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1. Introduction and notation

Let (X ,B) be a measurable space. Letϕ be a non-negative convex function defined
from (0, +∞) onto [0,∞] and satisfyingϕ(1) = 0. Also extendϕ at 0 definingϕ(0) =
limx→0+ ϕ(x). Let P be a probability measure (p.m.) defined on (X ,B). For any p.m.Q
absolutely continuous (a.c.) w.r.t.P , theφ-divergence betweenQ andP is defined by

φ(Q,P ) :=

∫
ϕ

(
dQ

dP

)
dP. (1)

WhenQ is not a.c. w.r.t.P , we setφ(Q, P ) := +∞. ThereforeQ → φ(Q,P ) is defined
on the whole class of all probability measures on(X ,B) .

For any p.m. P , the mappingQ → φ(Q,P ) is convex and non-negative. When
Q = P , theφ−divergence betweenQ andP is zero. When the functionx → ϕ(x) is a
strictly convex function inx = 1, then the fundamental property holds

φ(Q,P ) = 0 if and only if Q = P.

We refer to Csisźar (1967) and to Liese and Vajda (1987) chapter 1, for the proofs of these
properties.

In generalφ(Q,P ) andφ(P, Q) are not equal. Indeed, they coincide if and only if
there exists some real numberc such that for any positivex, it holdsϕ(x) − xϕ(1/x) =
c(x − 1) (see Liese and Vajda (1987) Theorem 1.13). Henceφ−divergences usually are
not distances, but they merely measure some difference between two p.m’s. Of course
a main feature of divergences between distributions of r.v’sX andY is the invariance
property with respect to any common change of variables.
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1.1. Examples ofφ-divergences.

Some divergences are widely used in statistics and in Information theory. They are the
Kullback-Leibler (KL) and the modified KL (KLm) divergences, defined as follows

KL(Q,P ) :=

{ ∫
log

(
dQ
dP

)
dQ if Q is a.c. w.r.t.P,

+∞ otherwise

KLm(Q,P ) :=

{ ∫ − log
(

dQ
dP

)
dP if Q is a.c. w.r.t.P,

+∞ otherwise.

The first one corresponds toϕ(x) = x log(x) − x + 1, and the second one toϕ(x) =
− log(x) + x − 1 . The above examples are peculiar cases of the so-called “power
divergences”, introduced by Cressie and Read (1984) (see also Liese and Vajda (1987)
chapter 2), which are defined by the class of functions

x ∈ R+ → ϕγ(x) :=
xγ − γx + γ − 1

γ(γ − 1)
(2)

for γ in R, γ 6= 0, 1 andϕ0(x) := − log x + x − 1, ϕ1(x) := x log x − x + 1. TheKL
divergence is associated toϕ0, theKLm to ϕ1, theχ2 to ϕ−1, the modifiedχ2 to ϕ2, and
the Hellinger distance toϕ1/2.

We are interested in estimation and test using such divergences. An i.i.d. sample
X1, . . . , Xn with common unknown distributionP is observed and some p.m.Q is given.
We intend to estimateφ(Q,P ) and, more generally,infQ∈Ω φ(Q,P ) whereΩ is some
set of p.m’s, as well as the p.m.Q∗ achieving the infimum inΩ. In the parametric
context, these problems can be well defined and lead to new results in estimation and
tests, extending classical notions and improving their properties. In the field of semi
parametric statistics it provides new tools for the two sample problem, among others.
Also this approach extends the empirical likelihood paradigm and provides estimates and
tests for models satisfying linear constraints with unknown parameters.

1.2. Statistical examples and motivation

1.2.1. Tests of fit

Let Q0 andP be two p.m’s with same finite discrete supportS. It holds

φ(Q0, P ) =
∑
i∈S

ϕ(Q0(i)/P (i))P (i)

which can then be estimated via plug-in, setting

φ̂n(Q0, P ) := φ(Q0, Pn) =
∑
i∈S

ϕ(Q0(i)/Pn(i))Pn(i),

wherePn is the empirical measure pertaining to the sampleX1, . . . , Xn with distribution
P .

In this vein, goodness of fit tests have been proposed by Cressie and Read (1984),
Landaburu and Pardo (2000) for fixed number of classes, and by Györfi and Vajda (2002)
when the number of classes depends on the sample size.



1.2.2. Estimation and parametric tests

Let {Pθ, θ ∈ Θ} be some parametric model withΘ a subset ofRd. Assume that all p.m’s
Pθ share the same finite supportS and that the supportS does not depend uponθ. We
then have

φ(Pθ, Pθ0) =
∑
i∈S

ϕ

(
Pθ(i)

Pθ0(i)

)
Pθ0(i).

For such models, Lindsay (1994) and Moraleset al. (1995) introduced the so-called
“Minimum φ−divergences estimates” (MφE’s) (Minimum Disparity Estimators in Lind-
say (1994)) of the unknown true value of the parameter, sayθ0, defined by

θ̂n := arg inf
θ∈Θ

φ(Pθ, Pn), (3)

whereφ(Pθ, Pn) is the plug-in estimate ofφ(Pθ, Pθ0)

φ(Pθ, Pn) =
∑
i∈S

ϕ

(
Pθ(i)

Pn(i)

)
Pn(i).

Various parametric tests can be performed based on the previous estimates of theφ-
divergences; see Lindsay (1994) and Morales, Pardo and Vajda (1995). The class of esti-
mates in (3) contains the maximum likelihood estimate. Indeed whenϕ(x) = − log(x) +

x − 1, we obtain θ̂n := arg infθ∈Θ KLm(Pθ, Pn) = arg infθ∈Θ

∑
i∈S − log(Pθ(i)) =

MLE. When interested in testingH0 : θ0 = α0 againstH1 : θ0 6= α0, we can use the
statisticsφ(Pα0 , Pn), the plug-in estimate of the divergence betweenPα0 and Pθ0, re-
jecting H0 for large values of the statistics; see Cressie and Read (1984). In the case
when ϕ(x) = − log(x) + x − 1, this test does not coincide with the maximum like-
lihood ratio test, which defined through the Wilks likelihood ratio statisticMLn := 2

log
supθ∈Θ

∏n
i=1 pθ(Xi)∏n

i=1 pα0 (Xi)
. The new estimatêKLm(Pα0 , Pθ0) of KLm(Pα0 , Pθ0), which is pro-

posed here, leads to the maximum likelihood ratio test.
When the supportS is continuous, the estimates in (3) are not defined; Basu and Lind-

say (1994) investigate the so-called “minimum disparity estimators” (MDE’s) for con-
tinuous models; they considerpn,h(x) := 1

h

∫
K

(
x−t
h

)
dPn(t) the kernel estimate of the

density of theX ′
is, and the smoothed version ofpθ, i.e. p∗θ(x) := 1

h

∫
K

(
x−t
h

)
pθ(t)dt. The

MDE is then defined asarg minθ∈Θ φ̂(p∗θ, pn,h) with φ̂(p∗θ, pn,h) :=
∫

ϕ
(

P ∗θ
π̂

(t)
)

pn,h(t)dt.

Whenϕ(x) = − log(x)+x−1, this estimate clearly, due to smoothing, does not coincide
with the MLE. Also the test based on̂KLm(p∗θ, pn,h) is different from the likelihood ratio
test.

No direct plug-in estimate ofφ(Q,P ) can be performed by substitution ofP by Pn

whenQ belongs to some class of p.m’s a.c. w.r.t. the Lebesgue measureλ. In order
to build tests pertaining to the densityp :=

dP

dλ
, Beran (1977) and Berlinet and Van der

Meulen (1998) proposed to use the smoothed kernel estimatepn of p. Beran (1977) han-
dles the Hellinger distance, while Berlinet and Van der Meulen (1998) obtains the limiting
distribution of the estimate for the Kullback-Leibler divergence. The extension of their
results to other divergences remains an open problem; see Berlinet (1999), Györfi et al.
(1998), and Berlinet and Van der Meulen (1998). Also it seems difficult to use such meth-
ods to obtain the limiting distribution of an estimate ofinfQ∈Ω φ(Q,P ) whenΩ is some



class of p.m’s; this problem will be treated in the present paper whenΩ is a parametric
class, avoiding the smoothing method.

WhenS is infinite or continuous then the plug-in estimateφ(Pθ, Pn) usually takes in-
finite value when no use is done of some partition-based approximation. In Broniatowski
(2002), a new estimation procedure is proposed in order to estimate the KL-divergence
between some set of p.m’sΩ and some p.m.P , without making use of any partition-
ing nor smoothing, but merely making use of the well known dual representation of the
KL-divergence as the Fenchel-Legendre transform of the moment generating function.

Extending the paper by Broniatowski (2002), we expose some general representation
for φ-divergences. This is obtained through the following duality lemma, whose proof
can be found for example in Lemma 4.5.8 chapter 4 in Dembo and Zeitouni (1998).

Lemma 1 LetS be a locally convex Hausdorff topological linear space and letg : S →
(−∞, +∞] be some convex lower semi continuous (l.s.c.) function. Define the Fenchel-
Legendre transform ofg by

g∗(l) := sup
x∈S

{l(x)− g(x)} , l ∈ S∗,

whereS∗ is the topological dual space ofS. We then have

g(x) = sup
l∈S∗

{l(x)− g∗(l)} ,

which is to say thatg is the Fenchel-Legendre transform ofg∗.

When applied in the context of divergences between distributions in a parametrized
family the above Lemma is the starting point for the definition of estimates of the parame-
terθ0, which we will call “minimum dualφ−divergences estimates” (MDφE’s). They are
defined in parametric models{Pθ, θ ∈ Θ} , where the p.m’sPθ do not necessarily have fi-
nite support; it can be discrete or continuous, bounded or not. Also the same Lemma will
be applied in order to estimateφ(Pα, Pθ0) andinfα∈Θ0 φ(Pα, Pθ0) whereΘ0 is a subset of
Θ, which leads to various simple and composite tests pertaining toθ0, the true unknown
value of the parameter. Whenϕ(x) = − log(x) + x − 1, the MDφE’s coincide with
the maximum likelihood estimates (see remark 3.2 below); since our approach includes
also test procedures, with this peculiar choice for the functionϕ, we recover the classical
likelihood ratio test for simple hypotheses and for composite hypotheses. In the context
of parametric estimation it is well known that the maximum likelihood method may lead
to non robust estimates, although efficient after bias first order correction. A possible
extention of the results presented here leads to minimum divergence estimates which can
both meet the requirements of efficiency and robustness. When applied in proportional
risk models these techniques provide new solutions for the two sample problem. Also in
the context of estimation and tests for models satisfying linear constraints with unknown
parameters, as appears in regression analysis or in test of fit, they provide solutions that
have common features with the empirical likelihood techniques, extending them to a wide
class of criterions.

We sometimes writePf for
∫

f dP for any measureP and functionf.

2. Duality and φ-divergences

Let (X ,B) denote a measurable space on which all the r.v.’s will be defined. LetM be
the space of all finite signed measures defined on(X ,B). We also consider a classF of



measurable real valued functionsf defined onX , and we assume thatF containsMb,
the set of all bounded measurable functions defined onX . We will denote< F > the
linear span ofF . Define

MF :=

{
Q ∈ M such that

∫
|f | d|Q| < ∞, for all f in F

}
.

We extend the definition in (1) on the whole spaceMF by statingϕ(x) = +∞ for
negative values ofx wheneverϕ(x) is not defined. Note that for theχ2

m-divergence,ϕ is
defined on wholeR.

We equip the linear spaceMF with theτF−topology, which is the coarsest topology
for which all mappingsQ → ∫

f dQ are continuous for allf in < F >.
The following result provides a first important tool in order to derive a useful repre-

sentation for the divergence.

Proposition 1 EquipMF with theτF -topology. ThenMF is a Hausdorff locally convex
topological linear space. Further the topological dual space ofMF is the set of all
mappingsQ → ∫

f dQ whenf belongs to< F > .

In view of the above result we identify the dual space ofMF with the linear span of
F , that is with< F > .

We state that withφ-divergence defined as in (1), the mappingQ → φ(Q,P ) defined
onMF satisfies the conditions in Lemma 1. We have

Proposition 2 The divergence functionQ → φ(Q,P ) from (MF , τF) onto (−∞, +∞]
is lower semi continuous.

2.1. Application of the duality Lemma

We now apply Lemma 1 when the spaceS is replaced byMF and when the functiong is
defined by

(MF , τF) → (−∞, +∞]
Q → g(Q) = φ(Q,P ),

in which P is an arbitrary p.m. Note that the hypotheses in Lemma 1 hold and that the
topological dual space ofMF is one to one with< F >, following Proposition 1 and
Proposition 2. Also the Fenchel-Legendre transform ofQ → φ(Q,P ) is defined for any
f in < F > by

T (f, P ) := sup
Q∈MF

{∫
f dQ− φ(Q,P )

}
.

We thus state

Proposition 3 For any measureQ in MF and for any p.m.P , it holds

φ(Q,P ) = sup
f∈<F>

{∫
fdQ− T (f, P )

}
. (4)

The following result provides an explicit form for the above formula and is the basis
for estimation and test in various contexts.



Theorem 1 Assume that the functionϕ is strictly convex and isC2 on (0, +∞). Let Q
andP be two p.m’s withQ a.c. w.r.t.P andφ(Q,P ) < ∞. LetF be a class of functions
such that (i) for allf in F ,

∫ |f | dQ is finite, (ii) ϕ′(dQ/dP ) belongs toF and (iii) for
anyf in F , Imf is included inImϕ′. We then have

(1) The divergenceφ(Q,P ) admits the “dual representation”

φ(Q,P ) = sup
f∈F

{∫
fdQ−

∫
f
←−
ϕ′(f)− ϕ

(←−
ϕ′(f)

)
dP

}
(5)

(2) The supremum in (5) is unique(P − a.s) and is reached atf = ϕ′(dQ/dP )
(P − a.s) .

Remark 1 The difference from (4) and (5) lays in the substitution off ∈< F > byf ∈ F
in the sup. This will prove to be an important feature for statistical applications.

3. Parametric estimation and tests through minimumφ−divergence
approach

We assume that the functionϕ is strictly convex and isC2 on (0, +∞). We consider an
identifiable parametric model{Pθ : θ ∈ Θ} defined on some measurable space(X ,B) and
Θ is some subset ofRd. For notational clearness we writeφ(α, θ) for φ(Pα, Pθ) for α and
θ in Θ. We assume that for anyθ in Θ, Pθ has densitypθ with respect to some dominating
σ-finite measureλ, which can be either with countable support or not. Assume further that
the supportS of the measurePθ does not depend uponθ. On the basis of an i.i.d. sample
X1, ..., Xn with distributionPθ0 , we intend to estimateθ0 the true value of the parameter.
We assume that for anyα in Θ, the following condition holds

(C.0) ∫ ∣∣∣∣ϕ′
(

pα

pθ

)∣∣∣∣ dPα(x) < ∞, for anyθ ∈ Θ.

This condition is fulfilled if

φ(α, θ) =

∫
ϕ

(
pα

pθ

)
dPθ < ∞, for anyθ ∈ Θ, (6)

andϕ fulfills the condition of Lemma 8.7 in Liese and Vajda (1987); see Liese and Vajda
(1987) Lemma 8.9.

Consider the class of functionsF defined by

F :=

{
x → ϕ′

(
pα(x)

pθ(x)

)
, θ ∈ Θ

}
.

By Theorem 1, when(C.0) holds, we obtain

φ(α, θ0) = sup
f∈F

{∫
f dPα −

∫
f
←−
ϕ′(f)− ϕ

(←−
ϕ′(f)

)
dPθ0

}
,

i.e.
φ(α, θ0) = sup

θ∈Θ
Pθ0m(θ, α), (7)



with
m(θ, α) : x → m(θ, α, x)

and

m(θ, α, x) :=

∫
ϕ′

(
pα

pθ

)
dPα −

{
ϕ′

(
pα

pθ

(x)

)
pα

pθ

(x)− ϕ

(
pα

pθ

(x)

)}
.

Remark 2 The functionθ → Pθ0m(θ, α) has a unique maximizerθ = θ0; see Theorem 1
(2).

Let X1, . . . , Xn be an i.i.d. sample with p.m.Pθ0. For allα ∈ Θ, define the class of
estimates ofθ0, which we call “dualφ-divergence estimates” (DφE’s), by

θ̂n(α) := arg sup
θ∈Θ

Pnm(θ, α). (8)

For anyα in Θ, the divergenceφ(Pα, Pθ0) betweenPα andPθ0 can be estimated by

φ̂n(α, θ0) := Pnm(θ̂n(α), α) = sup
θ∈Θ

Pnm(θ, α).

Further, we have
inf
α∈Θ

φ(α, θ0) = φ(θ0, θ0) = 0.

The infimum in the above display is unique whenϕ is strictly convex on a neighborhood
of 1, and it is achieved atα = θ0. It follows that a natural definition of estimates ofθ0,
which we call “minimum dualφ-divergence estimates” (MDφE’s), is

α̂n := arg inf
α∈Θ

φ̂n(α, θ0) = arg inf
α∈Θ

sup
θ∈Θ

Pnm(θ, α). (9)

Remark 3 (An other view at the MLE). The maximum likelihood estimate (MLE) belongs
to this class of estimates. Indeed it is obtained whenϕ(x) = − log(x) + x − 1, that
is as the dual modified KL-divergence estimate or as the minimum dual modified KL-
divergence estimate, i.e. MLE=DKLmE=MDKLmE. Indeed, we then havePnm(θ, α) =

− ∫
log

(
pα

pθ

)
dPn; by definitions (8) and (9), we get̂θn(α) = arg supθ∈Θ

∫
log(pθ) dPn

independently uponα, andα̂n = arg infθ∈Θ−
∫

log(pθ) dPn. So the MLE is the estimate
of θ that minimizes the estimate of the divergence between the parametric model and the
measureP.

This talk will expose a number of results in connection with those estimates. A special
attention will be given to confidence areas with small size as can be obtained through a
precise choice of the divergence functionϕ according to the model. Also we will discuss
properties of the estimates, indicating new ways to handle in the same frame efficiency
and robustness.



4. Case control and semi parametric two sample density ratio models

We aim to introduce a new method in order to give new answers for the following prob-
lems : two-sample test for comparying two populations and estimation of the parame-
ters for semiparametric density ratio models. Here we will discuss an extension of the
above considerations developped by Kéziou (Universit́e Paris 6) and Leoni (Università di
Padova).

We dispose of two samples,X1, . . . , Xn0 (i.i.d. in G) andY1, . . . , Yn1 (i.i.d. in H)
from two unknown distributions notedG andH, respectively. A semiparametric density
ratio model has the form

dH

dG
(x) = m(θ0, x), (10)

whereθ0 is the unknown parameter of interest which we suppose to be unique and which
belongs to some open setΘ ⊆ Rd. The functionm(·, ·) is known and nonnegative.

We now give some statistical examples and motivations for model (10).

4.1. Comparison of two populations

In applications, we often come across with the problem of comparing two samples. Let
X1, . . . , Xn0 andY1, . . . , Yn1 be two samples from unknown distributionsG andH, re-
spectively.

The use of the well knownt−test, requires to assume that both samples are normally
distributed with unknown means and common known or unknown variance. Thet−test
enjoys several optimal properties, for example it is the uniformly most powerful unbiased
test (see e.g. Lehmann (1986)).

If both H andG are normally distributed with equal variances

H = N (µ1, σ
2) andG = N (µ2, σ

2),

then, the ratiodH
dG

takes the form

dH

dG
(x) = exp {α + βx} , (11)

where

α =
µ2

1 − µ2
2

2σ2
and β =

µ2 − µ1

σ2
.

It follows that testing the hypothesisH0 : H = G is equivalent to testing the
hypothesisH0 : β = 0. We underline thatβ = 0 impliesα = 0.

Kay and Little (1987) and Fokianos (2002) observed that there are cases in which the
choice

dH

dG
(x) = exp {α + βr(x)} , (12)

wherer(x) is an arbitrary but known function ofx, is more appropriate.
Model (10) includes models (11) and (12) by takingm(θ, x) = exp{α + βx} and

m(θ, x) = exp{α + βr(x)}, respectively, andθ = (α, β)T .
In the case when the semiparametric assumption (10) fails, the test commonly used is

the Mann-Whitney-Wilcoxon test.



4.2. Logistic model and multiplicative-intercept risk model

Consider the logistic model which has been widely used in statistical applications for the
analysis of binary data (see e.g. Hosmer and Lemeshow (2000)). Suppose thaty is a
binary response variable and thatx is the associate covariate vector. The logistic model
has the form

Pr(y = 1|x) =
exp(γ + xT β)

1 + exp(γ + xT β)
, γ ∈ R, β ∈ Rd−1. (13)

Note that the marginal density ofx, notedf(x), is left completely unspecified.
In a case-control study the binary outcome variable is fixed by stratification. In this

type of study design, two random samples of sizesn0 andn1 are chosen from the two
strata defined by the outcome variable, i.e., from the subsets of the population withy = 0
andy = 1, respectively. Assume thatx1, . . . , xn0 are the observed covariates from the
control group and letxn0+1, . . . , xn (n = n0+n1) be those from the case group. We aim to
estimate the parametersγ andβ using the two samplesX1, . . . , Xn0 andXn0+1, . . . , Xn.
We show that the logistic model (13) writes in the form of the model (10). So, letf denote
the density function of the covariatesx, and put

π = Pr(y = 1) =

∫
Pr(y = 1|x)f(x) dx,

and assume that

fi(x) = f(x|y = i) = dF (x|y = i)/dx i = 0, 1

exist and represent the conditional density function ofx given y = i. It is not difficult
to manipulate the case-control likelihood function to obtain a logistic regression model in
which the dependent variable is the outcome variable of interest to the investigator. The
key step in this development is an application of the Bayes Theorem, that yields, letting
α := γ + log

(
1−π

π

)

f1(x)

f0(x)
=: exp(α + xT β),

whereα := γ + log
(

1−π
π

)
. Thus, model (13) is equivalent to the following two-sample

semiparametric model

x1, . . . , xn0 ∼ f(x|y = 0) = f0(x),

xn0+1, . . . , xn ∼ f(x|y = 1) = f1(x) = exp(α + xT β)f0(x). (14)

More generally, we can consider the multiplicative-intercept risk model, i.e.,

Pr(y = 1|x) =
exp(γ + r(x, β))

1 + exp(γ + r(x, β))
, γ ∈ R, β ∈ Rd−1,

wherer(x, β) is a given function ofx andβ. In this case, we obtain the following two-
sample semiparametric model

x1, . . . , xn0 ∼ f0(x)

xn0+1, . . . , xn ∼ f1(x) = exp(α + r(x, β)) · f0(x). (15)



Models (14) and (15) are particular cases of models (10) by takingdG
dx

= f0, dH
dx

= f1 and

θ = (α, βT )
T . In the context of model (10), estimate ofγ andβ is equivalent to estimate

of α andβ.

For models (10), when the samplesX1, . . . , Xn0 andY1, . . . , Yn1 are independent, Qin
(1998) presents an estimate ofθ0 based on the empirical likelihood approach, using the
likelihood of the independent variablesX1, . . . , Xn0, Y1, . . . , Yn1.

An important special case of the case-control study is the matched (or paired) study.

The minimum divergence approach provides a new approach for estimation of the
parameterθ0 and tests of the hypothesisH0 : H = G in two-sample semiparametric
models of the form (10) with independent or paired samplesX1, . . . , Xn0 andY1, . . . , Yn1.

In general, in order to compare the laws of two variablesX and Y , we estimate
some measures of difference (distances, pseudo-distances or divergences) between the
two laws, using the empirical distributions of the two samples. DenoteH and G the
laws ofY andX, respectively, andHY

n1
andGX

n0
the empirical measures associated to the

samplesY1, . . . , Yn1 andX1, . . . , Xn0, respectively, namely

HY
n1

:=
1

n1

n1∑
i=1

δYi
and GX

n0
:=

1

n0

n0∑
i=1

δXi
,

in which δx is the Dirac measure at pointx, for all x.
We consider divergences, notedφ(·, ·), between probability measures. The choice of

the class ofφ-divergences is motivated by their invariance property w.r.t. change of vari-
ables, and by the fact that it covers some classical methods.

The direct “plug-in” estimatesφ(HY
n1

, GX
n0

) of φ-divergencesφ(H, G) is not defined
whenH andG do not share the same discrete finite support; we will solve this problem
using the dual-representation ofφ-divergences.

4.3. Estimation through the dual representation ofφ- divergences

In order to introduce our estimates, we consider the following notations

1. k(θ) : x 7→ k(θ, x) = ϕ′(m(θ, x));
2. l(θ) : x 7→ l(θ, x) = ϕ′(m(θ, x)) ·m(θ, x)− ϕ(m(θ, x)).
3. We sometimes writePf for

∫
f dP for any measureP and any functionf .

We consider also the following conditions

(C.0)
∫ |ϕ′ (m(θ, x))| dH(x) is finite for all θ ∈ Θ;

(C.1) φ(H, G) is finite.

Under conditions (C.0) and (C.1), by application of the above Theorem, for the prob-
ability measuresH andG, choosing the class of functions

F = {x → ϕ′(m(θ, x)) / θ ∈ Θ} ,



we obtain, for the divergencesφ(H, G), the representations

φ(H,G) = sup
θ∈Θ

{Hk(θ)−Gl(θ)} . (16)

So, we propose to estimate the divergencesφ(H, G) by

φ̂n0,n1(H,G) := sup
θ∈Θ

{
HY

n1
k(θ)−GX

n0
l(θ)

}
. (17)

Further, the supremum in (16) is unique and is reached atθ = θ0, that is

θ0 = arg sup
θ∈Θ

{Hk(θ)−Gl(θ)} . (18)

So, we propose the following estimates ofθ0

θ̂n0,n1 := arg sup
θ∈Θ

φ̂n0,n1(H, G) = arg sup
θ∈Θ

{
HY

n1
k(θ)−GX

n0
l(θ)

}
. (19)

We underline that the use of the Dual representation ofφ−divergences provides estimates
for φ−divergences and also estimates for the parameterθ0, while the plug-in direct ap-
proach obviously provides only estimates ofφ-divergences betweenH andG.

Simulation results show that the choice of a good divergence depends on the ratio
n1/n0. Hence, we will introduce a class ofφ-divergences depending on this ratio. In
particular, in Section 4, we will consider the divergence associated to the nonnegative
convex function

ϕ?
ρ(x) := x log x−1 + ρx

ρ
log(1+ρx)+

1 + ρ

ρ
log(1+ρ)−

(
ρ− 1

ρ
− log(1 + ρ)

)
(x−1),

which in the multiplicative-intercept risk model (15) yields to an estimate of the parameter
θ0 corresponding to the semiparametric maximum likelihood’s.

Denote
n := n0 + n1 and ρ := lim

n→∞
ρn := lim

n→∞
n1

n0

,

which we suppose positive and finite. We consider any convex function depending onρ,
noted

ϕρ : [0, +∞] → [0, +∞]
x 7→ ϕρ(x)

satisfyingϕρ(1) = 0. Denoteφρ(H, G) the divergence between the probability lawsH
andG associated to the convex functionϕρ. Consider also the following notation

1. kρ(θ) : x 7→ kρ(θ, x) = ϕ′ρ(m(θ, x));
2. lρ(θ) : x 7→ lρ(θ, x) = ϕ′ρ(m(θ, x)) ·m(θ, x)− ϕρ(m(θ, x)).

We introduce estimates for the divergencesφρ(H, G) and for the parameterθ0 using
the ratioρn := n1

n0
as follows

φ̂ρn(H, G) := sup
θ∈Θ

{
HY

n1
kρn(θ)−GX

n0
lρn(θ)

}
, (20)

and
θ̂ρn := arg sup

θ∈Θ
φ̂ρn(H, G) = arg sup

θ∈Θ

{
HY

n1
kρn(θ)−GX

n0
lρn(θ)

}
, (21)

which we call “two-sample semiparametric dualφ−divergences estimates” (SDφDE’s).
The talk will discuss examples and present a resonable choice for the divergence func-

tion in the case of small samples.
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