· · ·+βkφk(x)}, whereφj(x)s are known functions,
andβjs are unknown parameters. Theleast squares estimatorof g0 is:

ĝn = argming∈G

n∑
i=1

(Yi − g(xi))
2 (10)



Of course, whenG = {β1φ1(x) + · · · + βkφk(x)}, the estimator(10) takes the form
β̂1φ1(x) + · · ·+ β̂kφk(x), whereβ̂js are the least squares estimators ofβjs.

The r.v.sYis, in this case, arenot i.i.d.. Let y be the vector(y1 . . . yn), and letg be
the vector(g(x1) . . . g(xn)). Moreover, define the scalar product〈y, g〉n = (y1g(x1) +

· · · + yng(xn))/n, and the norm‖y‖n =
√

(y2
1 + · · ·+ y2

n)/n. With this notation we
haveĝn = argming∈G‖y − g‖n. The parameter spaceG is equipped with the distance
dn(g1, g2) = ‖g1 − g2‖n.

In this example, unless to impose very stringent conditions, we cannot obtain an in-
equality of the form(5). However, the argument in(6) still works. LetK be a positive
real, and consider (with obvious notation) the class of functionsGn(K) = {g ∈ G :
‖g − g0‖n 6 K}. As shown is van de Geer and Wegkamp (1997), the inequality

PrP0 (‖ĝn − g0‖n > ε) 6 PrP0

(
sup

g∈Gn(K)

1

n

n∑
i=1

(UiI(|Ui|6M) (g(xi)− g0(xi)) > ε2

4

)

+ 2 PrP0

(
1

n

n∑
i=1

U2
i I(|Ui|6M) > ε4

16K2

)
(11)

holds, for every positiveK, M , ε. Under simple regularity conditions onUis, by lettingM
large andK small the last term in(11) can be made arbitrarily small. Hence, the consis-
tency ofĝn essentially depends on whether the quantitysupg∈Gn(K)

∑
i UiI(|Ui|6M) (g(xi)−

g0(xi))/n converges in probability to zero for small values ofK.¤
The examples above show two important facts.(i) In many nonparametric problems

the consistency of estimators depends on the asymptotic behaviour of quantities of the
form supg∈Gn

|Png − Pg|). (ii) The speed of convergence of an estimatorθ̂n to the “true
parameter”θ0 depends on the speed of convergence (to zero) ofsupg∈Gn

|Png−Pg|. Both
these points, roughly speaking, are related to the “dimension” of the classG. If Gn is “too
large”, thensupg∈Gn

|Png − Pg| could not tend to zero in probability. Furthermore, the
smallerGn, the fastestsupg∈Gn

|Png − Pg| tend to zero (in probability), and hence the

fastest̂θn converges toθ0.
As already said in Section 2, an important problem is to approximate (if possible)

the probability distribution of an estimator̂θn. More formally, the problem consists in
showing that, for some sequence(t(n); n > 1), the probability law oft(n) (θ̂n − θ0)
converges to the probability law of a proper random variable, that should be (at least
approximately) computed. We stress again that whenθ̂n takes values in a functional
space,t(n) (θ̂n − θ0) is a random function(a stochastic process), and the study of its
limiting distribution requires some basic tools of the theory of weak convergence.
Example 12 (Elementary empirical process and Kolmogorov statistic, Ex. 8 contd.)
Consider again Ex. 8, and suppose thatXis are real r.v.s (univariate data). LetWn(x) =√

n(Fn(x) − F0(x)), x ∈ IR. For every fixedx Wn(x) is a r.v., such thatnFn(x) =
n(Wn(x)/

√
n+F0(x)) possesses binomial distribution. Therandom function(Wn(x); x ∈

IR) is the simplest example of empirical process, and will be termed “elementary empir-
ical process”. WhenXis are uniformly distributed on(0, 1), the elementary empirical
process is called “uniform empirical process”.

The “classical”Glivenko-Cantelli theoremestablishes the uniform a.s. convergence
on Fn(·) to F0(·): supx∈IR |Fn(x)− F (x)| a.s.→ 0 as n → ∞. A stronger result holds
when one considers the asymptotic distribution of the random functionWn(·) = (Wn(x); x ∈



IR). For the sake of simplicity, assume that the population d.f.F0 is continuous. As a
consequence of the central limit theorem, for every fixedx the r.v. Wn(x) converges in
distribution to a normal r.v. with mean zero and varianceF0(x)(1 − F0(x)). As a sim-
ple extension of this result, it is not difficult to see that for everym > 1 and for every
x1, . . . , xm, the m-dimensional r.v.

√
n(Wn(x1), . . . , Wn(xm)) converges in distribu-

tion, asn goes to infinity, to am-variate normal r.v.(Y1, . . . , Ym), with mean vector zero
and covariance matrixE[YjYh] = F0(min(xj, xh))− F0(xj)F0(xh). This result suggests
that the probability law of the whole random functionWn(·) should converge, in some
sense, to the probability law of a random functionG(·) such that, for everym > 1 and
for everyx1, . . . , xm, the r.v. (G(x1), . . . , G(xm)) possesses am-variate normal dis-
tribution with E[G(xj)] = 0 andE[G(xj) G(xh)] = F0(min(xj, xh)) − F0(xj)F0(xh).
Clearly,G(·) defines aGaussian stochastic process. Consider now a Gaussian stochastic
processB(·) = (B(t); 0 < t < 1), with E[B(t)] = 0, E[B(t) B(u)] = min(t, u) − tu.
The processB(·) is a Brownian bridge. Among its properties, we mention the (a.s.)
continuity of its trajectories: with probability one, realizations ofB(·) are continuous
functions, withB(0) = B(1) = 1. Now, it is not difficult to see that the probability law
of (G(x); x ∈ IR) coincides with the probability law of(B(F0(x)); x ∈ IR). In other

terms, it is possible to writeG(·) d
= B(F0(·)), where

d
= denotes “equality in distribu-

tion”. Hence, the probability law of the elementary empirical processWn(·) converges,
in some sense, to the probability law of the Gaussian stochastic processB(F0(·)). As a
consequence, the probability of the Kolmogorov statistic

√
n supx |Fn(x)−F0(x)| should

converge, asn increases, to the probability law ofsupx |B(F0(x))|. Since (by a continuity
argument)supx |B(F0(x))| is a.s. equal tosup0<t<1 |B(t)|, we conclude that:

√
n sup

x∈IR
|Wn(x)| = √

n sup
x∈IR

|Fn(x)− F0(x)| d→ sup
0<t<1

|B(t)| as n →∞. (12)

Taking into account thatP (supt |B(t)| 6 x) = 1 + 2
∑+∞

k=−∞(−1)ke−2k2x2
(Billingsley

(1999)), relationship(12) gives the asymptotic distribution of the Kolmogorov statistic.¤
The heuristic reasoning of Ex. 12 was first used by Doob (1949), with an evident lack

of rigorousness. Its main weak-points are two.
(i) What is the exact meaning of the sentence “the probability law of the empirical pro-
cessWn(·) converges to the probability law of the Gaussian stochastic processB(F (·))?
Elementary probability theory deals with convergence in distribution of real-valued or
vector-valued r.v.s. The objects involved here are considerably more complicated, be-
cause their realizations are not real numbers or vectors, butfunctions. Hence, we need an
extension of the elementary theory of convergence in distribution.
(ii) Why should the probability law of the functionalθ(Wn) = supx |Wn(x)| converge in
distribution tosupt|B(t)|? Elementary theory of probability tells us that if(Yn; n > 1)

andY are (real-valued or vector valued) r.v.s such thatYn
d→ Y asn tends to infinity,

and if g(·) is a continuous function, theng(Yn)
d→ g(Y ) asn increases. In other words,

convergence in distribution is preserved under continuous transformations. We need an
extension of this argument to stochastic processes.

The first rigorous answer to these questions was given by Donsker (1952), who clar-
ified the meaning of the convergence of the probability law of the empirical process√

n(Fn(·) − F (·)); such a kind of convergence was termed since then “weak conver-
gence”. This originates a series of important studies, that settled the theory of weak
convergence for Borel-measurable random functions. An excellent exposition of this the-
ory (with some extensions to non-Borel-measurable random functions) is in Billingsley



(1999). Statistical applications motivated further advances to the whole theory of weak
convergence. We present in the sequel a very short account of the weak convergence
theory due to Hoffmann-Jørgensen (1991) (see also van der Vaart and Wellner (1996)).

4. Some basic theory of weak convergence

In this section we provide a short sketch of the theory of weak convergence due to
Hoffmann-Jørgensen (1991). Let(Ω, A, P ) be a probability space, and let(S, d) be a
metric space. TheBorel σ-fieldB(S) on (S, d) is the smallestσ-field containing all the
open sets w.r.t. the topology induced by the distanced. Of course, whenS is thek-
dimensional Euclidean space (i.e.IRk equipped by the Euclidean metric),B(S) reduces
to the “usual” Borelσ-field. A mapY : Ω → S is Borel-measurableif the inverse
imageY −1(B) = {ω : Y (ω) ∈ B} is in A for everyB in the Borelσ-field B(S). A
Borel-measurable map is usually referred to as arandom element. The very first devel-
opments of the theory of weak convergence of stochastic processes were based on the
assumption of Borel-measurability. The “prototype” is essentially the elementary em-
pirical processWn(·) =

√
n(Fn(·) − F0(·)), that can be viewed ad a random function

taking values in the setD[−∞ , +∞] of right-continuous functions with left-hand limits.
The setD[−∞ , +∞] can be equipped by an appropriate metric (the Skorokhod metric)
that makesWn(·) Borel-measurable. However, in many cases of interest in statistics, one
has to consider random functions that arenot Borel-measurable. This has forced modern
developments of the theory of weak convergence of random functions.

Let (Yn; n > 1) be a sequence of random functions,i.e. a sequence of mapsYn : Ωn →
S, where(S, d) is an arbitrary metric space. Although the notion of weak convergence
is just the infinite-dimensional counterpart of the usual convergence in distribution of
random variables or vectors, its definition is considerably more involved. Consider a
random functionY taking values inS, and letg : S → IR be a real function. UnlessY is
a random element,g(Y ) is not a random variable, and the expected valueE[g(Y )] does
not make any sense. To overcome this inconvenient, we take itsouter expectation:

E∗[g(Y )] = inf{E[U ] : U : Ω → IR is measurable, U > g(Y ), and E[U ] exists}.
In particular, wheng(x) = IA(x) is the indicator function of a setA, then the outer
expectation reduces to theouter probabilityof A.

A sequence(Yn; n > 1) of random functionsconverges weaklyto a random element
Y if limn→∞ E∗[f(Yn)] = E[f(Y )] for every continuous and bounded functionf : S →
IR. This definitiondoes notrequire thatYns are random elements, but only thatY is
Borel-measurable. Weak convergence possesses nice mathematical properties. Among
them, we mention here thecontinuous mapping theorem: if f : S → E is a continuous
function from the metric space(S, d) to the metric space(E, ρ), and if Yn converges
weakly toY , thenf(Yn) converges weakly tof(Y ).

Generally speaking, it is a very difficult task to verify whether a given sequence of
random functions converges weakly to a random element. However, the effort required
reduces considerably in the simple but important case (at least, very important for statis-
tical applications) of empirical processes. Before giving general results, let us consider
the simple case of the uniform empirical process(En(x) =

√
n(Fn(x)−x); 0 6 x 6 1),

arising when the sample observationsXis are uniformly distributed on(0, 1) (cfr. Ex.
12). We have already said thatEn(·) converges weakly to the Brownian bridgeB(·). This
assertion is equivalent to the following two:



(i) them-variate r.v.(En(x1), . . . , En(xm)) converges in distribution to(B(x1), . . . , B(
xm)), for everym > 1 andx1, . . . , xm in [0, 1];
(ii) for every positiveε, δ, there exist a partition of[0, 1] into finitely many intervals

I1, . . . , Ik such thatlim supn→∞ P ∗
(
sup16j6k supx,y∈Ij

|En(x)− En(y)| > ε
)

6 δ .

This criterion reduces the verification of the weak convergence of therandom function
En to a simpler problem, involving only afinite number of real-valued random variables.
It can be extended to many random functions arising in asymptotic statistics. LetT be an
arbitrary set, and letl∞(T ) be the set of allbounded, real-valued functionsf : T → IR.
Consider further a sequence(Yn; n > 1) of random functions, and a random elementY ,
taking values inl∞(T ). In the case of the uniform empirical process,T = [0, 1]. Clearly,
the random functionsYns, Y , can be written in the form(Yn(t); t ∈ T ), (Y (t); t ∈ T ).
As shown in van der Vaart and Wellner (1996),Yn converges weakly toY if and only if:
(i) them-variate r.v. (Yn(t1), . . . , Yn(tm)) tends in distribution to(Y (t1), . . . , Y (tm)),
for everym > 1 andt1, . . . , tm in T ;
(ii) for every positiveε, δ, there exist a partition ofT into finitely many setsT1, . . . , Tk

such thatlim supn→∞ P ∗
(
sup16j6k supu,t∈Tj

|Yn(t)− Yn(u)| > ε
)

6 δ.

Weak convergence of random elements inl∞(T ) can be also characterized as follows.
Let BL(l∞(T )) be the set of all functionsh : l∞(T ) → [−1, 1] that areuniformly
Lipschitz: |h(u1) − h(u2)| 6 c supt |u1(t) − u2(t)|. Then,(Yn(t); t ∈ T ) converges
weakly to(Y (t); t ∈ T ) if and only if (van der Vaart and Wellner (1996))

sup
h∈BL(l∞(T ))

|E∗[h(Yn)]− E[h(Y )]| → 0 as n →∞. (13)

5. Empirical processes

5.1 Basic problems

The results established so far are of considerable utility when applied to empirical
processes. The general setting is the same as in Sections 2, 3. Let(Xn; n > 1) be a
sequence of r.v.s, defined on a probability space(Ω, A, P ), and letF0(x) = PrP0(Xi 6
x) be the population d.f.. Denote byX the set of values that eachXi may take. Of course,
the most common case isX = IRd (d-variate observations). Consider further a function
g : X → IR, lying in a classG of functions. Using the same notation of Section 2, let
Pn be the empirical measure corresponding to a sampleX1, . . . , Xn of sizen, and let
Png =

∑
g(Xi)/n, P0g =

∫
g(x) dP0. Theempirical processindexed byg is defined as:

Gn(·) = (Gn(g); g ∈ G) = (
√

n(Png − P0g); g ∈ G).

For everyfixed g in the classG, the quantityGn(g) is a real-valued random variable.
Hence, the wholefamily (Gn(g); g ∈ G) is a stochastic process.

As shown in the examples of Section 3, to study the large sample properties of an
estimatorθ̂n we have to study first the large sample behaviour of the empirical process
Gn(·). Since(g(Xi); i > 1) is a sequence ofi.i.d. r.v.s, the limiting behaviour ofGn(g)
for a fixedg can be easily studied. Assuming thatEP0|g(X)| is finite, from the strong law
of large numbers it follows that

Png =
1

n

n∑
i=1

g(Xi)
a.s.→ EP0 [g(X)] = P0g as n →∞ (14)



and hence|Png−P0g| a.s.→ 0 asn increases. Assuming further that the r.v.sg(Xi)s possess
a finite variance (i.e. EP0 [g(Xi)

2] = P0g
2 < ∞), from the central limit theorem for sums

of i.i.d. r.v.s, it follows thatGn(g) converges in distribution to a normal r.v.G(g) with
mean zero and varianceEP0 [g(Xi)

2]− EP0 [g(Xi)]
2 = P0g

2 − (P0g)2. In symbols:

Gn(g)
d→ G(g) ∼ N

(
0, P0(g

2)− (P0g)2
)

as n →∞. (15)

As an easy generalization of(15), it is not difficult to prove that, for every positive integer
m and for everyg1, . . . , gm in G, them-variate r.v.(Gn(g1), . . . , Gn(gm)) converges in
distribution, asn increases, to am-variate normal distribution(G(g1), . . . , G(gm)) with
EP0 [G(gj)] = 0 andEP0 [G(gj) G(gh)] = EP0 [gj(Xi) gh(Xi)]−EP0 [gj(Xi)] EP0 [gh(Xi)] =
P0(gjgk) − (P0gj)(P0gk). As in the case of the elementary empirical process, the family
of r.v.s(G(g); g ∈ G) defines a random function taking values inl∞(G), i.e. a stochastic
processindexed byg. Unfortunately,(14) and (15) are not enough to characterize the
asymptotic behaviour of the stochastic process(Gn(g); g ∈ G). In the sequel, we will
answer to two basic questions.
(i) Does(14) holduniformlyin the classG? In other words, does the quantitysupg∈G |Png
− P0g| tend a.s. to zero asn increases?
(ii) Does the probability law of the stochastic process(Gn(g); g ∈ G) converge to the
law of a stochastic process(G(g); g ∈ G), asn goes to infinity? More formally, does
(Gn(g); g ∈ G) converge weakly to(G(g); g ∈ G) asn increases?

5.2 Entropy and Vapnik-Cervonenkis dimension

The answers to questions(i), (ii), as well as the evaluation of the rate of convergence
of estimators, are largely based on a fundamental mathematical tool: themetric entropy
of the classG. Roughly speaking, the entropy ofG provides a measure of the “width” of
G. Given a classG of functionsg : X → IR, let Q be a probability measure onX , and let
m be a positive integer. Define the (semi) norm

‖ g ‖Q, m= {Qgm}1/m = m

√∫
g(x)m dQ. (16)

Clearly,‖ g1 − g2 ‖Q, m is a (semi) distance betweeng1 andg2. An open ballof centerg0

and radiusε > 0 is the set of functionsBQ, m(g0, ε) of all functions inG having distance
from g0 smallest thanε: BQ, m(g, ε) = {g ∈ G : ‖ g − g0 ‖Q, m< ε}. The ε-covering
numberNm(ε, G, Q) is the smallest number of balls of radiusε coveringG. In symbols:

Nm(ε, G, Q) = smallest k for which ∃ g1, . . . , gk such that G ⊆
k⋃

j=1

BQ, m(gj, ε).

Theε-entropyof G is the logarithm of itsε-covering number. In symbols:Hm(ε, G, Q) =
logNm(ε, G, Q). In particular, when the measureQ is the empirical measurePn the
entropy is termedrandom entropy, and it is denoted byHm(ε, G, Pn).

The computation of the entropy of a classG of functions could be, in principle, com-
plicate. A simplification can be obtained by using the so-called “entropy with bracketing”.
The basic idea of covering numbers is to make a partition ofG by balls of radiusε cov-
eringG. Bracketing is based on the same idea, but it does not use balls. Given a positive
realε, anε-bracketof G is a set ofN pairs of functions,{(gL

1 , gU
1 ), . . . , (gL

N , gU
N)} such



that: (a) ‖ gL
j − gU

j ‖Q, m< ε for everyj = 1, . . . , N ; (b) for everyg ∈ G there exists an
index1 6 j 6 N such thatgL

j 6 g 6 gU
j . Theε-bracketing numberof G is the smallest

N such that there exists anε-bracket{(gL
1 , gU

1 ), . . . , (gL
N , gU

N)}. In symbols:

NB m(ε, G, Q) = inf
{
N such that ∃ a ε-bracket {(gL

1 , gU
1 ), . . . , (gL

N , gU
N)} of G}

.

The ε-entropy with bracketingof G is the logarithm of itsε-bracketing number. In sym-
bols: HB m(ε, G, Q) = logNB m(ε, G, Q). Bracketing numbers are easier to compute
than covering numbers. Furthermore, they are bigger than covering numbers, since for
every positiveε the inequalityHm(ε, G, Q) 6 HB m(ε, G, Q) holds.

The entropy of several classes of functions interesting for statistical applications is
computed in van der Vaart and Wellner (1996), Vapnik (1998), and in references therein.
In many cases, entropy can be computed by elegant combinatorial arguments, that form
the so-calledVapnik-Chervonenkis theory; cfr. Vapnik and Chervonenkis (1971), Vap-
nik (1998). Letx1, . . . , xn be n points ofX , let C be a class of subsets ofX , and let
SC(x1, . . . , xn) be the class of all subsets of the form{x1, . . . , xn} ∩ C, with C in C:

SC(x1, . . . , xn) = {{x1, . . . , xn} ∩ C; C ∈ C} .

Finally, denote bySC(x1, . . . , xn) the number of sets inSC(x1, . . . , xn). Clearly,1 6
SC(x1, . . . , xn) 6 2n. The largest value ofSC(x1, . . . , xn):

SC(n) = max
x1, ..., xn

SC(x1, . . . , xn)

is theshatter coefficientof C. The Vapnik-Cervonenkis dimension(VC-dimension, for
short)VC of C is the largestn for which the equalitySC(n) = 2n holds. In symbols:
VC = sup{n : SC(n) = 2n}. If SC(n) = 2n for every integern, then we setVC = ∞. A
celebrate inequality (Sauer’s lemma) establishes that the relationships

SC(n) 6
VC∑

k=0

(
n
k

)
6 (n + 1)VC .

hold. Hence,SC(n) is either identically equal to2n, or bounded by a polynomial inn.
Let nowG be a class of functionsg : IRd → [a, b], denote bySGg its subgraph:

SGg = {(x, t) ∈ IRd × IR : t 6 g(x)}, and consider the class of setsG+ = {SGg; g ∈
G}. The following inequality, due to Haussler (1992), holds:

Nm(ε, G, Q) 6 e (VG+ + 1)

(
2e(b− a)

ε

)mVG+

∀ ε > 0, m > 1. (17)

Inequality(17) shows the importance of VC-dimension in bounding the entropy of classes
of functions, sinceH1(ε, G, Q) (and in particularH1(ε, G, Pn)) is finite if VG+ < ∞. For
instance, ifG = {θ1φ1(·) + · · · + θkφk(·)}, with φj(·)s known real-valued functions and
θjs unknown real parameters, thenVG+ 6 k + 1 (van der Vaart and Wellner (1996)).

5.3 Glivenko-Cantelli and Donsker theorems

A classG of functions is aGlivenko-Cantelli classif the uniform law of large numbers
holds: supg∈G |Png − P0g| a.s.→ 0 asn goes to infinity. Entropy allows one to establish
regularity conditions under which a classG is Glivenko-Cantelli. A functiong : X → IR
is anenvelope functionfor G if |g(x)| 6 g(x) for everyg ∈ G andx ∈ X .



Theorem 1 (Glivenko-Cantelli) Suppose that the envelopeg of G possesses finite mean
valueP0g = EP0 [g(X)] < ∞, and that one of the following assumptions is met.
(i)HB 1(ε, G, P0) < ∞ for every positiveε.
(ii)H1(ε, G, Pn)/n tends to zero in (outer) probability, asn →∞, for every positiveε.
Then, the uniform law of large numbers holds:

sup
g∈G

|Png − P0g| = sup
g∈G

∣∣∣∣∣
1

n

n∑
i=1

g(Xi)− EP0 [g(X)]

∣∣∣∣∣
a.s.→ 0 as n →∞.¤

A proof of Theorem 1 is in van der Vaart and Wellner (1996). Condition(ii) is also neces-
sary for the uniform law of large numbers; see Talagrand (1996). A “uniform” Glivenko-
Cantelli theorem, involvingsupP0∈P supg∈G |Png − P0g|, is studied in Alonet al. (1997).

In view of (17), condition(ii) is fulfilled wheneverVG+ is finite. In some cases of
statistical interest (e.g. nonparametric regression) condition(i) is too restrictive. On the
other hand,(ii) is less stringent, and more suitable for statistical applications.

A classG of functions is aDonsker classif, when n increases,(Gn(g); g ∈ G)
converges weakly a Gaussian stochastic process(G(g); g ∈ G) with mean function
EP0 [G(g)] = 0 and covariance kernelEP0 [G(g1) G(g2)] = P0g1g2 − (P0g1) (P0g2). Con-
ditions on entropy are also the basic ingredient to establish whetherG is a Donsker class,
i.e. to prove the weak convergence of the empirical process(Gn(g); g ∈ G). Regu-
larity conditions are essentially two. First of all, the classG should possess a squared
integrable envelope function. Secondly, it is apparent from the definition of entropy that
Hm(ε, G, Q) goes to infinity asε tends to zero. In order to have weak convergence to a
limiting process, entropy should not increase “too fast”. More precisely, consider again
the envelope functiong(·), and take its norm‖ g ‖Q, m, as defined in(16). Theuniform
covering numbersare defined as

Nm(ε, G) = sup
Q
Nm(ε ‖ g ‖Q, m, G, Q)

where the supremum is taken over all probability measuresQ for which ‖ g ‖Q, m> 0.
Theuniform entropy integraland thebracketing integralare defined as

Jm(δ, G) =

∫ δ

0

√
logNm(ε, G) dε, JB m(δ, G, P0) =

∫ δ

0

√
logNB m(ε, G, P0) dε (18)

respectively. The following result holds (a proof is in van der Vaart and Wellner (1996)).

Theorem 2 (Donsker) Suppose that the envelopeg of G possesses finite second moment
P0g

2 = EP0 [g(X)2] < ∞, and that one of the following assumptions is met.
(i) The uniform entropyJ2(δ, G) is finite for someδ > 0.
(ii) The bracketing integralJB 2(δ, G, P0) is finite for someδ > 0.
(iii) There is a decreasing functionH such that

∫ δ

0

√
H(t) dt < ∞ for someδ > 0, and

lim
M→∞

lim sup
n→∞

P

(
sup

0<ε<δ

H2(ε, G, Pn)

H(ε)
> M

)
= 0.

Then,((Gn(g); g ∈ G); n > 1) converges weakly to a Gaussian process(G(g); g ∈ G)
with EP0 [G(g)] = 0, EP0 [G(g1) G(g2)] = P0(g1 g2)− (P0g1) (P0g2).¤



The main difficulty in applying condition(i) is that the computation of the uniform en-
tropy could be very difficult. However, as a consequence of(17), if G possesses finite
V C-dimension then(i) is fulfilled. The computation of the bracketing integral does only
require the computation of an expectation w.r.t.P0, the population probability distribu-
tion. Hence, condition(ii) is apparently simpler that(i). The price to pay is a loss of
generality, since the bracketing integral is larger than the uniform entropy.

5.4 Examples

Example 13 (Ex. 8 contd.)Consider again Ex. 8 and suppose, for the sake of simplicity,
that d = 1 (unidimensional data). Ifx < z, then it is easy to see that‖ I(−∞, x](·) −
I(−∞, z](·) ‖Pn, 1= (#x < xi 6 z)/n. Hence, takinggi(y) = I(∞, xi](y), i = 1, . . . , n, we
haveN1(ε, G, Pn) 6 1/n for everyε > 1/n. This result clearly shows thatH1(ε, G, Pn)/n
tends to zero in probability asn goes to infinity, for every fixed positiveε. Hence, we have
proved the classicalGlivenko-Cantelli theorem:

sup
x∈IR

|Fn(x)− F0(x)| a.s.→ 0 as n →∞.¤

Examples 9, 10 offer other simple cases where the theory developed in Subsection 5.3
applies. To prove the consistency of the involved estimators, it is enough to show that
H1(ε, G, Pn)/n tends to zero in (outer) probability as the sample size increases.
Example 14 (Isotonic regression)Consider Ex. 11, and denote byQn the probability
measure giving mass1/n to eachxi, i = 1, . . . , n. From(11) and a result by van de Geer
and Wegkamp (1997),PrP0 (‖ĝn − g0‖n > ε) tends to zero asn increases provided that

lim
M→∞

limsupn→∞
1

n

n∑
i=1

EP0

[
U2

i I|Ui|>M

]
= 0,

1

n
H1(ε, Gn(K), Qn)

p→ 0 as n →∞

for every positiveε and K. In particular, suppose thatG is the class of all real val-
ued, increasing function. This is the case ofisotonic regression. If the functions inG
are uniformly bounded,i.e. if there exitsR > 0 such thatsupx |g(x)| 6 R for ev-
ery g in G, then, using a result by Birman and Solomjak (1967), it can be shown that
H1(ε, Gn(K), Qn) 6 C (

√
nK + R)/ε, C being a positive constant. Hence, in this case

H1(ε, Gn(K), Qn)/n tends to zero in (outer)probability asn increases, from which the
consistency of the least squares estimator follows.¤

Further applications to density estimation, penalized maximum likelihood and least
squares, sieves, M-estimators, as well as to the evaluation of rates of convergence, are in
the books by van der Vaart and Wellner (1996), van de Geer (2000), Györfi et al. (2002).

6. Functional delta method

6.1 Introduction and motivations

The second important step in developing general tools for asymptotic statistics is the
so-called functional delta method. At an elementary level, delta method is widely used by
statisticians. Suppose that(Yn; n > 1), V are r.v.s, and thatan; n > 1, α are constants

such thatan → ∞ andan(Yn − α)
d→ V asn increases. Consider next a differentiable

functiong, with continuous first derivative such thatg′(α) 6= 0. Then,an(g(Yn) − g(α))



asymptotically behaves likeg′(α)an(Yn − α). In symbols:an(g(Yn) − g(α))
d→ g′(α)V

asn tends to infinity. Delta method is a very powerful method in asymptotic statistics,
since it provides for free the asymptotic distribution ofan(g(Yn) − g(α)) when(i) the
functiong is smooth enough, and(ii) the asymptotic distribution ofan(Yn−α) is known.

As remarked in Section 2, many estimators are expressed as functionals of the empiri-
cal measure (or the empirical d.f., which is essentially the same). In symbols:θ̂n = θ(Fn).
Since the asymptotic behaviour of

√
n(Fn(·)− F (·)) is known (Ex. 12), a question natu-

rally arises: Is it possible to obtain the asymptotic distribution of
√

n(θ(Fn) − θ(F )) on
the basis of the asymptotic law of the random function (empirical process)

√
n(Fn(·) −

F (·))? What we need is a general tool, similar in principle to the delta method illustrated
above. Of course, there is a considerable mathematical difficulty. The random function√

n(Fn(·) − F (·)) takes values in an infinite-dimensional function space, and what we
need is actually to extend the notion of derivative to infinite-dimensional spaces.

6.2 Hadamard derivatives in normed spaces

Let U , V be two linear normed spaces. To avoid confusion, we denote by‖ ‖U the
norm onU , and by‖ ‖V the norm onV. A mapψ : U → V is Gateaux-differentiableat
u0 ∈ U if for every fixedu ∈ U there exists a linear, continuous mapψ′u0

(u) such that

lim
h→0

∥∥∥∥
1

h
(ψ(u0 + hu)− ψ(u0))− ψ′u0

(u)

∥∥∥∥
V

= 0. (19)

The quantityψ′u0
(u) is theGateaux derivativeof ψ at u0, along the directionu. When

bothU , V are the real line, clearlyψ′u0
(u) = u (dψ/du|u0). WhenU = IRk, V = IR,

ψ′u0
(u) reduces to the directional derivative ofψ, along the direction of the vectoru.
The notion of Gateaux-differentiability is insufficient for our purposes. What is needed

is a strengthening(19) based on a kind of uniformity inu. If (19) is required to hold uni-
formly for u in every compact subset ofU , thenψ′u0

(u) becomes theHadamard derivative
of ψ. Equivalently, a mapψ is Hadamard differentiableatu0 if there exists a linear, con-
tinuous mapψ′u0

: U → V such that

lim
h→0

∥∥∥∥
1

h
(ψ(u0 + huh)− ψ(u0))− ψ′u0

(u)

∥∥∥∥
V

= 0 (20)

for everyuh → u ash → 0 (i.e. for every‖ uh − u ‖U→ 0 ash → 0).
The mapψ that appear in(20) is not necessarily required to be defined in the whole

setU . It suffices that the domain ofψ is a subsetU0 of U containingu0, and that(20)
holds for everyuh → u such thatu0 +huh is inU0 for everyh small enough. On the other
hand, the mapψ′u0

(·) is required to be defined on the wholeU . Whenψ′u0
(·) only exists

on a subsetU1 of U , and the sequencesuh → u are restricted to converge tou ∈ U1, then
ψ′u0

(·) is the Hadamard derivative ofψ atu0, andtangentially toU1.
The notion of Hadamard-differentiability is stronger than that of Gateaux-differentiabi-

lity: if ψ is Hadamard-differentiable, then it is also Gateaux-differentiable, and the two
derivatives coincide. On the other hand, Gateaux-differentiability does not necessarily
imply Hadamard-differentiability.

One of the most important properties of the “usual” derivative is the formula of deriva-
tives of composite functions, orchain rule: df(g(x))/dx = f ′(g(x)) g′(x). The same kind
of formula also holds for general Hadamard derivatives. More precisely, letψ : U0 → V0,



φ : V0 →W be two maps defined on subsetsU0, V0 of two normed spacesU , V, respec-
tively. If (i) ψ is Hadamard-differentiable atu0 tangentially toU1, and(ii) φ is Hadamard-
differentiable atψ(u0) tangentially toψ′u0

(U1), thenφ(ψ(u)) is Hadamard-differentiable
atu0 tangentially toU1, with Hadamard derivativeφ′ψ(u0)(ψ

′
u0

(u)). The chain rule makes
the Hadamard derivative really useful, since in many cases of interest for applications the
computation of the derivative ofφ(ψ(u)) is made easier. In fact, ifφ′ψ(u0)(·) and(ψ′u0

(·))
are already known, then the Hadamard derivative ofφ(ψ(u)) can be evaluated virtually
effortless, without anyex novocalculation.

6.3 Main results and examples

To expose the functional delta method, we consider first the special but important case
of the elementary empirical process. For the sake of simplicity, assume (although it is not
necessary) that the population d.f.F0 is continuous onIR. As already seen, the elementary
empirical process(

√
n(Fn(x) − F0(x)); −∞ < x < +∞) converges weakly, asn goes

to infinity, to a Gaussian process(G(x); −∞ < x < +∞) = (B(F0(x)); −∞ <
x < +∞), (B(t); 0 6 t 6 1) being a Brownian bridge. To estimate a real parameter
θ = θ(F ), consider the statistical functionalθ̂n = θ(Fn). The following result holds.

Theorem 3 (Functional delta method for the elementary empirical process)Suppose
that the functionalθ(·) is Hadamard differentiable atF0, with Hadamard derivative
θ′F0

(·). Then,
√

n(θ̂n − θ0) =
√

n(θ(Fn) − θ(F0)), as n goes to infinity, converges in
distribution toθ′F0

(G(·)) = θ′F0
(B(F0(·))).¤

The limiting distribution of
√

n(θ̂n−θ0) is expressed as the probability law ofθ′F0
(B(F0(·))),

i.e. as the probability law of a functional of a Gaussian process. Since the Hadamard
derivativeθ′F0

(·) is a linear, real-valued functional, using the Riesz representation theo-
rem, it can be written in the formθ′F0

(H) =
∫

H(x) dφF0(x), for an appropriate bounded
variation functionφF0 (depending onF0). Hence, we may write:

θ′F0
(G) =

∫ +∞

−∞
G(x) dφF0(x). (21)

Relationship(21) shows thatθ′F0
(G) is essentially an integral of the Gaussian process

G(·). As a consequence, it possessesnormaldistribution, with mean

EP0

[∫ +∞

−∞
G(x) dφF0(x)

]
=

∫ +∞

−∞
EP0 [G(x)] dφF0(x) = 0

and variance (which is theasymptotic varianceof θ̂n)

V

[∫
G(x) dφF0(x)

]
=

∫ ∫
(min(F0(x), F0(y))− F0(x) F0(y)) dφF0(x) dφF0(y) (22)

provided that the integral in(22) exists. In other words, we have obtained, under fairly
general conditions, the asymptotic normality of statistical functionals. The asymptotic
variance(22) depends on the population d.f.F0, which is unknown. General techniques
for estimating(22) are based on the jackknife, the infinitesimal jackknife and the boot-
strap methods. Their consistency is studied in Shao (1993), Shao and Tu (1995).

The functional delta method can be expressed in a form considerably more general
than Theorem 3, and useful for statistical applications. Its proof is, for instance, in Gill
and van der Vaart (1993).



Theorem 4 (Functional delta method, general version)LetU , V be two normed linear
spaces, and letψ : U0 → V (withU0 ⊆ U ) be Hadamard differentiable atu0, tangentially
to U1, and with Hadamard derivativeψ′u0

(u). Assume further that(Wn; n > 1) is a
sequence of random functions tacking values inU0, and (an; n > 1) is a sequence of
constants such thatan(Wn− u0) converges weakly to a random elementW taking values
in U1. Thenan(ψ(Wn)− ψ(u0)) converges weakly toψ′u0

(W ).¤

Example 14 (Ex. 3 contd.) Consider the monotone dependence measureθ(F0) intro-
duced Ex. 3, and its estimatorθ̂n = θ(Fn). Assume that the joint d.f.F0(x, y) is contin-
uous , and make the transformationU = F01(X), V = F02(Y ), so that the corresponding
joint d.f. reduces to the copulaM0(u, v) = F0(F

−1
01 (u), F−1

02 (v)), u, v ∈ (0, 1)2. De-
note byF01|2(x |y) (F02|1(y |x)) the conditional d.f. ofX givenY (of Y givenX), and
let φ12(u, v) = F01|2(F

−1
02 (v) |F−1

01 (u)) + F01|2(F
−1
01 (1 − u) |F−1

02 (v)) andφ21(u, v) =
F02|1(F

−1
02 (v) |F−1

01 (u)) + F02|1(F
−1
02 (1 − v) |F−1

01 (u)). As a by-product of results in Ci-
farelli et al.(1996),θ is Hadamard differentiable tangentially to the setH of all continuous
functions on[0, 1]2 with h(u, 0) = h(0, v) = 0, and its Hadamard derivative is equal to:

θ′F0
(h) =

∫ 1

0

∫ 1

0

{h(u, v) + h(u, 1− v)

−h(u, 1) φ21(u, v)− h(1, v)φ12(u, v)} dg(|u + v − 1|).

The sequence of random functions(Bn(x, y) =
√

n(Fn(x, y) − F0(x, y)); x, y ∈ IR)
converges weakly, asn increases, to a Gaussian process(G(x, y); x, y ∈ IR) that can
be represented asG(x, y) = B(F01(x), F02(y)), where(B(u, v); u, v ∈ [0, 1]) is a
Brownian sheet, i.e. a two-parameter Gaussian process with a.s. continuous trajectories,
B(u, 0) = B(0, v) = 0, E[B(u, v)] = 0, E[B(u1, v1) B(u2, v2)] = M0(min(u1, u2),
min(v1, v2)) − M0(u1, v1) M0(u2, v2). Since integrals of Gaussian processes possess
normal distribution (provided it exists), from Theorem 3 it follows that

√
n(θ̂n−θ0) tends

in distribution, asn increases, to a normal r.v. with mean zero and variance

σ2
0 =

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

E[ξ(u1, v1) ξ(u2, v2)] dg(|u1 + v1 − 1|) dg(|u2 + v2 − 1|)

whereξ(u, v) = B(u, v) + B(u, 1− v)−B(u, 1) φ21(u, v)−B(1, y) φ12(u, v).¤
Example 15 (Ex. 4 contd.)Consider again Ex. 4 (quantile function), and assume that
the population d.f.F0 is continuously differentiable on[a, b] = [Q0(u) − ε, Q0(v) + ε]
for someε > 0 and0 < u < v < 1, Q0(y) = F−1

0 (y) being theyth population quantile.
Denote byf0(x) = F ′

0(x) the population density function, and assume thatf0 is positive
on [a, b]. The mapθ(F0) = (Q0(y); u 6 y 6 v) (quantile function restricted to[u, v])
is Hadamard differentiable atF0 tangentially toC[a, b], the set of continuous functions
on [a, b], with derivativeθ′Q0

(g(·)) = −g(·)/f0(·). On the other hand, the sequence
of random functions

√
n(Fn(x) − F0(x); x ∈ IR) tends weakly to a Gaussian process

(G(x) = B(F0(x)); x ∈ IR), where(B(u); 0 6 u 6 1) is a Brownian bridge (see Ex.
12). Since the random functionG(·) possesses trajectories a.s. continuous, from Theorem
4 we conclude that the sequence of random functions(

√
n(Qn(y)−Q0(y)); u 6 y 6 v)

converges weakly to a Gaussian process(G(y); u 6 y 6 v) that can be written in the
form G(y) = B(y)/f0(Q0(y)). In particular, for a fixedy in [u, v]

√
n(Qn(y) − Q0(y))

tends in distribution to a normal r.v. with mean zero and variancey(1− y)/f0(Q0(y))2.¤



Example 16 (Ex. 5 contd.)In Ex. 5 we have defined the Nelson-Aalen estimatorΛn(t)
(4). Now, FXn andF1n are empirical d.f.s, and hence the couple(FXn(x), F1n(y)) is
asymptotically normal for every fixedx, y. It can be also shown that the stochastic pro-
cess(

√
n((FXn(x) − FX0(x)), (F1n(y) − F10(y)); x, y ∈ IR) converges weakly to a

Gaussian process(G(x, y); x, y ∈ IR), with E[G(x, y)] = 0 and an appropriate covari-
ance function (cfr. Gill and Johansen (1990)). As shown in Gill and Johansen (1990),
the mapθ(FX0, F10) = (ΛT0(t); 0 6 t 6 τ) is Hadamard-differentiable at(FX0, F10),
for every positiveτ for which F−

X0(τ) < 1. Hence, the sequence stochastic processes
(
√

n(Λn(t)− Λ0T (t); 0 6 t 6 τ) converges weakly to a Gaussian process.
As seen in Ex. 5, the cumulative risk is equal toΛT0(t) is equal to

∫ t

0
(1−F−

T0)
−1dFT0.

The mapψ(FT0) = ΛT0 is invertible, and its inverse can be written as theproduct integral
of −ΛT0: 1 − FT0(t) = φ(ΛT0) =

∏
0<u6t(1 − ΛT0(u)) exp(−Λc

T0(t)), Λc
T0 being the

continuous part ofΛc
T0. In this way, we obtain theKaplan-Meyer estimatorof 1− FT0:

1− FK
Tn(t) = φ(Λn) =

∏
i: Xi6t

#(j : Xj > Xi)−∆i

#(j : Xj > Xi)
.

Under appropriate regularity conditions, the mapφ(·) is Hadamard-differentiable atΛT0,
and this implies the asymptotic normality of the Kaplan-Meyer estimator.¤
Example 17 (Ex. 7 contd.)Consider again Ex. 7. As already seen, the population adjust-
ment coefficientR0 is the smallest root of the equationG0(u) = 1. Now, an integration
by parts shows that for every positiveu the relationships

GC0(u) = u

∫ +∞

−∞
eux (1− FC0(x)) dx, GW0(u) = u

∫ +∞

−∞
eux (1− FW0(x)) dx

hold. Foru > 0, let hu(x) = exp{max(0, ux)}, denote byDu the set of functions
f : IR → IR such thathu(x)f(x) is in D[−∞, +∞] (cfr. Section 4), and define the
norm ‖ f ‖u= supx |hu(x) f(x)|. If f ∈ Du, then defineϕ(f)(u) = u

∫
euxf(x) dx,

u > 0. The functionψ(f1, f2)(u) = (ϕ(f1)(u)) (ϕ(f2)(u)), f1, f2 ∈ Du, maps the set
Du into the setC1

ε [0, u1] of real functions continuous on[0, u1] and differentiable (with
continuous derivative) on[ε, u1], with 0 < ε < u1 < u. Consider next the setA of all
functionsq ∈ C1

ε [0, u1] such thatq(0) = 1, q is convex and differentiable in[0, ε], with
q′(0) < 0. The setA is equipped by the norm‖ q ‖= supx |q(x)|. For q ∈ A define the
functionalψ(q) = sup {x > 0 : q(x) = 1}. From now on, we will assume thatG0(u)
is finite for everyu ∈ [0, β], β > 2R0. Clearly, the population adjustment coefficientR0

is equal toψ(φ(1 − FC0, 1 − FW0)). As a by-product of results in Capitanio and Conti
(2003), the functionψ is Hadamard-differentiable at(1 − FC0), (1 − FW0), tangentially
to Du ×Du for every2R0 < u 6 γ, with 2R0 < γ < β. Its Hadamard derivative is:

φ′FC0, FW0
(f1, f2) = ϕ(1− FC0)(R0) ϕ(f2)(R0) + ϕ(1− FW0)(R0) ϕ(f1)(R0).

The functionalψ(q) is Hadamard-differentiable atG0 = φ(1−FC0, 1−FW0), tangentially
to the setφ′G0

(Du×Du), with Hadamard derivativeψ′G0
(g) = −g(ψ(G0))/G

′
0(ψ(G0)) =

−g(R0)/G
′
0(R0). By applying the chain rule, it is seen thatψ(φ(·)) is Hadamard-differen-

tiable at(1− FC0, 1− FW0), tangentially toDu ×Du, with Hadamard derivative:

(ψ(φ))′FC0, FW0
(f1, f2) = −ϕ(1− FC0)(R0) ϕ(f2)(R0) + ϕ(1− FW0)(R0) ϕ(f1)(R0)

G′
0(R0)

.



Finally, the sequence of stochastic process(G1n(x), G2n(y); x, y ∈ IR), n > 1, with
G1n(x) =

√
n(FCn(x)− FC0(x)), G2n(y) =

√
n(FWn(y)− FW0(y)), converges weakly

to a two-parameter Gaussian process(G(x, y) = (G1(x), G2(y)); x, y ∈ IR), where
G1(·), G2(·) are independent Gaussian processes withG1(x) = B1(FC0(x)), G2(y) =
B2(FW0(y)), B1, B2 being two independent Brownian bridges. Taking into account that
G1, G2 take a.s. values inDu, we conclude that the limiting distribution

√
n(Rn − R0)

coincides with the law of−(ϕ(1−FC0)(R0) ϕ(G2)(R0)+ϕ(1−FW0)(R0)) ϕ(G1)(R0)/
G′

0(R0), that turns out to be normal with mean zero and variance(GC0(2R0)GW0(R0)
2 +

GW0(2R0)GC0(R0)
2 − 2GC0(R0)

2GW0(R0)
2)/G′

0(R0)
2.¤

7. Approximating empirical processes via bootstrap

The bootstrap method provides a simple approximation of the probability distribution
of estimators (and test-statistics, as well). Assume thatX1, . . . , Xn arei.i.d. with com-
mon probability distributionP0, and letθ0 = θ(P0) be a parameter of interest. Denote by
θ̂n = θ̂(Pn) an estimator ofθ0, wherePn is the empirical measure introduced in Section
2. Consider nextn r.v.s X̃1, . . . , X̃n i.i.d. conditionally onXn = (X1, . . . , Xn), with
Pr(X̃i ∈ B |Xn) = Pn(B). Thebootstrapprobability measurẽPn is defined as:

P̃n(B) =
#(x̃i ∈ B)

n

for every subsetB of X . Whenn is large, the bootstrap measurẽPn(B) is close to the
empirical measurePn(B), by the strong law of large numbers. On the other hand, when
the sample size is largePn(B) is close toP0(B). From this simple remark, we conclude
that, for every fixedB, P̃n(B) is close toP0(B) as the sample sizen is large. As a
consequence, when the sample size is large the probability distribution ofθ̂n should be
close to the conditional probability distribution ofθ̃n = θ(P̃n), givenXn. Of course, the
advantage of this procedure is that, conditionally onXn, the distribution ofP̃n is known,
and hence also the conditional distribution ofθ̃n is known. The precise meaning of these
sentences heavily rests on the techniques developed so far. Using the same notation as in
Section 2, consider a real-valued functiong lying in some classG, and letP̃ng =

∫
g dP̃n.

Consider next the empirical process indexed byG, (Gn(g) =
√

n(Png − P0g); g ∈
G), and the corresponding “bootstrapped” process(G̃n(g) =

√
n(P̃ng − Png); g ∈ G).

The basic result in this direction is due to Giné and Zinn (1990), and tells us that, as
n goes to infinity, the conditional law of̃Gn(·), givenXn, possesses the same limit as
the unconditional law of the empirical processGn(·). More precisely, assume thatG is
a Donsker class, so thatGn(·) converges weakly to a Gaussian processG(·) (on l∞(G))
asn increases. Denote bỹE the expectation w.r.t. the probability law of the bootstrap
sample, conditionally onXn, and consider the setBL(l∞(G)) of all uniformly Lipschitz
functionsh : l∞(G) → [−1, 1]. The following result holds.

Theorem 5 (Donsker theorem for bootstrapped processes)Let G be a Donsker class
with finite envelope functiong with P0p

2, so thatGn(·) converges weakly toG(·). Then:

sup
h∈BL(l∞(G))

∣∣∣Ẽ[h(G̃n) |Xn]− E[h(G)]
∣∣∣ a.s.→ 0 as n →∞.¤ (23)



In view of (13), statement(23) tells us that, for a set of data sequence having proba-
bility one, the bootstrap process̃Gn(·) converges weakly toG(·). In other words, the
conditionallaw of G̃n(·) possesses the same limit as theunconditionallaw of Gn(·).

Using Theorem 5, it is possible to prove a version of the functional delta method for
bootstrapped processes. Denote byF̃n(x) =

∑
I(X̃i6x)/n the bootstrap d.f., and consider

a parameterθ = θ(F0), and estimatorŝθ = θ(Fn), θ̃ = θ(F̃n). Suppose further that
the functionalθ(·) is Hadamard differentiable atF0, with Hadamard derivativeθ′F0

(·). We
already know that

√
n(Fn−F0) converges weakly to a Gaussian processG(·) = B(F0(·)),

B(·) being a Brownian bridge. As seen in Theorem 3,
√

n(θ̂n−θ0) =
√

n(θ(Fn)−θ(F0)),
asn goes to infinity, converges in distribution toθ′F0

(G(·)) = θ′F0
(B(F0(·))).

Theorem 6 If the functionalθ(·) takes values inIRk, k > 1, then

sup
h∈BL(IRk)

∣∣∣E[h(
√

n(θ̃n − θ̂n)) |Xn]− E[h(θ′F0
(G))]

∣∣∣ p→ 0 as n →∞.¤ (24)

Taking into account relationship(13), from Theorems 3, 6 we conclude that the condi-
tional distribution of

√
n(θ̃n− θ̂n), givenXn, tends to the same limit as the unconditional

distribution of
√

n(θ̂n− θ0). Note that in(24) we have convergence in probability instead
of almost sure. This means that the result now obtained is weaker than those of Theorem
5. More general version of Theorem 6 are in the paper by Giné and Zinn (1990).

8. Asymptotic efficiency in nonparametric models

A very important point in estimation theory is the choice among different estimators
of the same parameter. In parametric models, apart from a few special cases, this problem
can be effectively approached only when the sample size is large. The reason for this fact
is simple. To study the efficiency of estimators, it is first necessary to establish a tight
upper bound for their mean squared errors, and this is possible only when the sample size
goes to infinity. For this reason, from now on we will consider theasymptotic efficiency
of estimator. Asymptotic efficiency forparametricmodels is is well established since the
beginning of the Seventies; an excellent account is in Lehmann and Casella (1998). The
first step towards a theory of asymptotic efficiency for nonparametric models is in Levit
(1978). Many results are in Gill (1989). An excellent account, with special emphasis on
methods for constructing estimators, is in Bickelet al. (1993).

For the sake of simplicity, consider a parameter realθ(P ), P ∈ P, and denote byP0

andθ0 = θ(P0) the true population distribution and the true parameter, respectively. For
every one-dimensional submodelP0 = {Pt; 0 < t < τ} ⊆ P containing the trueP0

(obtained ast goes to 0), define the score functiong at t = 0 as a (measurable) function
s : X → IR such that

lim
t→0

∫ {
1

t
(dP

1/2
t − dP

1/2
0 )− 1

2
s(x) dP

1/2
0

}2

= 0 (25)

In several cases the score function takes a simple form. Suppose for instance than the
probability distributionsPt possess a densitypt w.r.t. the Lebesgue measure, so that(25)

reduces to
∫ {(p1/2

t − p
1/2
0 )/t − s(x)p0(x)}2 dx. Then,s(x) reduces to∂ log pt/∂t|t=0,



which is the “usual” score function. The set
.

P0 of score functions obtained asP0 ranges
over a class of submodels, is atangent setof the modelP atP0. Denoting byL2(P0) the
set of all functionsg for whichP0g

2 is finite, the relationship
.

P0⊆ L2(P0) holds.
To define the information for estimatingθ(P0), we consider only submodelsP0 such

that θ(Pt) is Hadamard-differentiable att = 0, tangentially to
.

P0. According to(20),
there exists a linear, continuous function

.

θ0: L2(P0) → IRk such thatlimt→0(θ(Pt) −
θ(P0))/t =

.

θ0 (s) for everys in
.

P0. Using the Riesz representation theorem, it is possible
to write

.

θ0 (s) =
∫

s(x) θ̃0(x) dP0 for an appropriate functioñθ0(·), which is unique in the
closuresp(

.

P0) of all linear combinations of elements of
.

P0. Consider now a submodel
P0, s with score functions. With the same notation as in Section 2, the optimal asymptotic
variance to estimateθ(P0), underP0, s, is equal to (Lehmann and Casella (1998))

(dθ(Pt)/dt|t=0)
2 /P0s

2 =
.

θ0 (s)2/P0s
2. (26)

The supremum of(26), taken w.r.t. all score functionss in sp(
.

P0), defines theoptimal
asymptotic variance for the nonparametric modelP. By Schwarz inequality, it is not
difficult to see that the optimal asymptotic variance forP is equal toP0θ̃

2
0, and plays a

role similar to that of the optimal asymptotic variance in parametric models. In particular,
under appropriate restrictions of the estimators considered (necessary to avoid supereffi-
ciency; see Lehmann and Casella (1998), Bickelet al. (1993)), the asymptotic variance
of every (regular) sequence of estimators(θ̂n; n > 1) is bounded from below byP0θ̃

2
0.

The sequence(θ̂n; n > 1) is asymptotically efficientif
√

n(θ̂ − θ0) tends in distribution,
asn increases, to a normal r.v. with mean zero and varianceP0θ̃

2
0. The notion of asymp-

totic efficiency can be easily extended to vector parameters, and is particularly important
for semiparametric models. For these (and many other) topics, the reader is deferred to
Bickel et al. (1993), van der Vaart (1996), Robins and Ritov (1997).
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