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Riassunto: Questo lavoro tratta il problema dell'inferenza bayesiana per il modello a
rischi proporzionali di Cox (1972). Dopo una breve panoramica di carattere storico, volta

a presentare la letteratura e gli aspetti salienti del problema, si propone una soluzione
originale di tipo MCMC, basata su un nuovo approccio bayesiano non parametrico alla
stima della funzione di intensit La soluzione proposta, che permette di trattare non solo
osservazioni esatte, ma anche osservazioni censurate da destra, viene sperimentata sui
tempi di remissione leucemica originariamente considerati da Cox (1972).
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1. Introduction

In the well known proportional hazards model, introduced by Cox (1972) as a tool for
regression in life-table analysis, the unknown hazardgadé survival timeT; is factored
asp; = e~P*i>p, where< -, - > denotes the ordinary inner product®A, /3 is a vector of
regression parametets,is a vector of covariates observed together Withandp, is the

so calledbaseline hazard ratecorresponding to subjects with = 0. Strictly speaking,

a Bayesian analysis of the above model requires building a random pracesgether
with a random vectog, so that their joint law expresses the prior beliefs on the statistical
experiment; then it is necessary to compute the posterior distributipp arfid 5, given

the observed time%;, ..., T, and covariates,,...,z,. The simple treatment/placebo
scenario, defined by = 1 andz; € {0,1}, Vi, is of particular interest, the main goal
being to determine whether thazard ratio¢ = ¢ is significantly different from one.

A version of the proportional hazards model was considered by Kalbfleisch (1978),
who factored the minus-log-survival functionBfas— log(1 — ®;) = —e%%i log(1—®,),
where®; is the unknown cumulative distribution function’Bfand®, is the baseline one.
Following an empirical Bayes approach, Kalbfleisch (1978) proposed a gamma process
prior for — log(1—®, ), then found3 by maximizing its marginal likelihood and eventually
was able to compute the posterior law-efog(1 — ®,). The problem, as pointed out
by Kalbfleisch (1978) himself, is that the gamma process almost surely gives rise to pure
jump distributions, while it is for the continuous ones that the minus-log-survival function
coincides with the integral function of the hazard rate, that is the cumulative hazard.

In a later work, Hjort (1990) introduced the beta process to model the integral function
of (1 — @, )"'d®,, which is in all cases the cumulative hazard, eved,ifhas jumps;
note thatd, _ in the above integrand is the left-continuous versiof ofHjort (1990) was
able to compute the posterior distribution of the cumulative hazard as a function of the
parametep, working with the same factorization as Kalbfleisch (1978); he then suggested
to plug-in an empirical estimate @f, thus following an empirical Bayes approach, or
possibly introduce a prior fg¥ too and look for a simulation-based solution. Note that the
beta process prior, like the gamma one, almost surely produces pure jump distributions.



An MCMC solution for the above model, with a beta process prior, was subsequently
carried out by Laucet al. (1998); meanwhile, Clayton (1991) had proposed an MCMC
algorithm for a frailty version of the model at issue, adopting a gamma process prior. See
the paper by Sinha and Dey (1998) for an overview of Bayesian inference for general
semiparametric survival models, including frailty ones, and refer to the book by Ibrahim
et al. (2001) for a broad review of Bayesian survival analysis. Kim and Lee (2003) have
recently developed the pure jump baseline approach, by considering general neutral to the
right process priors and allowing for left truncation, as well as right censoring.

In the following, only the simple proportional hazards model will be considered, but
care will be taken in order to ensure that the baseline distribution be absolutely continuous,
in the original spirit of Cox (1972); furthermore, the baseline hazard rate will be smooth,
which can be a very desirable property. Indeed, even in the case of a discrete model, it
was a preference for somewhat smooth estimates that recently led to the introduction of
correlated gamma process priors by Nieto-Barajas and Walker (2002).

2. A Novel Approach

It is here suggested that the simple proportional hazards model, defined by the likelihood

n

L(T | o,x;ps,() = H[gxlp*(Tz)]OL exp {_sz/o ip*(s) ds} 1)

=1

wherez; € {0, 1} is the group indicator for the survival tin¥é > 0 ando; = 1 if 7} is an
exact observation, while; = 0 if 7} is right censored, = 1. ..n, be analyzed taking the
hazard ratia, ~ G(c, d) independent of the baseline hazard rate

p(t) = q[l — K(t)]& + Z@k(t —0j), teRy (2)

where0 = 0y < 07 < 09 < ... are the event times of a homogeneous Poisson process
with intensityq, independent ofy, &1, & . . . which are i.i.d. with{; ~ G(a,b), while k is
the standard normal density afdthe corresponding cumulative distribution function.

The likelihood (1) is standard in this context, except for being written in ternis of
rather thans = log (; this choice allows using a conjugate gamma prior and also a greater
ease of interpretation. On the other hand, the process prior (2) is an original proposal by
La Rocca (2003), basically consisting in a convolution mixture of the standard normal
density by a compound Poisson process. Similar mixtures can be found in a recent paper
by James (2003), where the compound Poisson process is replaced by a weighted gamma
measure and a full posterior analysis of the proportional hazards model is shown to be
possible. As for the Bayesian model defined by (1) and (2), the discrete nature of the
compound Poisson process makes it direct to implemerdamocMCMC algorithm;
see the Ph.D. thesis by La Rocca (2003) for details.

Turning to the choice of hyper-parameters, first recall thas the hazard rate fdf;
such thatr; = 0; therefore, it is possible to set b and ¢ by eliciting a prior for the
survival times in group only. A procedure to impose a given constant prior expected
hazard rate, while controlling the prior variability and the extent to which the model is
practically nonparametric, has been suggested by La Rocca (2003). With regards to the
choice ofc andd, assuming data should express whethés greater or lesser than



it can be wise to imposB{¢ > 1} = P{( < 1}, thenc follows from d, which can be
set to control prior variability. For example, settidg= 1 givesc ~ 1.31425 and the
resulting gamma prior fa¢ roughly corresponds to the “standard” choite- NV (0, 1).

3. Data Analysis

In order to validate the suggested approach, a well known dataset is considered. These
data, consisting of 21 treatment/placebo pairs of leukemia remission times, with 12 right
censored observations in the group of treated patients, have also been analyzed by Cox
(1972), Kalbfleisch (1978), Laugt al.(1998) and Ibrahinet al. (2001, pages 75-78). Itis
clear, even from visual inspection, that remission is shorter for patients receiving placebo.
Anderseret al. (1993, pages 22—-23) describe the dataset in greater detail, also noting that
data are actually multivariate, since treatment/placebo pairs were coupled by initial state
of remission; this feature will be neglected here—see Sinha and Dey (1998) for a suitable
frailty model and its Bayesian analysis—as it is not of primary importance for validating
the suggested approach and this choice allows direct comparison to the above authors.
Figure 1 displays a prior to posterior plot for the hazard ratielative to an analysis
whose details are given by La Rocca (2003). The dashed curve denotes the prior density
of G(1.31425, 1), with the corresponding vertical line marking the prior mediarnThe
solid line denotes a standard kernel estimate of the posterior density, obtained from an
MCMC sample, with the corresponding vertical line marking the posterior median, that
IS (0.5 = 3.54. A shift of the density to the right is apparent, meaning a greater hazard in
the group receiving placebo and therefore proving the effectiveness of treatment; in fact,
the valuel does not belong to the posterior credible intef¢abss, o.075) = (1.93,6.28).
Note that the posterior medigp; = 3.54 is intermediate between the prior mediaand
the empirical valué.21 found by Cox (1972).

Figure 1: Prior to posterior plot for¢.
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Consider now the parametgr It is immediate to computg,; = 1.26 and it turns
out that this value coincides with the posterior expected valud_aud et al. (1998)



found values for3 ranging from1.62 to 1.71, depending on a precision hyper-parameter;
note that the prior expected value @thad been set ta.5. Similarly, empirical Bayes
values ranging from.46 to 1.61 were found by Kalbfleisch (1978). Ibrahiet al. (2001,
pages 75-78) instead fountd= 1.59 by using a correlated gamma process prior/for
and a zero mean normal prior f6r Recall that the empirical value by Cox (1972) was
1.65. Therefore, the estimate obtained by the approach proposed in this short paper is
clearly the most conservative and this is because the prior distributioQ ias been
chosen in such a way that strong empirical evidence is needed if is to be inferred.
Although in the analysis of the proportional hazards model the focus is usually on
the hazard ratio, rather than the baseline hazard rate, the suggested prior distribution has
the advantage of selecting absolutely continuous distributions. This preserves the original
interpretation of the model by Cox (1972) and implies that posterior analysis gives a
smooth estimate of the baseline distribution, which was not the case in the approaches by
Kalbfleisch (1978) and Laudt al. (1998). Note that the ability to estimate the baseline
hazard rate, as well as the different hazard rates in the two groups, by disjoint analyses,
allows full exploitation of the graphical technique suggested by Cox (1972) to assess the
proportional hazards hypothesis.
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