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Riassunto: Le curve di errore massiman@xbias curveHuber, 1964) sono uno degli
strumenti impiegati per lo studio della robustezza di uno stimatore. Esse comsent
di valutare la massima distorsione (asintotica) di uno stimatore in presecoatdimi-
nazione. Recentemente Agostinelli (2004) ha studiato le pr@pdietdentificazione di
una famiglia parametrica quan@ammessa una contaminazione definendo il concetto
di Propriet di Identificazione Robust&bust Identification Propertyln questo lavoro
presentiamo alcune relazioni tra i due concetti per la famiglia parametricaateon
posizione.
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1. Introduction

Huber (1964) introduced theontamination “neighborhoodbf a distribution functior¥’,
given by

N.={(1—-¢)F+eH}

whereH is any distribution and < ¢ < 0.5. For a univariate location estimatdry Huber
defined itsmaxbiag(see for a summary account on the topics Rousseeuw, 1998) as

maxbias(e; T, F') = sup |T(G) — T(F)]
GeN:

The maxbias curve is a plot of theaxbias(e; T, F') for a givenT and F’ versuse. The
maxbias curve combines several well known robustness properties. If thei€aomin-
uous ats, thenT is robust in the qualitative sense At When the maxbias is differen-
tiable, often its derivative at= 0 equals thegross error sensitivityHampelet al., 1986).
Moreover, thes at which the maxbias curve becomes infinite is the asympbotiakdown
point

e*(T, F) = inf{e : maxbias(¢; T, F') = oo}

Agostinelli (2004) introduced thRobust Identification Propertyet M = {m(z,0);0 €

©} be a parametric family where(z; ) is the density with respect to some dominating
measurer and © is the parametric space. Two distinct elemerits £ 6,) are said
identified (using the classicabtlentification property if there exists a measurable sét
such thatf, m(z;0,) dv(z) # [, m(z;6,) dv(z). A parametric family is said identified
if every two distinct elements of the parametric family are identified.



Figure 1: The normaly, = 0andu, = 1. In
dashed”'(0, 1).
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The Robust Identification Property characterize the identification propertyarbanetric
family when an outliers contamination is allowed. To fix the idea, let us cengite
following simple example reported in figure 1. A normal location paraioémily (with
scalesc = 1) is considered and the observations are frognass error modebf the form
F(z) = (1 —¢)N(z; pa) + €H(x) (with H(z) any distribution function).

In order to make the distributiom(z; 1, = 0) not identified fromm(z; u, = 1) we need
to check if the area{(p. = 0, i, = 1)) of the dashed part is less thah.. In fact, when
this condition holds, it is sufficient to choose the outliers contaminatistribution 7 as
a normalized version of the shaded area and we will not be able (even asymiyiotacal
distinghish if the majority of the observations are either fratx; 11, = 0) or m(x; up =
1). In this example”'(0, 1) = 0.383 then we need to have an outliers contamination level
not less thar®.277 in order to find aH that make the two values not identified.

In the general case let the normalized version of the dashed area, nametyrghéout-
liers) contamination density functidoe:

[m(w; 05) — m(x;04)]"
C<6a70b)
C(0.,0,) = /Q m(; 0y) — m(x:0)] du(z)

Wo(;6,,0,) =

andW,(z; 0,,0,) = [*. wo(t;b,,0,) dv(t) the correspondingvorst contamination dis-
tribution function Then our definition of th&obust Identification Properig
Definition: Robust Identification property (against outlier contamination)

A parametric familyM = {m(z;0) : 6 € ©} is robust identifiedfor a level contami-
nation0 < «* < 0.5 if for every valued, € © and for every0 < ¢ < ¢* the set
O,(0,) = {0y : C(6,,0,) < e/(1—¢)} is bounded and such that,(0,) < ©.

2. Relations between maxbias and robust identification property

In this section we study the relation among the maxbias curve of the mediaratest
Ty (which attains the lower bound between equivariant estimators, see He and Simp-



Figure 2: The maxbias curve of several Huber
M—estimator with different constant, the

lower boundB and the bound of the robust
identification propertyB,..
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son, 1993), Huber M—estimator$, and the robust identification property in the normal
location parametric family. Lep and® be the density and the distribution function of
the starndard normal distribution. The maxbias of the M—estimators (MantdrniZamar,
1993) with known scale ang function continuous, monotone, odd and bounded is

maxbias(e; Ty, F') = g' <¢(OO) 1 i 5)

whereg(t) = [;° ¥ (y) (¢(y —t) — ¢(y +t)) dv(y) which specialized to (Huber, 1964)

B = maxbias(g; Ty, F) = &~ <2<16_ €)>
It is easy to check that (for our case of the a normal location parametric fantilysaale
one)

Oo(tta) = {1ta — 24, pta + 2¢}

whereB, = 2¢q = 2 maxbias(e; Ty, ). Hence the length of the maxbias suggested by
the robust identification property3() is twice the lower boundR). Figure 2 illustrated
the maxbias curve for different estimators and

For Huber M—estimators with tuning constanbig enough (for example = 5) we
have a maxbias greater thah. Hence, for these estimators there exists a contamination
distribution such that the value is outsi@e even if the majority of the observations are
still from the central model. So, the robust identification property coaldsed to find a
suitable upper bound for an estimator to be considered robust.

But, what happens to the estimators with maxbias curve betv#and B,? Let us
consider this example, whe#é(x) = 0.7N(x;0,1) + 0.3 H(z) and choosd{ (x) such
that its densityh(z) is the plot in figure 3 (left) which leads to &n(x) with density the
plot in figure 3 (right).

It is easy to check that in this cag&x) can be rewritten as

F(z) = 0.746N(x;0.9,1) 4 0.254H' (z) (1)



Figure 3: Distributions for the example, left: density h(x)
and right: f(x).
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for someH’(z) which means that there exists inside the parametric family a model that
better discribes the majority of the observations (infact the level ofaroimation de-
creases from.3 to 0.254, which is a save of abouit)).

Since formula 1 a good robust location estimator of the majority of iservations (when

the model is normal) would be very close @®, but there no exists a contamination
distribution that leads t@' = 0.9 for every M—estimators with < 1.911.
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