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Riassunto: In questo testo si presentano alcuni approcci nuovi per I'inferenza ed i test
sfruttando le proprieta’ di convessita’ delle divergenze fra leggi di probabilita’. Viene pro-

posto un’ approcio unitario per lo studio di vari criteri statistici. Vengono anche illustrati

alcuni esempi in ambito parametrico e semi parametrico.
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1. Introduction and notation

Let (X, B) be a measurable space. Letbe a non-negative convex function defined
from (0, +o0) onto [0, oo] and satisfyingp(1) = 0. Also extendy at0 definingyp(0) =
lim, o+ @(z). Let P be a probability measure (p.m.) defined én ). For any p.m.QQ
absolutely continuous (a.c.) w.rk, the¢-divergence betweef) and P is defined by

o@.r)= [o(47) ar ()

WhenqQ is not a.c. w.r.t.P, we setp(Q, P) := +oo. ThereforeQ) — ¢(Q, P) is defined
on the whole class of all probability measures(éh B) .

For any p.m. P, the mapping — ¢(Q, P) is convex and non-negative. When
Q) = P, thegp—divergence betweef) and P is zero. When the functiom — ¢(z) is a
strictly convex function inc = 1, then the fundamental property holds

$»(Q,P)=0ifand only if Q = P.

We refer to Csisar (1967) and to Liese and Vajda (1987) chapter 1, for the proofs of these
properties.

In generalp(Q, P) and¢(P, Q) are not equal. Indeed, they coincide if and only if
there exists some real numhesuch that for any positive, it holdsp(z) — zp(1/z) =
c(x — 1) (see Liese and Vajda (1987) Theorem 1.13). Hemedivergences usually are
not distances, but they merely measure some difference between two p.m’s. Of course
a main feature of divergences between distributions of t¥’andY is the invariance
property with respect to any common change of variables.
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1.1. Examples ofp-divergences.

Some divergences are widely used in statistics and in Information theory. They are the
Kullback-Leibler (KL) and the modified KLK L,,,) divergences, defined as follows

KL(Q,P):= { [ log (7) dQ if  Qisac. wrtp,
+00 otherwise
d . .
KL,(Q,P):= J —log (d_jQD) dp if _ Qis a.c. w.r.t.P,
+00 otherwise.

The first one corresponds ta(z) = zlog(z) — = + 1, and the second one ta(z) =
—log(xz) + x — 1 . The above examples are peculiar cases of the so-called “power
divergences”, introduced by Cressie and Read (1984) (see also Liese and Vajda (1987)
chapter 2), which are defined by the class of functions

T —yr+y—1
vy =1

foryinR, v # 0,1 andyy(z) := —logz +x — 1, p1(z) := xzlogx —x + 1. The KL
divergence is associated¢g, the K L,, to i, the x? to ¢_,, the modifiedy? to ¢,, and
the Hellinger distance t@, ;.

We are interested in estimation and test using such divergences. An i.i.d. sample
X1, ..., X, with common unknown distributiof is observed and some p.if.is given.
We intend to estimate((Q), P) and, more generallyjinfocq ¢(Q, P) where( is some
set of p.m’s, as well as the p.mQ* achieving the infimum if2. In the parametric
context, these problems can be well defined and lead to new results in estimation and
tests, extending classical notions and improving their properties. In the field of semi
parametric statistics it provides new tools for the two sample problem, among others.
Also this approach extends the empirical likelihood paradigm and provides estimates and
tests for models satisfying linear constraints with unknown parameters.

(2)

€ Ry — py(z) =

1.2. Statistical examples and motivation
1.2.1. Tests of fit

Let Qg and P be two p.m’s with same finite discrete suppS8rtit holds

¢(Qo, P ZSOQO )/ P(i))P(i)

i€S

which can then be estimated via plug-in, setting

an(Qo, P) = ¢(Qo, Pa ZSOQO )/ Pu(i)) P (i),

€S

whereP, is the empirical measure pertaining to the samyle. . ., X,, with distribution
P.
In this vein, goodness of fit tests have been proposed by Cressie and Read (1984),
Landaburu and Pardo (2000) for fixed number of classes, and byfiGyd Vajda (2002)
when the number of classes depends on the sample size.



1.2.2. Estimation and parametric tests

Let{F,,0 € ©} be some parametric model wiéha subset oR?. Assume that all p.m’s
P, share the same finite suppdiftand that the suppo§ does not depend upah We

then have P
S(Po, Po) = > ¢ ( P:(ZZ)) Py, (i)

€S

For such models, Lindsay (1994) and Morakgsal. (1995) introduced the so-called
“Minimum ¢—divergences estimates” (ME’'s) (Minimum Disparity Estimators in Lind-
say (1994)) of the unknown true value of the parameterfsagefined by
é\n = arg inf ¢(P97 Pn)7 (3)
€O

whereg( Py, P,) is the plug-in estimate af( Py, Fp,)

o) = ¢ () Pl

€S

Various parametric tests can be performed based on the previous estimatespef the
divergences; see Lindsay (1994) and Morales, Pardo and Vajda (1995). The class of esti-
mates in (3) contains the maximum likelihood estimate. Indeed wikieh= — log(z) +

xr — 1, we Obtainan = arginfoce KL, (P, P,) = arginfoco Y ,.q —log(Fy(i)) =

MLE. When interested in testin§f, : 6, = oo againstH; : 8, # «y, we can use the
statistics¢( Py, , P,), the plug-in estimate of the divergence betwdep and F,,, re-

jecting H, for large values of the statistics; see Cressie and Read (1984). In the case
wheng(x) = —log(z) + = — 1, this test does not coincide with the maximum like-
lihood ratio test, Which defined through the Wilks likelihood ratio statigtié.,,, := 2

log =ff# 1Hp 1(’)’(9) . The new estimatek L,, (Pa,, Py, ) Of K Ly, (Pay, Py, ), Which is pro-
posed here, leads to the maximum likelihood ratio test.

When the suppoit is continuous, the estimates in (3) are not defined; Basu and Lind-
say (1994) investigate the so-called “minimum disparity estimators” (MDE’s) for con-
tinuous models; they considey, ,(z) := + [ K (&%) dPn(t) the kernel estimate of the

density of theX/s, and the smoothed versiongf, i.e. pj(z) := + [ K (QH) po(t)dt. The

MDE is then defined asrg mingycg ¢(p9, Dn.p) With ¢ Dy Pun) = [ @ ( ) Dnp(t)dt.
Wheny(z) = —log(z) 4+ x — 1, this estimate clearly, due to smoothing, does not coincide

with the MLE. Also the test based @(pz, pn,p) IS different from the likelihood ratio
test.

No direct plug-in estimate af(Q, P) can be performed by substitution 6fby P,
when @ belongs to some class of p.m’s a c. w.rt. the Lebesgue measuire order
to build tests pertaining to the densiﬁy:_ -, Beran (1977) and Berlinet and Van der
Meulen (1998) proposed to use the smoothed kernel estigpaiep. Beran (1977) han-
dles the Hellinger distance, while Berlinet and Van der Meulen (1998) obtains the limiting
distribution of the estimate for the Kullback-Leibler divergence. The extension of their
results to other divergences remains an open problem; see Berlinet (1999, €3\al.
(1998), and Berlinet and Van der Meulen (1998). Also it seems difficult to use such meth-
ods to obtain the limiting distribution of an estimateinf,cq ¢(Q, P) when(2 is some




class of p.m’s; this problem will be treated in the present paper whena parametric
class, avoiding the smoothing method.
When S is infinite or continuous then the plug-in estimaie,, ) usually takes in-
finite value when no use is done of some partition-based approximation. In Broniatowski
(2002), a new estimation procedure is proposed in order to estimate the KL-divergence
between some set of p.m$ and some p.m.P, without making use of any partition-
ing nor smoothing, but merely making use of the well known dual representation of the
KL-divergence as the Fenchel-Legendre transform of the moment generating function.
Extending the paper by Broniatowski (2002), we expose some general representation
for ¢-divergences. This is obtained through the following duality lemma, whose proof
can be found for example in Lemma 4.5.8 chapter 4 in Dembo and Zeitouni (1998).

Lemma 1 LetS be a locally convex Hausdorff topological linear space andjletS —
(—o0, +00] be some convex lower semi continuous (I.s.c.) function. Define the Fenchel-
Legendre transform af by

g°(1) ==sup{l(z) — g(x)}, L € S,

€S
whereS™ is the topological dual space ¢f. We then have

g(x) = sup {l(x) — g*(1)},
les*
which is to say thay is the Fenchel-Legendre transform gt

When applied in the context of divergences between distributions in a parametrized
family the above Lemma is the starting point for the definition of estimates of the parame-
terd,, which we will call “minimum duaky—divergences estimates” (MEE's). They are
defined in parametric mode{$%, 0 € ©} , where the p.m'$% do not necessarily have fi-
nite support; it can be discrete or continuous, bounded or not. Also the same Lemma will
be applied in order to estimatg P,,, Fp,) andinf,co, ¢(P,, Py,) WhereO, is a subset of
0, which leads to various simple and composite tests pertainifig the true unknown
value of the parameter. When(z) = —log(z) + « — 1, the MD¢E’s coincide with
the maximum likelihood estimates (see remark 3.2 below); since our approach includes
also test procedures, with this peculiar choice for the functiowe recover the classical
likelihood ratio test for simple hypotheses and for composite hypotheses. In the context
of parametric estimation it is well known that the maximum likelihood method may lead
to non robust estimates, although efficient after bias first order correction. A possible
extention of the results presented here leads to minimum divergence estimates which can
both meet the requirements of efficiency and robustness. When applied in proportional
risk models these techniques provide new solutions for the two sample problem. Also in
the context of estimation and tests for models satisfying linear constraints with unknown
parameters, as appears in regression analysis or in test of fit, they provide solutions that
have common features with the empirical likelihood techniques, extending them to a wide
class of criterions.

We sometimes writé f for [ f dP for any measuré and functionf.

2. Duality and ¢-divergences

Let (X, B) denote a measurable space on which all the r.v.'s will be defined)VLbe
the space of all finite signed measures definedons3). We also consider a class of



measurable real valued functiofisdefined onY’, and we assume th& containsM,,
the set of all bounded measurable functions definedkor\We will denote< F > the
linear span ofF. Define

Mg = {QEM such that /\f\ d|Q] < oo, forall f in }“}.

We extend the definition in (1) on the whole spade by statingy(z) = +oo for
negative values of whenevery(x) is not defined. Note that for the?, -divergencey is
defined on wholdR.

We equip the linear spacH » with the 7-—topology, which is the coarsest topology
for which all mappings) — [ f dQ are continuous for alf in < F >.

The following result provides a first important tool in order to derive a useful repre-
sentation for the divergence.

Proposition 1 Equip M with ther£-topology. ThenV/» is a Hausdorff locally convex
topological linear space. Further the topological dual spaceMf is the set of all
mappingsy) — [ f dQ whenf belongs to< F > .

In view of the above result we identify the dual space\ff with the linear span of
F, thatis with< F > .

We state that witlp-divergence defined as in (1), the mapping— ¢(Q, P) defined
on M r satisfies the conditions in Lemma 1. We have

Proposition 2 The divergence functio — ¢(Q, P) from (Mx, 7#) onto (—oo, +o0]
is lower semi continuous.

2.1. Application of the duality Lemma

We now apply Lemma 1 when the spages replaced byl/» and when the function is
defined by
(M}'v 7_-7") - (—OO,%OO]
Q — 9(Q) =¢(Q, P),
in which P is an arbitrary p.m. Note that the hypotheses in Lemma 1 hold and that the
topological dual space a¥/~ is one to one with< F >, following Proposition 1 and
Proposition 2. Also the Fenchel-Legendre transformpof> ¢(Q, P) is defined for any
fin<F>bhy
T(f.P) = sup {/f d@—¢(Q,P>}-
QeMr
We thus state

Proposition 3 For any measuré) in M and for any p.mP, it holds
M@Pﬁzwp{/ﬂ@—TﬁP&- (4)
fe<F>

The following result provides an explicit form for the above formula and is the basis
for estimation and test in various contexts.



Theorem 1 Assume that the functiop is strictly convex and i€? on (0, +o00). Let Q
and P be two p.m’s withQ) a.c. w.r.t. P and¢(Q, P) < co. LetF be a class of functions
such that (i) for all f in F, [|f|dQ is finite, (i) ¢'(dQ/dP) belongs taF and (iii) for
any f in F, Imf is included inlmy’. We then have

(1) The divergence(Q, P) admits the “dual representation”

s =swf [ra0- [fF0)-o(F)ar}  ®

(2) The supremum in (5) is uniqu¢P — a.s) and is reached aff = ¢'(dQ/dP)
(P—a.s) .

Remark 1 The difference from (4) and (5) lays in the substitutionf ef< 7 > by f € F
in the sup. This will prove to be an important feature for statistical applications.

3. Parametric estimation and tests through minimum¢—divergence
approach

We assume that the functianis strictly convex and i€? on (0, +occ). We consider an
identifiable parametric modélP, : 6 € ©} defined on some measurable spates3) and
© is some subset d&¢. For notational clearness we writéo, §) for ¢( P, Py) for o and
0 in ©. We assume that for arfyin ©, P, has density, with respect to some dominating
o-finite measure,, which can be either with countable support or.@gsume further that
the supports of the measuré’ does not depend upah On the basis of an i.i.d. sample
Xy, ..., X, with distribution P, , we intend to estimaté, the true value of the parameter.
We assume that for anyin ©, the following condition holds

(C.0)

¢’ (pa)‘ dP,(x) < oo, foranyf € ©.
Do

This condition is fulfilled if
o(a,0) = /gp (Z—“) dPy < oo, foranyf € 0, (6)
0
and fulfills the condition of Lemma 8.7 in Liese and Vajda (1987); see Liese and Vajda

(1987) Lemma 8.9.
Consider the class of functiods defined by

e () oee)

By Theorem 1, whenC'.0) holds, we obtain

otantn) =swp{ [ rar.= [ 170 (9(0) anu .

o(a, 0y) = sup Pyym(0, o), (7)
fcO




with
m(f, ) : x — m(0,a, x)

m(0, o, ) == '(Zﬁ)dPa—{'(&x)&x— (72510)}
.00 = [ (2 ¢ (@) B o (P
Remark 2 The functiord — P,,m(0, o) has a uniqgue maximizér= 6,; see Theorem 1

).

and

Let X1,..., X, be anii.d. sample with p.mF,,. For alla € O, define the class of
estimates ofly, which we call “dualp-divergence estimates” (RE’s), by

-~

0, (a) := argsup P,m(0, a). (8)
0cO

For anya in ©, the divergence(F,, Py, ) betweenP, and Py, can be estimated by

Onlcv,00) == Pum(6,(), ) = sup Pym(6, ).
0co

Further, we have
inf ¢(a, ) = ¢(o,00) = 0.

ac®

The infimum in the above display is unique wheis strictly convex on a neighborhood
of 1, and it is achieved at = 6. It follows that a natural definition of estimates &f
which we call “minimum dual-divergence estimates” (MEE'S), is

Q, = arg inf &, = arg inf sup P, .
O = arg inf on(a, 6o) arg inf sup (0, a) 9)

Remark 3 (An other view at the MLE). The maximum likelihood estimate (MLE) belongs
to this class of estimates. Indeed it is obtained whén) = —log(z) + = — 1, that
is as the dual modified KL-divergence estimate or as the minimum dual modified KL-
divergence estimate, i.e. MLE=DKIE=MDKL,,E. Indeed, we then have,m (0, «) =

~ [log (g_) dP,; by definitions (8) and (9), we gé},(e) = arg sup,co [ log(pe) APy

independently upon, and@,, = arginfsee — [ log(ps) dP,. So the MLE is the estimate
of # that minimizes the estimate of the divergence between the parametric model and the
measureP.

This talk will expose a number of results in connection with those estimates. A special
attention will be given to confidence areas with small size as can be obtained through a
precise choice of the divergence functiomccording to the model. Also we will discuss
properties of the estimates, indicating new ways to handle in the same frame efficiency
and robustness.



4. Case control and semi parametric two sample density ratio models

We aim to introduce a new method in order to give new answers for the following prob-
lems : two-sample test for comparying two populations and estimation of the parame-
ters for semiparametric density ratio models. Here we will discuss an extension of the
above considerations developped bgztou (Universié Paris 6) and Leoni (Universitdi
Padova).

We dispose of two samples;, ..., X, (i.i.d. in G) andYy,...,Y,, (i.i.d. in H)
from two unknown distributions noted and H, respectively. A semiparametric density
ratio model has the form AH

@(x) = m(by, x), (10)

whered, is the unknown parameter of interest which we suppose to be unique and which
belongs to some open 8tC R%. The functionm(-, -) is known and nonnegative.

We now give some statistical examples and motivations for model (10).

4.1. Comparison of two populations

In applications, we often come across with the problem of comparing two samples. Let
X1,...,X,, andYy, ... Y, be two samples from unknown distributio6sand H, re-
spectively.

The use of the well known—test, requires to assume that both samples are normally
distributed with unknown means and common known or unknown variancet-Ttest
enjoys several optimal properties, for example it is the uniformly most powerful unbiased
test (see e.g. Lehmann (1986)).

If both H andG are normally distributed with equal variances

H = N(u1,0?) andG = N (pa, 0?),

then, the ratidf% takes the form

H
@) =expfa+ o), (11)
where ) ,
H1 — M H2 — H1
a=— and 0= poa

It follows that testing the hypothesig{, : H = G is equivalent to testing the
hypothesisH, : S = 0. We underline that = 0 impliesa = 0.

Kay and Little (1987) and Fokianos (2002) observed that there are cases in which the
choice JH

5 (@) = exp{a+ fr()} (12)

wherer(z) is an arbitrary but known function af, is more appropriate.

Model (10) includes models (11) and (12) by takm@& x) = exp{a + fz} and

m(0,z) = exp{a + Br(z)}, respectively, and = («, 3)7.

In the case when the semiparametric assumption (10) fails, the test commonly used is

the Mann-Whitney-Wilcoxon test.



4.2. Logistic model and multiplicative-intercept risk model

Consider the logistic model which has been widely used in statistical applications for the
analysis of binary data (see e.g. Hosmer and Lemeshow (2000)). Suppogestat
binary response variable and thais the associate covariate vector. The logistic model
has the form

exp(y +27p)

_ _ d—1
Pr(y_lym)_l%—exp(fy—i—xTﬁ)’ vyeR, feR. (13)

Note that the marginal density of notedf(z), is left completely unspecified.

In a case-control study the binary outcome variable is fixed by stratification. In this
type of study design, two random samples of sizgg@ndn, are chosen from the two
strata defined by the outcome variable, i.e., from the subsets of the populatian-with
andy = 1, respectively. Assume that,...,z,, are the observed covariates from the
control group and let,,, .1, ..., z, (n = ny+n,) be those from the case group. We aim to
estimate the parameteysand 3 using the two sample&,, ..., X, and X, .1, ..., X,.

We show that the logistic model (13) writes in the form of the model (10). S¢,denote
the density function of the covariatesand put

WzP@zlﬁi/M@:H@ﬂ@da
and assume that

file) = f(zly = i) = dF(z]y = i)/dx i =0,1

exist and represent the conditional density function: @fiveny = 4. It is not difficult

to manipulate the case-control likelihood function to obtain a logistic regression model in

which the dependent variable is the outcome variable of interest to the investigator. The
key step in this development is an application of the Bayes Theorem, that yields, letting
o=+ log (£F)

fi(x)
Jo(x)

wherea := v + log (:=F). Thus, model (13) is equivalent to the following two-sample
semiparametric model

L1y yTpy ™~ f(m\y:()):fo(x),
Tngi1s-- st~ flaly=1) = fi(z) = exp(a+ 2T B) fo(2). (14)

More generally, we can consider the multiplicative-intercept risk model, i.e.,

B B exp(”)/ + T‘(xyﬁ))
Pr(y = 1‘33) 1 + exp(’y + T(maﬁ))

wherer(z, ) is a given function ofc and 5. In this case, we obtain the following two-
sample semiparametric model

exp(a + 27 3),

, YER, BeRY

TlyeeoyTny ~  folx)

Tpgtls -« Ty ~ fi(z) =expla+r(z,[)) - fo(z). (15)



Models (14) and (15) are particular cases of models (10) by ta%%ng fos % = f; and

0 = (a, ﬁT)T. In the context of model (10), estimate pfind is equivalent to estimate
of v and/.

For models (10), when the sampl&s, . .., X,,, andY, ..., Y, areindependent, Qin
(1998) presents an estimatefbased on the empirical likelihood approach, using the
likelihood of the independent variablés, ..., X, Y1,...,Y,,.

An important special case of the case-control study is the matched (or paired) study.

The minimum divergence approach provides a new approach for estimation of the
parameter, and tests of the hypothesi&, : H = G in two-sample semiparametric
models of the form (10) with independent or paired samples . ., X,,, andYy,... Y, .

In general, in order to compare the laws of two variahlésand Y, we estimate
some measures of difference (distances, pseudo-distances or divergences) between the
two laws, using the empirical distributions of the two samples. Debtend G the
laws of Y and X, respectively, andf), andGnXO the empirical measures associated to the
samples’,...,Y,, andXy, ..., X,,, respectively, namely

ni

1 1
Y . X .
]Jn1 = —nl é 1 (Syz and Gno = - ‘i 1 5)(“

in which ¢, is the Dirac measure at point for all x.

We consider divergences, note(, -), between probability measures. The choice of
the class ofp-divergences is motivated by their invariance property w.r.t. change of vari-
ables, and by the fact that it covers some classical methods.

The direct “plug-in” estimates(H, , G, ) of ¢-divergences)(H, G) is not defined

when H andG do not share the same discrete finite support; we will solve this problem
using the dual-representation@fdivergences.

4.3. Estimation through the dual representation of¢- divergences

In order to introduce our estimates, we consider the following notations

1. k(0) : z— k(0,2) =¢'(m(0,x));
2.1(0) x> 1(0,7) = ¢ (m(0, 7)) - m(0,x) — p(m(d, x)).
3. We sometimes writé f for [ f dP for any measuré” and any functiory.

We consider also the following conditions

(C.0) [|¢ (m(8,2))| dH(z) is finite for all§ € ©;
(C.1) ¢(H,G) is finite.

Under conditions (C.0) and (C.1), by application of the above Theorem, for the prob-
ability measureg/ andG, choosing the class of functions

F={z— o'(m(0,z)) /6 € O},



we obtain, for the divergenceg H, i), the representations
¢(H,G) =sup{Hk(0) — Gl(0)} . (16)
0cO

So, we propose to estimate the divergens@s, G) by
Oy (H, G) := sup {HY k(8) — GX1(0)} . (17)
)

Further, the supremum in (16) is unique and is reachéd-=at,, that is

0o = argsup {Hk(0) — G1(0)} . (18)
0cO
So, we propose the following estimatesgf
é\no,nl = arg sup anom(H, G) = argsup {H}:l k(0) — GnXOl(Q)} ) (29)
0cO (<(C]

We underline that the use of the Dual representatiafr-adivergences provides estimates
for p—divergences and also estimates for the parantigtewxhile the plug-in direct ap-
proach obviously provides only estimates/eflivergences betweeH andG.

Simulation results show that the choice of a good divergence depends on the ratio
ni/ng. Hence, we will introduce a class ofdivergences depending on this ratio. In
particular, in Section 4, we will consider the divergence associated to the nonnegative
convex function

+ px 1+p

—1
log(1+px)+ log(1+p)— (pT —log(1 + ,0)) (x—1),
which in the multiplicative-intercept risk model (15) yields to an estimate of the parameter
0y corresponding to the semiparametric maximum likelihood'’s.
Denote

1
@y(z) = zlogz—

n
n:=ng+n; and p:= lim p,:= lim -

which we suppose positive and finite. We consider any convex function dependmng on
noted
v,  [0,400] — [0,400]
z = ()
satisfyingy,(1) = 0. Denoteg,(H, G) the divergence between the probability la#s
andG associated to the convex functigp. Consider also the following notation

1. ky(0) = @ ky(0,2) = ¢, (m(0, 7)),

2. 0,(0) = 1,00,7) = ¢, (m(0,z)) - m(0,x) — p,(m(0,7)).

We introduce estimates for the divergenggéH, ) and for the parameté, using
the ratiop,, := o as follows

Opo(H, G) 1= sup {H Ky, (0) = G, (6)} (20)
€
and R R
8,, = argsup ¢, (H,G) = argsup {H}flkpn(@) — Gfolpn(H)} , (22)
e) 9co

which we call “two-sample semiparametric ddaldivergences estimates” (3DE’S).
The talk will discuss examples and present a resonable choice for the divergence func-
tion in the case of small samples.
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