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Riassunto: La stimadei parametrinei modelli spazialivienetradizionalmenteaffrontata
ricorrendoall’utilizzo di tecniche“ad hoc” spessoprive di propriet̀a di ottimalità e sono
rarein quest’ambitoanalisiinferenzialibasatesullo studiodellaverosimiglianza.Questo
statodi coseè in particolarediffuso nel casodei modelli spazialimultivariati di tipo
geostatistico.In questolavoro,permodelli geostatisticifattoriali gerarchici(“generalized
linearmixedmodels”)nongaussiani,si propone,perla fasedi stimafinaledeiparametri,
un’analisidi verosimiglianzabasatasull’utilizzo dell’algoritmo EM stocasticoin cui si
richiedel’uso di algoritmiMarkov chainMonteCarlo.
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1. Hierarchical spatial factor models

Fromthework of Matheron(1982)till nowadays,multivariategeostatisticshasbeendom-
inatedby the linearmodelof coregionalization(with its simplercounterpart,thepropor-
tional covariancemodel,otherwiseknown asintrinsic correlationmodel)andby there-
lated‘f actorialkriging analysis’(see,for morerecentaccounts,Wackernagel(1995)and
Chilèsand Delfiner (1999)). It is fair to say that the widespreaduseof this model is
mainly dueto the convenientcharacterizationof the multivariatespatialautocorrelation
structure,aswell asto theavailability of awidely acceptedestimationprocedurebasedon
the(eigenvalue)principalcomponentdecompositionandonthealgorithmof Goulardand
Voltz (1992).Nevertheless,beingthis modelbasedonly on theform takenby directand
crossvariograms,no hypothesisis madeaboutthe distribution of the data,andthe im-
plied estimationandpredictionproceduresmaybeconsideredadequateonly in thecase
in which the datacanbe assumedto be multivariateGaussian.In othercases,particu-
larly in presenceof countdata,asin many environmentalandepidemiologicalsituations,
the useof this model can lead to misleadingpredictionsand to erroneousconclusions
aboutthe underlingfactors. To copewith suchsituations,in Minozzo (2002)andMi-
nozzoandFruttini (2003),following theproposalsput forwardin theunivariatecase(see,
for instance,Diggle et al. (1998)andCressie(2000)),a hierarchicalmultivariatespatial
modelhasbeenproposedby building uponageneralizationof theclassicalgeostatistical
proportionalcovariancemodel.

Let us briefly recall the model. Let ��� � ��� � , �
	���
 � � � 
 � , ��	���
 � � � 
 � , be a set
of geo-referencedfrequency countsrelative to � regionalizedvariables,gatheredat �
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spatiallocations��� . These� regionalizedcountsareseenasonepartial realizationof a
setof � randomfunctions��� � ��� , �� "!$# % % % # � , �'&)(+*�,.- . For thesefunctionsweas-
sume,for any � , andfor �0/ 21 , ��� � ��� 3 3��54 � ����6 7�� � ��� and ��� � ��� 3 387�4$� ���96 7�� � ��� , and,for��:�/ ;�<: : , and1= "!$# % % % # � , ��� � �<: � 3 3��54$� �<: : �96 7�� � ��: � and ��� � ��: � 3 387�4$� �<: : �96 7�� � ��: � , where7 � � ��� , �9 >!$# % % % # � , aremeanzerojoint stationaryGaussianprocesses.We alsoassume
that,for any given � and� , conditionallyon 7 � � ��� , therandomvariables� � � ��� arePoisson
distributedwith meansgivenby the conditionalexpectations?)� � ���8 E @ ��� � ��� 6 7�� � ��� A ,
andthat B C<� ?)� � ��� �9 EDF�HG�7�� � ��� , for someparametersDH� .

For processes7 � � ��� , let usassumethelinearfactormodel 7 � � ���9 JIEKL M<NFO�� L P<L � ����GQ � � ��� , where O � L arecoefficients, P L � ��� are RTSU� non-observablespatialcomponents
(commonfactors)responsiblefor thecrosscorrelationbetweenthevariables7 � � ��� , andQ � � ��� arenon-observablespatialcomponents(uniquefactors)responsiblefor theresidual
autocorrelationin the 7 � � ��� unexplainedby thecommonfactors.We assumethat P<L � ���
and
Q � � ��� arestationaryGaussianprocesseswith E @ P L � ��� A< EV andE @ Q � � ��� A< EV , andwith

covariancefunctionsCov @ P L � ��� # P L � �=G)W�� A< EX�� W�� andCov @ Q � � ��� # Q � � �8G)W�� A< EY�� X�� W�� ,
whereX�� W�� is a realspatialcorrelationfunctioncommonto all factorssuchthat X�� VF�9 J!
and X�� W��8Z[V , as 6 W\6�Z^] , and Y � arenon-negative real parameters.We alsoassume
thattheprocessesP L � ��� and

Q � � ��� haveall cross-covariancesidenticallyequalto zero.

2. Estimation with the stochastic EM algorithm

Adoptinganon-Bayesianinferentialframework,estimationof theparametersof theabove
hierarchicalspatialfactormodelcanbecarriedoutby employing themethodof moments,
adaptingsomeof thestandardproceduresusedfor thelinearmodelof coregionalization.
Although theseestimationproceduresmay easily be implemented,they lack of suffi-
cient optimality propertiesandmoreefficient procedures,suchaslikelihoodbasedpro-
cedures,shouldbe considered.Assumingthat the numberof factors R andthe spatial
autocorrelationfunction X�� _�� have alreadybeenchosen,likelihoodinferencewould re-
quirethemaximizationof themarginaldensityfunctionof theobservedrandomvariables` � a N # % % % # a�b\� . However, sincethis marginal densityis not available,andsincetheinte-
grationrequiredin theE stepof theEM algorithm(Dempsteret al., 1977)would not be
easy, wehave to resortto somestochasticversionsof theEM algorithm,like thestochas-
tic EM (StEM) algorithmor theMonteCarloEM (MCEM) algorithm(see,for instance,
CeleuxandDiebolt (1985),Wei andTanner(1990),Celeuxet al. (1995),Nielsen(2000)
andZhang(2002)).

For a given setof data a��= c� d�� N # % % % # d�� e\� f , �
 g!$# % % % # � , where d�� � % Td�� � � � � ,
let us definethe vectorsof randomvariablesh �  c� Q � N # % % % # Q � e\� f , �i g!$# % % % # � , andj L  �� P�L N # % % % # P<L e � f , k; T!�# % % % # R , where

Q � � % Q � � ��� � and P<L � % P�L � ��� � , for �8 !�# % % % # � , k' l!$# % % % # R , and m) l!�# % % % # n . Then,by defining op U� q�# rs# t
# u�� , whereq+ �� D N # % % % # D b � f , rv �� w N # % % % # w b � f , with wF�� �� O � N # % % % # O � K � , �= T!�# % % % # � , and
where tv g� Y N # % % % # Y b � f and u is the vectorof parametersof X�� W�� , the full density
functionof all observedandunobservedrandomvariablesis givenby` � a N # % % % # a�b0# h N # % % % # h b # j N # % % % # j K � ` � a N # % % % # a b 6 h N # % % % # h b # j N # % % % # j K ��x ` � h N # % % % # h b # j N # % % % # j K � y bz � M<N ez� M<N�{ |H} � ~�? � � � ?;� � �� �d�� � � � x ` � h N ��x x x ` � h b ��x ` � j N �<x x x ` � j K � #



where �)� �T�� �)� � ��� � dependon parameters� and � , and ��� � � � , � �c�$� � � � � � , and��� �9� � , � �J��� � � � � � , are � -multivariatenormalsdependingonparameters� and � .
Thus,assumingthat the currentguessfor the parametersat the � th stepis givenby�<�

, andthat � � is a fixedpositive integer, theMCEM algorithmcanbe implementedas
follows:

S step – draw � � samples� �<� � � � � � �H  � � � � � � � � �\¡�� ¢ £ ¤ , ¥ �+�$� � � � � � � , from the (fil-
tered)conditionaldistribution ��� �<� � � � � � �H  � � � � � � � � � ¡9¦ § � � � � � � §  0¨ � � � ;

E step – compute© � ª � � � � � � � � �� �'«H¬­ £ ® ��¯ ° ��� § � � � � � � §   � � ¢ £ ¤� � � � � � � ¢ £ ¤  � � ¢ £ ¤� � � � � � � ¢ £ ¤¡ ¨ � � ¨
M step – takeasthenew guess

��� ª � thevalueof
�

whichmaximizes
©8� ª � � � � ��� � .

Choosing� � ��� this procedurereducesto the StEM algorithm,whereasfor � � very
large it approximatesthedeterministicEM algorithm. Moreover, a simulatedannealing
versioncouldbeobtainedby choosingaslowly increasingsequence� �9±c² , as � ±g² .

Althoughcomputationallyintensive, thesamplinginvolvedin theS stepof thealgo-
rithm canbeaccomplishedby Markov chainMonteCarlo(MCMC) simulationtakingas
targetdistribution theconditionaldistribution ��� � � � � � � � �   � � � � � � � � � ¡9¦ § � � � � � � §  5¨ � � � .

On theotherhand,themaximizationin theM stepcanbecarriedout numerically. In
thecaseof theStEM algorithm,that is, assuming� � �³� , we have to maximizethefull
loglikelihoodfunction ´ � � � � ¯ ° ��� § � � � � � � §   � �<� � � � � � �F  � � � � � � � � � ¡ ¨ � � which canbe
writtenas´ � � � �  ­ � ® � ´ � � µ � � ¶ � ��·  ­ � ® � ¯ ° ��� � � ¨ ¸ � � �<��· ¡­ � ® � ¯ ° ��� �9� ¨ �<� �
where ´ � � µH� � ¶ � � �º¹­ � ® �0»F¼ �)� �.·2½�� � ¯ ° � �)� � � ¼ ¯ ° � ½�� � ¾ � ¿ �¯ ° ��� � � ¨ ¸ � � �<� � ¼iÀ Á ¯ ° � Á Â ¸ � � ¼ �Á ¯ ° ¦ Ã5Ä�¦ ¼ �Á ¸ � �HÅ� Ã8Æ �Ä � � �¯ ° ��� � � ¨ �<� � ¼iÀ Á ¯ ° � Á Â � ¼ �Á ¯ ° ¦ Ã�Ä$¦ ¼ �Á � Å� Ã8Æ �Ä � � �
and Ã Ä � ¦ ¦ Ç � ��È ¼ � � � ¦ ¦ ¢ � É È ¤ . Proceedingin steps,the valuesof the parametersµ � and¶ � maximizing ´ � � � , for every � ���$� � � � � � , canbe obtainedby consideringthe terms´ � � µF� � ¶ � � . Analytic maximizationleadsto a systemof � · � nonlinearequationswhich
canbe solved iteratively. Then,maximizationof ´ � � � with respectto theparameterş �
canbe accomplishedby consideringthe terms ¯ ° ��� � � ¨ ¸ � � ��� , separatelyfor every � ���� � � � � � . Equatingto zerothefirst derivativesof ¯ ° ��� � � ¨ ¸ � � �<� with respectto ¸ � leads
to Ê¸ � � � � Ë À � �FÅ� Ã Æ �Ä � � , which dependon � . Substitutingthe Ê¸ � just obtainedinto ´ � � �
leadsto theprofile likelihood´ Ä$� �<�9Ì ¼ À Á  ­ � ® � ¯ °iÍ �À � Å� Ã Æ �Ä � � Î ¼ �ÁpÏ � · �8Ð ¯ ° ¦ Ã Ä ¦ ¼ �Á

¡­ � ® � � Å� Ã Æ �Ä �9� �



whichcanbemaximizednumericallywith respectto Ñ .
In thecaseof theMCEM, that is, with Ò5Ó5Ô³Õ , theM stepof thealgorithmrequires

themaximizationof the‘average’likelihoodÖH×Ø Ù Ú<Û<Ü Ý Ù Þ ß à�á9â^ãØ ä Ú�Û ÖH×Ø Ù Ú�Û�Ü Ý Ù Þä ß å ä æ çFä á<èéãØ ä Ú�Û ÖF×Ø Ù Ú<Û�ê ë0ì ß í Ý Ù Þä�î ï ä æ Ñ á�è^ðØ ñ Ú<Û ÖH×Ø Ù Ú�Û�ê ë0ì ß ò Ý Ù Þñ î Ñ á æ
which canbe accomplishedby proceedingsimilarly to the caseof the StEM algorithm
( Ò5Ó â Õ ). Whereasfor the casein which Ò5Ó is small the algorithmdoesnot converge
pointwiseandestimatesof theparametershave to beobtainedby consideringsomesum-
marystatisticof thevalues

à Ó , for Ò Ó large(or Ò Ó increasing)thealgorithmis guaranteed
to convergeto a local maximumof thelikelihood.Onceestimatesof theparametershave
beenobtained,beingthemodelconsiderednon-identifiable,differentrotationsof thema-
trix óô maybeconsideredto allow for diverseinterpretationsof theunderlyingfactors.
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