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Riassunto: La stimadei parametrinei modelli spazialivienetradizionalmentaffrontata
ricorrendoall’utilizzo di tecniche*ad hoc” spess@rive di propriet di ottimalita e sono
rarein quest’ambitcanalisiinferenzialibasatesullo studiodellaverosimiglianzaQuesto
statodi cosee in particolarediffuso nel casodei modelli spazialimultivariati di tipo

geostatisticoln questdavoro, permodelligeostatistictattorialigerarchici(*generalized
linearmixedmodels”)nongaussianisi propone perla fasedi stimafinaledei parametri,
un’analisidi verosimiglianzabasatasull’'utilizzo dell’algoritmo EM stocastican cui si

richiedel’'uso di algoritmi Markov chainMonte Carlo.
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1. Hierarchical spatial factor models

Fromthework of Matheron(1982)till nowadaysmultivariategeostatistichasbeendom-
inatedby the linear modelof coregionalization(with its simplercounterpartthe propor
tional covariancemodel, otherwiseknown asintrinsic correlationmodel)andby there-
lated‘f actorialkriging analysis’(see,for morerecentaccountsWackernagel1995)and
Chiles and Delfiner (1999)). It is fair to say that the widespreaduse of this modelis
mainly dueto the corvenientcharacterizatioof the multivariatespatialautocorrelation
structureaswell asto theavailability of awidely acceptecekstimationprocedurdoasen
the(eigervalue)principalcomponentdecompositiorandonthealgorithmof Goulardand
Voltz (1992). Neverthelessbeingthis modelbasedonly on the form taken by directand
crossvariogramsno hypothesiss madeaboutthe distribution of the data,andthe im-
plied estimationandpredictionproceduresnay be considerecadequatenly in the case
in which the datacanbe assumedo be multivariateGaussian.In othercasesparticu-
larly in presencef countdata,asin mary ervironmentalandepidemiologicakituations,
the useof this model canleadto misleadingpredictionsandto erroneousconclusions
aboutthe underlingfactors. To copewith suchsituations,in Minozzo (2002) and Mi-
nozzoandFruttini (2003),following theproposalgputforwardin theunivariatecase(see,
for instance Diggle et al. (1998)andCressig(2000)),a hierarchicalmultivariatespatial
modelhasbeenproposedy building upona generalizatiorof the classicalgeostatistical
proportionalcovariancemodel.

Let us briefly recallthe model. Let n;(xz), s = 1,...,m, k = 1,..., K, beaset
of geo-referencefrequeng countsrelative to m regionalizedvariables,gatheredat K
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spatiallocationsx;. Thesem regionalizedcountsareseenasonepartialrealizationof a
setof m randomfunctionsN;(x),: = 1,...,m, x € D C R?. For thesefunctionswe as-
sumefor ary x, andfor ¢ # j, N;(x) L N;(x) | Z;(x) andN;(x) 1L Z;(x) | Z;(x), and,for
x'#x",andj =1,...,m, N;(x') LLN;(x") | Z;(x") andN;(x") 1L Z;(x") | Z;(x'), where
Zi(x),1=1,...,m, aremeanzerojoint stationaryGaussiarprocessesWe alsoassume
that,for ary giveni andx, conditionallyon Z;(x), therandomvariablesV;(x) arePoisson
distributedwith meansgiven by the conditionalexpectationsM;(x) = E[N;(x)|Z;(x)],
andthatln(M;(x)) = §; + Z;(x), for someparameterg;.

For processeg;(x), let usassumehelinearfactormodel Z;(x) = Zle aipFp(x) +
&(x), whereq;, arecoeficients, F,(x) are P < m non-obserablespatialcomponents
(commonfactors)responsibldor the crosscorrelationbetweerthe variablesZ;(x), and
¢;(x) arenon-obserablespatialcomponentguniquefactors)responsibldor theresidual
autocorrelationn the Z;(x) unexplainedby the commonfactors.We assumehat F,, (x)
and¢;(x) arestationaryGaussiamprocessewith E[F,,(x)] = 0 andE[¢;(x)] = 0, andwith
covariancefunctionsCov[F,(x), F,(x + h)] = p(h) andCov[§;(x), & (x +h)] = ¢;p(h),
wherep(h) is arealspatialcorrelationfunctioncommonto all factorssuchthatp(0) = 1
andp(h) — 0, as|h| — oo, andy); arenon-ngative real parametersWe alsoassume
thatthe processe#),(x) and¢;(x) have all cross-cwariancesdenticallyequalto zero.

2. Estimation with the stochastic EM algorithm

Adoptinganon-Bayesiamferentialframewvork, estimatiorof theparametersf theabove
hierarchicakpatialfactormodelcanbe carriedoutby emplgying themethodof moments,
adaptingsomeof the standardproceduresisedfor the linearmodelof coregionalization.
Although theseestimationproceduresmay easily be implemented they lack of suffi-
cientoptimality propertiesand more efficient proceduressuchaslik elihoodbasedpro-
ceduresshouldbe considered.Assumingthat the numberof factors P andthe spatial
autocorrelatiorfunction p(h) have alreadybeenchosen ik elihoodinferencewould re-
quirethemaximizationof themaginal densityfunctionof theobseredrandomvariables
f(ny,...,n,). However, sincethis maginal densityis not available,andsincethe inte-
grationrequiredin the E stepof the EM algorithm(Dempsteret al., 1977)would not be
easywe have to resortto somestochasticersionsof the EM algorithm,lik e the stochas-
tic EM (StEM) algorithmor the Monte CarloEM (MCEM) algorithm(see for instance,
CeleuxandDiebolt (1985),Wei andTanner(1990),Celeuxet al. (1995),Nielsen(2000)
andZhang(2002)).

For a givensetof datan; = (n;y,...,nix)T, 4 = 1,...,m, whereny, = n;(xy),
let us definethe vectorsof randomvariables¢; = (&1,-..,&x)T, ¢ = 1,...,m, and
Fp = (Fp17 - ,FpK)T, p=1,.. .,P, Where&k = fz(xk) andek = Fp(Xk), fori =
l,....,m,p=1,...,P,andk = 1,..., K. Then,by definingd = (8, A, ¢, o), where
B =B 8T, A = (ay,...,a,)T, with a; = (a;1,...,a;p), i = 1,...,m, and
wherew = (¢1,...,%,)T and g is the vector of parameterof p(h), the full density
functionof all obsernedandunobseredrandomvariabless givenby

f(Ill,...,nm,gl,...,gm,Fl,...,Fp)
= f(nl,...,nm|§1,...,§m,F1,...,Fp)-f(gl,...,gm,Fl,...,Fp)

= [T ™M) pte - sien) - 1)+ 108,
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where My, = M;(x;) dependon parameters and A, and f(¢;),i = 1,...,m, and
f(F,),p=1,..., P, arek-multivariatenormalsdependingn parameterg and1.

Thus,assuminghat the currentguessfor the parameterst the sth stepis given by
0,, andthat R, is afixed positive integer, the MCEM algorithmcanbe implementedas
follows:

S step —draw R, sampled¢,,....¢,.,Fi,...,Fp)™, r = 1,..., R,, from the (fil-
tered)conditionaldistributionp(&,,...,&,,,F1,...,Fp|ni, ..., n,;0,);
E step —compute

Qs+1 0 0 Zlnf 111,---7nm,§Y)a---7552)7FY)7---7Fg)§0)§

M step —take asthenew guesd,,; thevalueof & whichmaximizes),, (8, 8,).

ChoosingR; = 1 this procedurereducedo the StEM algorithm, whereador R, very
large it approximateshe deterministicEM algorithm. Moreover, a simulatedannealing
versioncouldbeobtainedoy choosingaslowly increasingsequencé?, — oo, ass — oo.

Although computationallyintensve, the samplinginvolvedin the S stepof the algo-
rithm canbe accomplishedby Markov chainMonte Carlo(MCMC) simulationtaking as
targetdistribution the conditionaldistributionp (¢, . .., &, F1, ..., Fpny, ..., n,; 6;).

Ontheotherhand,the maximizationin the M stepcanbe carriedout numerically In
the caseof the StEM algorithm,thatis, assuming®; = 1, we have to maximizethe full
loglikelihoodfunction(8) = In f(ny,...,n,,&,...,§,,, F1,..., Fp; @) which canbe
written as

m m P
1(6) = E;Zi(ﬂi,ai) + ;lnf(si;«/}i, o) + X;mf(Fp; o),
1= = p=

where
K
L(Bia) = > [— M+ naln(My) — In(ng!)],
k=1
K 1
In f(&;%i,0) = -5 In(27y;) — ln|Pp| 20 ¢/ P,'E,,
K |
Inf(Fp;0) = —51 n(2m) — ln|Pp| —F P, 'F,,
andP, = ||p(x; — x4)||y). Proceedingn steps,the valuesof the parametergs; and
a; maximizingl(@), for everyi = 1,...,m, canbe obtainedby consideringthe terms

1;(8;, a;). Analytic maximizationleadsto a systemof P + 1 nonlinearequationswvhich
canbe solvediteratively. Then, maximizationof /(@) with respecto the parameters);
canbe accomplishedy consideringthe termsln f(€;; v;, @), Separatelyfor every i =
1,...,m. Equatingto zerothefirst deriativesof In f(&;; v;, @) with respecto ¢; leads
to 1 = (1/K)§iTP;1§Z., which dependon g. Substitutingthe); just obtainedinto /(6)
leadsto the profile likelihood

P
oc——Zl ( P, 15)_%(m+P)ln|Pp|—%Z FIP'F,,

p=1



which canbe maximizednumericallywith respecto p.
In the caseof the MCEM, thatis, with R, > 1, theM stepof the algorithmrequires
the maximizationof the ‘average’lik elihood

P R;

Rs m Rs m R,

ST00) =351 Bna) + 33 W fE7 v 0) + .Y InfED; ),

r=1 i=1 r=1 i=1 r=1 p=1 r=1
which canbe accomplishedy proceedingsimilarly to the caseof the StEM algorithm
(R, = 1). Whereador the casein which R, is smallthe algorithmdoesnot converge
pointwiseandestimate®f the parametersiave to be obtainedby consideringsomesum-
mary statisticof thevaluesf, for R, large (or R, increasing}healgorithmis guaranteed
to cornvergeto alocal maximumof thelikelihood.Onceestimate®f the parameterbave
beenobtained peingthemodelconsideredon-identifiabledifferentrotationsof thema-

trix A maybeconsideredo allow for diverseinterpretation®f theunderlyingfactors.
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