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Summary: In many fields of application one needs to classify a new ofeskiime series
as belonging to one of two or more categories. In this papgrnpose a discrimination
rule based on the AR metric and we investigate its statigticperties.
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1. Introduction

Time series discrimination problems arise in many fieldspgfliaation such as seismol-
ogy, medicine, engineering and economics. Two main appembave been proposed
in the literature. The first approach is merely descriptiteproceeds heuristically by
searching for quantities which are good visual discrimorafor well-separated popula-
tions and have some interpretative meaning within the fipeaplication. The second
approach, instead, looks at the time series as a finite agializof a Gaussian stochas-
tic process and reduces it to a multivariate Gaussian vettars, it exploits the known
results of discriminant analysis for independent obseyuatto define a discrimination
rule. The solutions have been developed both in time andiérecy domain in order to
alleviate the computational difficulties implied by therfwer approach. Moreover, the
discrimination problem has been investigated in the casmofGaussian processes and
of m—vector Gaussian stationary processes. Shumway (1982yuldm and Kakizawa
(2000) provide a wide survey of the methods proposed in thelure. Finally, we recall
that Zani (1983) has discussed the problem of taking intoaatcthe time shift in time
series comparison.

This paper introduces a discriminant rule based on a measwteuctural diversity
(the Autoregressive metric) between ARIMA processes anthaes its statistical prop-
erties. This is a univariate approach which is aimed to dlaassingle time series to one
of two categories.

2. The Autoregressive metric

Let Z, be an invertibleARIM A(p, d, q)(P, D, @), process defined as:
¢(B)®(B*)VIVLZ, = 0(B)O(B*)a, (1)

wherea, is a White Noise (WN) process with constant variaage< +oc, the polyno-
mialsp(B) = ¢(B)®(B*) andd(B) = 0(B)©(B*) are defined according to the standard
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notation and satisfy the usual uniqueness and admisgibiihditions (Box and Jenk-

ins, 1976). The invertibility assumption ensures tlatcan be represented in terms

of its past values according to theéR ( ) formulatlon n(B)Z; = a; with 7(B) =

©(B)(1 - B)¥1 - BP9 (B)=1- Z 7y BF andz |mx| < oco. Assuming that, is
k=1

a Gaussian process, given the initial values the knowlefigfee operatorsy(B), ¥(B)

and the WN variance completely characterizes the prafgess
The Euclidean distance between th&veights of theA R (co) formulations:

d 77907 7ry \/Zk 1 Wm E— Ty, k) (2)

is @ measure of the structural dissimilarity between #e/l M A processes(; andY;. It

was introduced by Piccolo (1984, 1990) who discussed it®mapce and limits for time
series comparison. The distan¢es well defined because of the absolute convergence
of the m-weights sequences and has an interpretation in terms dbtbeast functions.
Assuming that the orders are known and given the same sétiaftalues d(m,, 7,) = 0

if the models forX; andY; produce the same forecasts. Notice that the metric does
not depend on WN variances since they are mere scale factach @b not affect the
temporal structure.

In the remaining part of this article we consid&rand the estimatos? obtained by
replacing the maximum likelihood (ML) estimators for theparameters in (2). Corduas
(2000) derived the asymptotic distribution @f under general assumptions. Finally, in
real applicationsg? is evaluated by truncating thesequences at a certain lag

3. Thediscrimination rule

The aim of this paper is to introduce a new discriminationcpoure based on the
squared AR distance. We investigate the case where a stinchasar processX; be-
longs to one of two categories described by the hypothAsesd H, which assume that
X, € L and is characterized byr;(B), 07}, j = 1,2, respectively.

Let X = {X1, ..., X,,}' be afinite stretch of the serié§, the problem is to classify
X () into one of two known categories. Siné¢érepresents a dissimilarity measure, then
d*(7,, o) > d?(,, m ) implies that the sequenge, = {7,k = 1,...,m} is closer to
m ={mux k=1,...,m}thanmy = {m, k = 1,...,m}.

We propose the following rulep assign X,y to H, (or H) accordingas D > 0 (or
D < 0), whereD = d?(,, m3) — d*(7,, 71).

Given the properties of the AR metric, the discriminant timT D is aimed to match
the observed time series to the category whose temporaksteuis closer. In order to
assess the performance of therule we need to derive the asymptotic distribution and
misclassification probabilities. First, we recaII thatdenH;, j; = 1,2, asymptotically
Ve, — ;) ~ N(0,%;) whereX; = o,T, beingl,,, ; the Toeplltz matrix of ordem
of the process specified ;.

It is easy to see thatig(frx, o) = d* (7, 1) + d*(71, o) + 2(my — o) (7, — 1)
and, similarly,d*(w,, m1) = d*(7,, ) + d*(mwa, w1 ) + 2(7 — )/ (77, — o). Of course,
d2(7'l'1, 71'2) = d2<7’l'2, 71'1).

Then, it can be shown that asymptotically:



I) underH,, g{D — d?(my, )} ~ N(0,v?) wherev? = (m, — m5)' S (7, — m2);

||) UnderHQ, g{D + d2(7'l'2, 71'1)} ~ N(O, U%) Wherevg = (71'2 — 771)/22(71'2 — 771).
We can, now, evaluate the misclassification probabilitgssimingd? (s, ;) > 0:

PR = P(D<0| H) =2 (—@M) ©)
P(1]2):P(D>O\H2):1—®(§M). (4)

Notice thatlim,, .., P(2|1) = lim, ., P(1|2) = 0, that is the discriminant statistic is
consistent in the sense that the misclassification prababitend to zero ags — oo.
Moreover, ifd*(m;, ) = 0, as one would expecE(2]1) = P(1]2) = 0.5.

In real applications, the-weight sequence§r .} and{m,;} associated td7; and
H, are not known. Then, they have to be estimated using leasangples. Suppose
that forj = 1,2 we haves; observed time serieéf;),t =1,..,n,i=1,..,s;, correctly
classified with respect to the two categories definediby These represent the training
samples. We denote WiMi(j) the ARIMA model fitted to the-th time series belonging
to the j-th category. Then, we suggest to use the estimateeight sequence of the
centroid model of each group of observed time series in place of theawk {7 ,} and
{m2}. Thecentroid model is the one which minimizes the sum of the AR distancéis wi
respect to all the other models included in the group.

4. Simulation results and concluding remarks

To study the performance of the proposed rule, we consiged ff( 1) Gaussian pro-
cess: Xy = ¢ X;_1 + a; with a;, ~ WN(0, 1) and specify the following hypotheses:

H1 . Xt = ¢1Xt_1 + CLt; H2 . Xt = ¢2Xt_1 + At Wlth ¢2 = ¢1 + h/\/ﬁ

For each value o, = 0.2,0.4,0.6, 0.8 severalH, are examined by allowing to vary
in [—3, 3]. This choice represents the less favourable situation iniwdndicriminant rule
has to work, since the hypothesés and H, are contiguous. Also, only the valugs > 0
are considered since in this case fgr< 0 the results would be specular.

For given H, and H,, we have generated 1000 independent time series-0f1024
observations. Then, we have applied the proposed rule $oridiination and evaluated
the misclassification probabilitig3(2|1) and P(1]2). The simulated values are very close
to the asymptotic values, as it is reasonable to expect gheformulation ofD. More-
over, we have generated 200 training samples of 50 timesskenieeach hypotheses and
we have evaluated the empirical misclassification proliggsilby using thecentroid es-
timated model. Foth| > 1.5, the results are encouraging being the largest discrepancy
between empirical and theoretical probabilities less thad.

Finally, we compare the asymptotic misclassification pbiliges of D-rule with
those of the approximated quadratic discriminant ruleveerin the frequency domain
by Shumway (1982, pp. 17-18). As we see from Figure 1, thdilgnierror probabilities



are very close. Some differences are observed for larger

Further studies are needed in order to generalize theseieahdindings. In con-
clusion, we underly the fact that the proposed rule is ridiabasy to implement and it
provides a general framework to extend time series disnation to other form of models
such aARFIMA models or fields of application ata mining.

Figure 1. P(1]2) (1st row) and P(2|1) (2nd rows); Quadratic discriminant function
(dashed line); D-rule (solid line)
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