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Riassunto: La consistenza forte delle stime di massima verosimiglianza viene provata
facendo uso di una tecnica che, senza alcun riferimento al rapporto di verosimiglianza,
era stata messa a punto ed utilizzata dall’autore anche in ambito nonparametrico. Gli
strumenti adottati, e profondamente differenti dall'armamentario classico, permettono di
rivisitare in forma immediata aspetti classici e di formulare e studiare problemi finora
assai difficilmente attaccabili.
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1. Introduction

The strong consistency of estimates is here studied using an approach which is based on a
technical argument taking its origin from convex analysis and before giving the rigorous
statements we prefer to present the basic ideas under the intuitive point of view. For this
reason the below example is introduced.

1.1 Example
Let us suppose that our purpose consists in estimating the unknown parémetét!
on the base of a sequence of observatiors(xy, s, .. ., z,,...) and using the function
Ln(xy,29,...,2,,0) which depends on the first observed values,, zo,...,z, and
on the real variabld € R'. We are very lucky because eath(zy,zs,...,z,,.) is a
strictly concave function in the argumefitand the sequencglL,,(xy, z2, ..., x,,.)} IS
convergent:

lim Ly (21,22, ..., 24,0) = L(0) 1)

for each fixed) € R'.

Because of the concavity it descends immediately the concavity for the limit function
L(.) and the uniformity of convergence over each compact suliset R'. It is not
enough: we suppose that.) is strictly concave having, as unique global maximizer.
What would we expect in a so favourable situation? It is evident: because of the strict
concavity for eachl,, and the uniform approximation tb over each compadk” con-
taining its unique maximizef,, we pretend thaf,,, has too a unique maximizéy, and
that

n—odo

A detailed proof of the above limit is based on the following



Property 1 If L(.) is a strictly concave function over all the real line with global (and
necessarily unique) maximizey, for any fixed closed bali (6, ) there exists a positive
d(e) > 0 such that if

IL(9) — L(80)| < 5(e) = 16— 6] < e

The above Property is a particular case of a more general statement whose proof is avail-
able in Rockafellar (1972); our purpose consists in understanding the intuitive meaning
and in applying it for the strong consistency of estimates.

1) The meaningThe statement can be written in the following equivalent version:

for each fixede > 0 there exists)(¢) > 0 such that for any rea
satisfying|f — 0y| > € = |L(0) — L(6y)| > d(e).

The Property states that if the distance betw&andd, is made greater that) then also

the corresponding valug(f) has at least the distanééc) from L(6,); or equivalently:

the distance betweghandd, can be detected through the values taken by the function
L(.). In fact if we have|L(0) — L(6,)| < 6(¢) thend belongs to the balb(dy, ). Let

us observe that the possibility of detecting the distance of a gdmam 6, through the
values taken by the functioh,,(x1, zs, .. ., z,,.), which approximateg, very closely, is
exactly what we need for estimatiig.

ii) Applications to estimation.The Property (1) has to be considered jointly with the
uniformity of convergence fof L, } to L over S(6y,¢). By Property (1) we have that
|0 —0y| > €= |L(0) — L(6y)| > 0(¢) and then, because of the uniform convergence, for

given 29 there existsy (%) such that

Yn > ng 3le) = Sup |[Ln(x1,29,...,2,,0) — L(0)| < i)
4 965(90,6) 4

and therd,, € S(6,, €) whered,, denotes the unique global maximizer foy.

Let us recall that in the above elementary proof the two key elements are the property
(1) and the uniformity of convergence 9., } to L; thus our analysis will be performed
on the base of such relevant tools. It is evident that the usual estimation problems lie out-
side the too favourable context described by the above example: for instance, the global
and local concavity for.,, and L is not satisfied in general situations and, consequently,
the uniformity of convergence cannot be stated using the simple pointwise convergence

L, (z1,29,...,2,,0) — L(0)

for 6 fixed.

Nevertheless, the Property(1) and the uniformity of convergencélfpf are not so
restrictive tools to find an application only inside a context of concavity or convexity; it
is in order to show the flexibility of Property (1) that the below statements are given and
they will be referred in the sequel as Basic Property. The first statement is concerning the
case of a concave function and was proved by Rockafellar in his book Convex Analysis
(see theorem 27.2 page 265).

Basic Property 1 Let f : R¥ — R! be a closed proper concave function which has no
direction of recession. The supremumyas then finite and attained. Moreover, for every
e > 0, there exists & > 0 such that every vector satisfyingf(z) > Sup f — 9 lies
within the distance of the maximum set ¢f (i.e. |z — | < ¢ for at least onez such that
f(2) = Sup f), the maximum set here being a non empty closed bounded convex set.



Basic Property 2 Letg : X — R! be a continuous real function defined over the metric
vector spaceX and with the unique global maximizés. Then the restriction of over
any given compact subsat including 6, satisfies the following property: for any fixed
positivee > 0, there exist®(e¢) > 0 such that ifo(0,6y) > € = |L(0) — L(0y)| > d(e),
wherep denotes the metric defined ovgr

Let us observe that the Basic Property (1) is concerning a property for a concave function
f over the whole domai®* and furthermore, because the not strict concavityffahe
unique maximizer (of Property (1) is replaced by a maximum set. On the other hand the
Basic Property (2) is not concerning a concave conigid:a general continuous function

with a unique global maximizer and the stated property is only a local one inside a fixed
compact subset. Thus, even if the meaning of Property (1), Basic Properties (1) and (2) is
similar, because of the different hypothesis, the three statements are perfectly fitted into
different estimation problems; by Property (2) we will study the strong consistency of
maximum likelihood estimates. Finally, let us observe that the proof of Basic Property
(2) is available in Fiorin (2000) (see Theorem 2 page 726).

2. Strong consistency for MLE

Our purpose consists now in giving a detailed proof of the strong consistency for ML
estimates using the Basic Property (2) and the uniform convergence. Furthermore the
likelihood ratio method is not involved in the below proof.

Let X be an observable random variable whose probability distribution is described
through a density function (a probability density function in the discrete c&se}),
wherex € R¢ denotes the values taken by the ivandé, € R* the unknown parameter.

The space of parameters is denoteddbynd we suppose that it denotes any possible
subsets of?*; nevertheless the proof of strong consistency will be given whea R*
because in this case some difficulty may arise implying further assumptions with respect
to the case whe® defines a bounded subset®f.

On the base af independent and identically distributed observations belonging to the

sequence = (x1, g, ..., T,,...) and given the product densififx,0) - - - f(x,,0), the
supremum is takeBup f(z1,0) - - f(z,,6) and then
OcRF

0n = argmaxf(:z:l,e) e f(xrwe)

0c Rk

will denote the subset of points € RF, if they exist, when the above supremum is
attained. All the statements and proofs will be given in terms of Euclidean metric denoted
by o over R* and the ballsS(6,, €) are always thought in the metric.

2.1 The Main Result

Under the below assumptions set, it will be proved for all the sequences of observations
z = (x1,29,...,2,,...) belonging to a set of probability one there exists a corresponding
valuen, (z, €), depending on the sequencef observations and on the> 0 fixed, such

that for alln > ny (z, €) the subsed,, of the global maximizers for the product density is

not empty and furthermor®, C S(6p, €).



Itis important for all the sequel to insist on the meaning of the above statement: when
the observations number is big enough, at least one global maximizer for the corre-
sponding product density always exists and furthermore th&, seftall global maximiz-
ers,independently of its cardinality, is included in the same$@M, ¢). This means that
the strong consistency result is valid not only for a particular sequence of global maximiz-
ers in such a way that, for eaelfixed, we have to select a particular element belonging to
the set,,, but that all the points if,, are, at the same time, strongly consistent estimates
for the unknowrv,.

2.2 Assumptions

Observe that, in the notation adopted below, the syniboheans the expectation with
respect to the distributiod’(x, 6y) and the integrals from-co to +o0o mean integration
over all the spacé?.

a) f(.,0) is areal random variable, for d@lfixed.

b) f(z,.) is a continuous and real valued function defined fordalf R*, and this
almost surelyr with respect to the probability distributiafi(z, ).

C) limp— f(x,0) = 0 for all x fixed a.s.F'(x, ).

d) The identifiability condition is introduced: there exists at least ormich that
F(z,0y) # F(x,0) for eachd # 0.

e) Denoting byS¢(6,, r) the complement of the bafl(6,, r) and given

¢(x,r) = Sup log f(x,0)
0cS<(6o,r)

for sufficiently larger, the positive parto™(x, r) is supposed to have finite expec-
tation .
/ ot (x,r)dF (z,0p) < 0.
f.1) The existence is assumed for a hfé(l&?o, ¢) such that the following inequalities hold
true
“+oo
/ Sup |log f(x,0)|dF(z,0y) < 0o

o0 9e5(6o,r)
f.2) and

+00
/ Sup log f(x,0)dF(z,0y) < Elog f(X,6).
—0 0656(0077‘)

The meaning of the above assumptions is here discussed: a) and b) state that the
trajectories of the real stochastic processf(z, .) for all & € S(6,,r) define a measur-
able random function taking values in the spat& (6, r)) of real and continuous func-
tions defined ovef (6, r) and equipped with the Boretfield generated by the supnorm
gl = Supgess,.r 19(0)], and this with probability one with respect to the underlying
distribution F'(z, 6,).

Assumption d) denotes the general identifiability condition formulated by Wald (1949)
and leading to the inequaliti log f(X,0) < Elog f(X,6,) for all 6 # 0,. A detailed
proof for such an important inequality, referred as Hiasic inequalityhereafter, is the
argument of Lemma 1 of Wald paper. A careful description is convenient for c), €) and
f) which are closely connected; e) and f) introduce the integrability conditions which are



crucial in the proof. Because of c) the liniitn, ., ¢(z,7) = —oo holds true for allx
fixed (a.s. with respeck(z,6,)) and then the request >° ot (x,r)dF (x,0) < oo is
a reasonable one and then, applying the monotone convergence theorem to the negative
partsy(z,7) it can be proved
lim ’ o(z,r)dF(z,0y) = —o0.

Observe that the integrability assumption is given only for the positivegat, r)
and not forp(x, r): thus, forr big enough, the possibilit¥yo (X, r) = —oo is accepted.

All the conditions collected from a) to e) are in common with Wald proof and the only
difference is concerning f). The inequality f.1) appears not only as a replacement but as a
strengthening of the integrability condition used by Wald:

Bllog /X, 00) = [ 1o [, 60)|AF (S, ) < o0

2.3 The proof of the main result

The result introduced in this paragraph is thought inside the pasd,, r)) of the real
continuous functions ove¥(6y, r). The detailed proof is available in Fiorin (2000).

Theorem 1 Under the integrability conditio.1), the sequence of functions defined for
eachf € S(6o,r)

1 n
=

forn = 1,2,... is uniformly convergent to the functioh(¢) = Elog(X,0) for all
6 € S(6y,r), with probability one with respect t&'(z, ).

Proof of the main resultWe begin showing that, under assumptions f.1) and f.2), when
n is big enough, the set of maximizets is not empty and is included if(6,, 7). On a

set with probability one we have that, by Theorem (1), the sequﬁ@@l log f(x;,0)

is uniformly convergent td.(¢) over S(6,r) and, by the usual law of large numbers for
random variables

n

+oo
limlz Sup log f(x;,0) = / Sup log f(z,0)dF(x,0)

OO (T 6e5<(6o,) -0 9eSe(6o,r)

< Elog f(X,6).

Observe that, because of the inequality

:M—‘

1 n
Sup — > log f(z;,0)

0eSc(bo,r) TV i1

Z Sup log f(x;,0)
i=1 0S¢ 90 r)
the global maximizers of >, log f(x;,6) over R* cannot belong tc5“(6,, ) but to
S(6y,7); in such a case the global maximizers ov#&rare given by the maximizers of
a continuous function over a compact set: thus thelses not empty. Fixed the ball
S(0o,€) C S(6y,7), we applay the Basic Property (2): férec (S(Go,r) — S(0o,€)),
L(60)—L(0) > é(e) and then it will be sufficient to takesatisfying|| - "7, log f(z;,0)—
L) < ‘5(6 in order that all the global maximizeés lie inside S (6, ) And this com-
pletes the proof



3. Applications

Let us suppose to have some more informations about the behavid(r) afver the ball

S(6o, ). for instance it is known thak(.) has not only the global maximizéy but also
a local maximizep; as an interior point fo(6y, r) in such a way that

L(6,) > L(O)YO € 5(61,7):

moreover there exist two disjoint bali§6,, ) andS (6, n) included intoS (6, ) and the
integrability assumption f.1) is satisfied. Itis evident that all the procedure shown above
may be applied t&'(64, n):

i) the Basic Property (2) holds true féx(.) overS(6,,n);
i) the sequence.,(§) = =37, log f(z;,0) is uniformly convergent td.(.) over
S(61,n), with probability one.

Thus, forn big enough, the set! of the global maximizers for the restriction 6f,
overS(6;,n) is not empty and the inclusion is satisfi@dC S(6,, ¢) for a fixed positiver
with 0 < € < n. Of course the procedure can be applied also to the3téll ): thus, for
n big enough, and with probability one, the 8of global maximizers for the restriction
of L,, overS(6y,n) is not empty and® C S(6y, €). The Main Result of strong consistency
for MLE states that, if the element$ € 0. andé® € 9° are arbitrarily chosen, we, may
construct two sequencgg’! } and{0°} such that

fm Oh=6 im0 =6
Thus, if the differentiability is introduced for the functiohg f(x, .), we have at the same
time the existence of two local maximizets andé?, for L,,, which are solutions to the
normal equations system
Ly(0,) =0 Ly(6,) =0.

For each fixedh (big enough) we have to decide between the two sets of solutjors
S(61, €) andd® C S(6y, €) and furthermore, when increases, in both the cases we obtain
convergent sequences,&pand tof, respectively. Finally we observe that the possibility
of the above situation is not so rare in the concrete problems: the key role is played by
the integrability assumption f.1) which allows us to reach the continuity_for and the
uniformity of convergence fof L,,} over S(6,,r) with probability one. Unfortunately
the f.1) is a more restrictive assumption if compared with the integrability conditions
introduced by Wald and then somebody may suppose that f.1) is too hard to satisfy. Our
purpose consists now in showing that the usual hypothesis introduced by Cramer (1946)
are sufficient in order to satisfy f.1) and the below statement is concerning the case of a
unidimensional parametés ¢ R!.

3.1 Assumptions

a) f(z,0) satisfies all the conditions a), b), c), d), e) and f.2) inside assumptions (2.2);
b) as in conditions 1), 2) of Cramer (1946) (page 501), the existence is assumed for

the derivativedles/(20) Ol f() Ol f(0) gyer (g, r), for each fixed: € RY
and

3
E( Sup WD@O;
9€§(90,T‘)

063




c) the following expectations are assumed to be finite:
> ’ E <

S(Ql,n) C 5(60;T>7 5(90777) - 5(607T)7 5(91;77) N 5’(90777) = (Z)

dlog f(X,00 — 1)
00

0?log f(X,0p — 1)
062

Ew%ﬂX%—ﬂmEq

),

d) there existg > 0 such that

and

L(6) > L() V6 € S(6y,m) with6 # 6,
L(6) > L(6) V6 € S(6y,n) with 6 # 6o,

i.e. #; andd, are local maximizers fol. over S(#;,n) and S (6, n) respectively
(Moreoverf, is also the global maximizer far over R!).

Theorem 2 Under the above assumptions (3.1) the integrability condition f.1) is satisfied
and, givere (with0 < e < ), for all the sequences of observatianbelonging to a set of
probability one, there exists,(z, ¢) such that for alln > ny(z, €) the setg)} andd® are

not empty and satisfy the inclusiofjsC S(6;, €), 8° C S(6, €), whered! andd® denote

the global maximizers for the restriction 6f, over S(6;,n) and.S(6y, ) respectively.

Proof of the theorenThe important argument consists in proving that, under b) and c),
the integrability assumption f.1) is satisfied. Such a purpose is obtained through iterative
applications of Lagrange theorem for the derivatives; we adopt the simplified notation
g(0) = log f(z,0) for any fixedez € R? and then we have(d) = ¢'(£)(0 — (6y —

r)) + g(6p — r) where¢ € (6, — r,0). Thus the Lagrange theorem is applied again

to g andg” ¢'(§) = ¢"(7)(€ = (6o — 7)) + ¢'(6o — r) Wherey € (6o — r,§) and

g"(7) =9g"()(y— 0y — 1))+ g"(6y — ) whered € (6, — r,7). Then:

19(0)] < [g"(0)8° + |g" (6 — 7)[4r* + |g' (60 — 7)|2r + |g(6 — 1)

< ( S—?p | Ig’”(9)!> 8r° +[g" (0o — r)|4r* + |g'(60 — r)|2r + |g(6p — 1)].
0e€S(0o,r

The last inequality holds true for ayc S(#,, r) in the first member and then we obtain
that f.1) is satisfied under b) and c). All the assumptions are now satisfied in order to
apply the Main Result to the sequenkg(.) and to the limit functionl(.) over S (6, r);

the Main Result may be applied separately over the two Isdls, ) and S(6,, 1) and

the theorem is proved for each fixed< ¢ < . And this completes the proof.

3.2 Uniqueness for consistent MLE

In all the statements given above, when the optimization was cosiderdg, fave had

to do with sets of maximizer8, and so on .. but until now we never spoke about the
possibility of having a unique maximizer (local or global) foy over the ballsS(6,, )

andS (6, n) in such a way that’ and@” contain only one element. In order to study this
problem the hypothesis are improved introducing the existence for the first and second
derivatives/(.) and L"(.) over S(6,,r) and moreover we assume the strict concavity



for L over S(0,,m) and S(6y,n), i.e. L"(§) < 0 for eachd € S(6;,n) and for each

9 € S(y,n). Recalling the proofs above, the Main Result states that, kg enough, the
setsf} and@® of global maximizers for the restriction @f, overS(6;,n) andS(6,, n) are
not empty. If we have the possibility to state the convergencgfif)¢ to L” then, forn big
enough,” < 0 giving the uniqueness fét. andd’. Thus what we need is the uniformity
of convergence for the derivativés which is very easy to obtain applying the theorem

. . . . . Lo n o1 x,0
(1) for uniformity of convergence directly to the derivatives; givén= % 2t Ogaj;( )

andL! = Ly 2lef=0) it js well known that ifX'(.) and \”(.) denote the uniform

limit for {L! } and{L”} respectively ovef(fy, ), then\(§) = L'(§) and)\"(§) = L"(0)
foreachy € S(6,, 7). In order to state the below result we suppose that all the assumptions
(3.1) are satisfied and that d) is improved with the following

Assumption d’) The functionL(.) satisfies the following condition:

Sup L”(Q) < 0.
0€5(61,m)US(80,m)

Theorem 3 Under the Assumptions (3.1) and d’), the following statements hold true:

i) the function L(.) admits first and second derivatives satisfying

L'(0) = B (22LX0) and L' (9) = B (5152 for eachd € S(0), 7).

i) Givene > 0 (with 0 < ¢ < n) and for all the sequences belonging to a set with
probability one, there exists, = (z,¢) such that for eaclh > ng(z, ¢) the sets
61 and@° of global maximizers for the restriction &f, over S(6,,7n) and S (6, n)
respectively contain both a unique element 8het S(6;, ¢) andd® € S(6y, €).

iii) The statement ii) above implies that there exists only one sequyéfi¢ef strongly
consistent maximum likelihood estimatesdar

A statement which is the analogous of Theorem (3) can be given for thedgaser*
under the following assumptions.

3.3 Assumptions

a) all the conditions a), b), ), d), e), f.2) belonging to assumptions (2.2) hold true.
b) For each fixed: € R? the first partial derivativeg%ix’” . j=1,....kand the

second partial derivative%g‘f# :j=1,...,k;l = 1,..., k are supposed to
J

exist and define continuous functions jointly in theeal variables ovef (6, ).
c) The following expectations are supposed to be finite:

alogf(Xﬁ)D for j—1

.k
aej Y Y

E< Sup |log f(X, 0)]) : E( Sup
0e5(00,r) 9e5(00,1)
E( Sup

965’(90,7‘)

9?log f(X,0)
00,00,
d”) The condition d) of assumptions (3.1) is satisfied and furthermore
_ Inf_ D(H.(#)) >0 withteven
0€5(61,m)US(60,m)

Sup D(H(0)) <0 with ¢t odd.
6€5(61,1)US (60,n)

D forj=1,....k [=1,... k.



whereD(H,;) denotes the determinant of each Hessian submatrix$ot, . . . , k.

Theorem 4 Under the Assumptions (3.3), the following statements hold true:

i) the functionZ(.) admits first and second partial derivatives satisfyibgqe) =

dlog f(X,0) i . 02 log f(X,0) o
f?(lg) forj =1,....kandL/(0) = E (W) forj=1,...,kand

i) The same statement as in ii) of Theorem (3).
iii) The same statement as in iii) of Theorem (3).

Sketch of the proof for Theorems (3) and (#he proof, in both the cases, is the result of
two steps:

1. the Main Result may be applied over the bal®,, ) and S (6, n) and then for
each sequence of observatianiselonging to a set with probability one there exists
n1(z, €) such that the se, andé® of the global maximizers for the restriction of
L, overS(6;,n) andS (6, n) are not empty and: C S(0;,¢), 02 C S(6y, €).

2. Because of the uniformity of convergence for the second derivatives of the function
L, () overS(d,,r), for each sequence of observations belonging to a set of proba-
bility one, there exista,(z) such that ifn > ny(z), thenL,, defines a strictly con-
cave function ove5(6,,7) andS(6y,n). Takingng(z, €) = max{n,(z, ), ny(z)}
the theorems are proved.

Remarks

1. The existence of a unique consistent sequéfite of MLE is an important prob-
lem in the literature; the first result is due to Huzurbazar (1948) and is concerning
the unidimensional parameter context. The extension of such a result to the mul-
tidimensional case generated very serious problems: Chanda tried an extension in
1954 and only in 1975 Tarone and Gruenhage showed that Chanda’s proof was
wrong; in the introduction of their paper they write: “if the parameter of interest
is vector valued, such problem can be extremely difficult”. A modification of the
method adopted by Tarone and Gruenhage was given by Foutz. The type of proof
given above by Theorems (3) and (4) differs consistently from the solutions avail-
able in the literature: in fact no difference is made between unidimensional and
multidimensional parameter.

2. The existence, for the limit functioh(#) = E(log f(X,#)), of local maximizers,
different fromé,, generates very serious problems. Of course it is interesting to
know concrete situations where the sets of local maximizers fgrdoes not con-
tain the unique elemertt,. Such a possibility can be obtained using mixtures of
densities.

3. Further Applications: the Basic Property and the uniformity of convergence allow
us to derive strongly consistent estimates also in nonparametric contexts like, for
instance, the Cox regression model for counting processes with time dependent
coefficients as in Fiorin (1996) and Fiorin (1998).
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