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Riassunto: Questo lavoro presenta una breve rassegna su caratteristiche comuni in mod-
elli autoregressivi vettoriali, con particolare riferimento al caso di trend e cicli comuni.
Si mostra come la presenza di queste caratteristiche comuni corrisponde a restrizioni di
rango di particolari trasformazioni lineari dei coefficienti autoregressivi. Tali restrizioni
possono essere testate mediante tecniche di regressione di rango ridotto introdotte in An-
derson (1951), basate sulle correlazioni canoniche. Tali tecniche danno soluzione esplicita
al problema di massima verosimiglianza gaussiana. Le distribuzioni asintotiche risultano
di tipo diverso per differenti caratteristiche. Si riportano inoltre alcune estensioni al caso
di integrazione stagionale e a restrizioni di tipo dinamico. Una possibile strategia di mod-
ellizzazionèe illustrata con un’applicazione su dati finanziari USA.
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1. Introduction

The notion of common factors is a classical idea in statistics; during the last two decades
it has received new momentum in the study of time series thanks to the introduction of
cointegration, see Engle and Granger (1987). The importance of this notion has been
recently recognized by the Nobel Price Award 2003 in economics to Engle and Granger.

The notion of cointegration is a special case of common features, as defined by Engle
and Kozicki (1993) and Vahid and Engle (1993). This definition also covers common
stationary cycles as a special case. In Section 2 we review these two types of common
features, cointegration and common stationary cycles, for vector autoregressive processes
(VAR). We emphasize that both types of cofeature result in reduced rank restrictions on
some linear combinations of the autoregressive coefficient matrix. This connection is
presented in Section 3.

We also review some extensions of this concept to dynamic linear combinations in
Section 4. These extensions include polynomial cofeatures, see Cubadda and Hecq (2001),
seasonal cointegration, see Cubadda (1999), Cubadda (2001b), Cubadda (2001a), nested
reduced rank regression, see Ahn and Reinsel (1988), scalar component models, see Tiao
and Tsay (1989), co-integrated processes of order 2, see Paruolo (2002). We do not treat
the extensions in full detail but refer to the above references and Paruolo (2003).

The Gaussian likelihood analysis of reduced rank regression is briefly reviewed in
Section 5. The asymptotic analysis in the case of cointegration and common cycles is
very different. In the cointegration case, the cointegration parameters are consistent at a
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rateT , whereT is the sample size, i.e. they are superconsistent. The common cycle case
involves only stationary processes, and leads to usualχ2 asymptotics at the rateT 1/2.

We also discuss the interplay of these two notions within the same system. This
allows to characterize systems with common trends and cycles. The system may be trans-
formed using the estimated cointegration parameters in order to analyze common cycles.
Fixing the cointegration parameters at their maximum likelihood (ML) estimates allows
to make asymptotic inference on common cycles in these transformed models as if the
cointegrations parameters are known, thanks to the superconsistency of the cointegration
parameters, see Johansen (1996). This property is not shared by the transformation pro-
posed in Gonzalo and Granger (1995). In Section 6 an illustration on financial US time
series is presented. Section 7 concludes and gives direction of future development.

2. Definitions

In this section we review the notion of common trends and cycles, following Johansen
(1996) Chapter 3 for cointegration and Engle and Kozicki (1993), Vahid and Engle (1993)
for common cycles. Consider a generic vector time seriesWt := (W1t : ... : Wmt)

′, where
Wit is univariate, which is a function of a vectorXt generated by a VAR(k), k ≥ 1, system
of the type

Xt =
k∑

i=1

AiXt−i + εt, (1)

whereXt and εt arep × 1. L and∆ := 1 − L are the lag and difference operators,
where negative powers of∆ indicate summation.3 Wt is taken to be e.g. equal to∆Xt

or to linear combinations ofXt andXt−1. εt is assumed to be a martingale difference
sequence with respect toIt, the sigma-field generated byXt−i, i ≥ 0, E(εt|It−1) = 0,
with E(εtε

′
t|It−1) = Ω p.d.. We take this as a definition of ‘innovation process’ and

of ‘unpredictability’, i.e. we call any processWt with E(Wt|It−1) 6= 0 ‘predictable’.
Stationary predictable processes are called ‘cycles’.

A processWt is called an integrated process of orderd at frequency zero, I(d), when
∆dWt is stationary and∆d−1Wt is non-stationary.4 Let F be the class of univariate pro-
cesses with a specific characteristic F, called feature, to be defined shortly. We define F a
‘feature’ if the following holds:

1. if Wit ∈ F (to be read ‘Wit has feature F’) thenaWit ∈ F for a ∈ R\{0};
2. if Wit /∈ F , (to be read ‘Wit does not have feature F’)i = 1, 2 thena1W1t+a2W2t /∈
F for ai ∈ R, i = 1, 2;

3. if W1t /∈ F andW2t ∈ F thenW1t + W2t ∈ F .

Note that a feature F is a dominant property, in the sense that any linear combinations
of one process withinF and another one not inF gives a process withinF . A vector
time series is called ‘with feature F’ is any of its components is inF . It is easy to verify
that I(1)-ness and predictability are possible features in the above sense. F=I indicates the
former case. A ‘cycle’ is defined as any predictable stationary process. Also cyclicity is a
feature in the above sense which is indicated with F=C.

3Deterministic terms are also included in the VAR equations in Paruolo (2003).
4For a definition of integration at seasonal frequencies see Cubadda (1999), Cubadda (2001a), Cubadda

(2001b).



We next say that a features F is common ifWt has feature F and there exist abi ∈
Rm\{0} such thatb′iWt does not have feature F.bi is called a ‘cofeature vector’ and the
setBF := {b : b ∈ Rm, b′Wt /∈ F} is called ‘cofeature space’. It is simple to verify
thatB is a linear vector subspace ofRm, because it is closed under scalar multiplication
and vector addition by 2. above. A basisbF of BF is called a ‘cofeature matrix’, and the
dimension of the spaceBF is called ‘cofeature dimension’ or ‘cofeature rank’.

When F=I one obtains the case of co-integration, while when F=C one obtains the
case of co-cyclicity, cc for short.BI is called the cointegration space,BC the cc space.

3. Cofeature restrictions

We first consider the case of cointegration. It is convenient to rewriteA(L) asA(L) =
−ΠL+Γ(L)∆ by expanding the VAR polynomial aroundz = 1; this gives the alternative
equivalent representation

∆Xt = ΠXt−1 +
k−1∑
i=1

Γi∆Xt−i + εt = ΠXt−1 + γVt + εt (2)

whereγ := (Γ1 : ... : Γk−2), Vt := (∆X ′
t−1 : ... : ∆X ′

t−k+1)
′; let alsoΓ := I −∑k−1

i=1 Γi = Γ(1). Johansen (1988) proved Granger’s representation theorem for VAR
processes, under the assumption that the only possible source of non-stationarity comes
from the rootz = 1 of the characteristic polynomialdet(A(z)). Under this assumption,
necessary and sufficient conditions forXt to be I(1) are given by

Π = αβ′ (3)

whereα andβ arep × r matrices of rankr, andα′⊥Γβ⊥ is of full rank p − r. Here
α⊥ represents a basis of the orthogonal complement of the column space spanned byα,
col(α), and similarly forβ⊥. We will call these conditions the ‘I(1) conditions’.

Note that cointegration implies the reduced rank restriction (3) on a matrix coefficient
in the linear model (2). Under (3) the representation (2) becomes

∆Xt = (α : γ)(X ′
t−1β : V ′

t )
′ + εt = ΨUt + εt, (4)

which is called the Equilibrium Correction Mechanism, EqCM, see Hendry (1995).
Under the I(1) conditions, it can be proved, see Johansen (1988) or Paruolo (2003),

thatYt := (Y ′
0t : Y ′

1t)
′ := (X ′

tβ : ∆X ′
tβ⊥)′ follows a stationary VAR(k) process

Yt =
k∑

i=1

A◦
i Yt−i + ε◦t = Ψ◦Ut + ε◦t (5)

where the coefficient ofY1,t−k is restricted to be zero,ε◦t := B′εt andB := (β : β⊥) is a
nonsingular transformation of the innovationsεt. (5) is called the Equilibrium Dynamics
form, EqD. The vector of variablesUt can be taken to contain(Y ′

0,t−1 : V ′
t )
′ or equiva-

lently
(
Y ′

t−1 : ... : Y ′
t−k+1 : Y ′

0,t−k

)′
, which is the set of stationary regressors in (2); for a

proof see Paruolo (2003).
The stationarity of (5) implies thatβ′Xt are cointegration relations and thatβ = bI is

a basis ofBI. Inversion of the VAR (5) gives the MA(∞) representationYt = C◦(L)ε◦t =



C◦(L)B′εt, whereC◦(1) is of full rankp. Since the moving average impact matrixC◦(1)
plays an important role in the analysis of common cycles, we callYt is an I(0) process of
rankp.

From this representation one can deduce a MA(∞) representation for∆Xt, simply
selecting appropriate combinations of theC◦

i B
′ matrices. This gives

∆Xt =: C∗(L)εt = Cεt + C0(L)∆εt, (6)

whereC := β⊥(α′⊥Γβ⊥)−1α′⊥ is of rankp − r. This shows that∆Xt is an I(0) process
with rank p − r. Cumulating the MA representation for∆Xt one finds the so-called
common trends representation forXt

Xt = C

t∑
i=1

εi + C0(L)εt + m0, (7)

where the I(1) commonp−r trends are contained inC
∑s

i=1 εi andm0 depends on initial
values.

One can note that the rank of the MA impact matrix, i.e. the I(0) rank in the terminol-
ogy above, plays an upper bound on the dimension` of the co-cyclicity spaceBC. In fact in
order forbC to be a cc-cofeature matrix for a generic vector MA processWt = CW (L)εt,
one needsb′CCW,i = 0, i = 1, 2, .... DecomposingCW (L) as CW (L) = CW (1) +
CW0(L)∆,5 this in turn implies thatCW0,i = 0 for all i and b′CCW,i(1) = q′, whereq
is required to be of full column rank, otherwise the innovation processq′εt would fail to
have p.d. second momentsq′Ωq. Hencè ≤ rank(q) ≤ min(rank(bC), rank(CW,i(1))).
SincebC can be chosen freely, this means that` ≤ rank(CW,i(1)). This restriction is more
stringent for the choiceWt = ∆Xt with I(0) rankp− r than for the choiceWt = Yt with
I(0) rankp. For a more detailed characterization of thebC in the former case see Paruolo
(2003).

Engle and Kozicki (1993) and Vahid and Engle (1993) have proposed to look for co-
cyclicity relations in∆Xt; in Paruolo (2003) I have proposed to also look for co-cyclicity
in Yt. The two options are complementary. Both type of cc-cofeatures are characterized
by the reduced rank condition. LetΨ(·) indicateΨ in (4) for the choiceWt = ∆Xt, and
Ψ(·) = Ψ◦ in (5) for the choiceWt = Yt. In order forb′CWt not to depend onb′CΨ(·)Ut, one
needsb′CΨ(·) = 0, i.e. that rank(Ψ(·)) = p− `, where` is the cc dimension. The reduced
rank condition rank(Ψ(·)) = p− ` can be writtenΨ(·) = ϕτ ′, with ϕ andτ of full column
rank s := p − `. In this case the cofeature matrixbC can be chosen equal toϕ⊥. This
is parallel to the rank decomposition (3) ofΠ. One thus sees that different cc-cofeature
matrices correspond to bases of the left null space ofΨ(·), while the cointegration matrix
corresponds to a basis of the row space of the matrixΠ.

4. Extensions

There are many possible extensions of the idea of cofeature matrix as defined in Section
1. In this section we review one possible extension, which corresponds to an increase
of the set of variablesWt, allowed to contain variables selected from lags ofXt. As an

5This is always possible because all MA processesCW (L)εt considered here have geometrically de-
creasing coefficients, and henceCW (z) is analytic for|z| < 1 + δ, δ > 0.



example of this extension, assume for instance thatWt = (W ′
1t : W ′

2t)
′ whereW2t is

measurable with respect toFt−1 andWt is measurable with respect toFt. For instance
one can haveW1t = Yt, W2t = Yt−1. Partition alsobC = (b′1C : b′2C)′ conformably
with Wt. The cofeature relationb′CWt =

∑2
i=1 b′iCWit is equal

∑2
i=1 b′iCYt−i = a(L)Yt,

a(L) := b′1C + b′2CL, i.e. it represents a polynomial relation in the lag operatorL.
It is simple to see that this extension does not add anything to the idea of cointegration

for I(1) processes. Take in factW1t = Xt andW2t = Xt−1. Since the dimension of
the cointegration space is invariant with respect to linear bijective transformations and
Xt = ∆Xt + Xt−1, this choice is equivalent to choosingW1t = ∆Xt andW2t = Xt−1,
where∆Xt is I(0). Hence nothing changes when increasing the set of variables to include
more variables thanXt−1, because the cointegration relation are the same ones as forXt−1

plus the ones that select the stationary variables∆Xt.6

Restrict hence attention to extensions of the cc-cofeature. A polynomial cc-cofeature
linear combination of∆Xt, a(L)∆Xt, has been termed ‘polynomial serial correlation
common features’ by Cubadda and Hecq (2001). Similar extensions can also be applied
to Yt in place of∆Xt. We call both these cases ‘unpredictable polynomial linear combi-
nations’, UP.

UP restrictions forYt or ∆Xt correspond to other reduced ranks restrictions. In fact
defineε∗t := CW,0εt, whereCW,0 = I for Wt = ∆Xt andCW,0 = B′ for Wt = Yt, with
covariance matrix ofε∗t indicated asΩ∗ := CW,0ΩC ′

W,0. Let Z2t := W2t, Z0t := W1t,
whereZ0t satisfies

Z0t = ςZ1t + ΦZ2t + ε∗t , (8)

andZ1t, Z2t depend on laggedε∗t s. Then a necessary and sufficient condition forbC to be
a cofeature matrix for(W ′

1t : W ′
2t)

′ = (Z ′
0t : Z ′

2t)
′ is thatς is of reduced rank,ς = ϕτ ′,

with ϕ andτ of full column rank. In this case the cofeature matrix has representation

b′C := (b′1C : b′2C) = (ϕ′⊥ : ϕ′⊥Φ) and

b′(W ′
1t : W ′

2t)
′ = ϕ′⊥W1t + ϕ′⊥ΦW2t = ϕ′⊥ε∗t ,

see Paruolo (2003) for a proof. We note that all cases in Section 2 are special cases of the
restrictions of this type. Other special cases are the ‘weak form’ of common features pro-
posed in Hecqet al.(2002) for I(1) systems; the idea is that some elements in∆Xt inherit
the cyclic part included in deviations from equilibrium inY0,t−1. Other special cases are
nested reduced rank regression of Ahn and Reinsel (1988) and scalar components of Tiao
and Tsay (1989).

The UP extension allows also to ascertain which choice ofW2t would make the cc-
cofeature properties ofWt equivalent7 for the choicesW1t = Yt andW1t = ∆Xt. It can
be proved that cofeature properties ofU1t := (∆X ′

t : Y ′
0,t−1)

′ andU2t := (Y ′
t : Y ′

0,t−1)
′

are equivalent, see again Paruolo (2003).

5. Likelihood analysis

In order to define the log-likelihood functionL, assume thatεt is i.i.d. N(0, Ω); 2L is then
proportional to−T (det(Ω∗) + tr(Ω∗−1Mε∗ε∗)) whereMε∗ε∗ := T−1

∑T
t=1 ε∗t ε

∗
t
′ andε∗t is

6On the contrary, this extension makes sense in the case of I(2) processes, and it gives rise to the so-
called ‘multicointegration’ or ‘polynomial cointegration’ case, see Haldrup (1998).

7In the following we say that the cofeature properties of two sets of variables are equivalent if they have
the same cofeature rank and the cofeature matrices are linearly related.



defined inZ0t = ςZ1t +ΦZ2t + ε∗t . The cofeature restriction both for cc and cointegration
are of the type

H(s) : ς = ϕτ ′. (9)

within (8), for appropriate choice of variables. For instance for the cointegration case
ϕ = α, τ = β andZ0t = ∆Xt, Z1t = Xt−1, Z2t = Vt. We observe that in the case
of cointegrationτ is the parameter of interest, a basis ofBI, while in the case of cc, the
parameter of interest isϕ⊥, a basis ofBC. TheH(s) model is analyzed by the reduced rank
regression RRR(Z0t, Z1t|Z2t, 1). The likelihood functionL is maximized by considering
the following eigenvalue problem

∣∣λS11 − S10S
−1
00 S01

∣∣ = 0 (10)

with eigenvaluesλ1 > ...λi > ... > λp and associated eigenvectorsvi, whereSij :=

Mij − MI1M
−1
22 M2j, Mij := T−1

∑T
t=1 ZitZjt

′, i, j = 0, 1, 2. The LR test statistic for
hypothesis (9) ofH(s) versusH(p) about the rank ofς is given by

Q1(s) := −T

p∑
i=s+1

ln(1− λi).

This test, called the ‘trace test’, is asymptoticallyχ2((j − s)(p − s)) for the case of
cc under the null while it presents a squared multivariate Dickey Fuller distribution for
the cointegration case, see Johansen (1996). The limit distributions in the cc case are
unaffected ifβ in theYt transformation is known or it is estimated, as long asr is correctly
selected, see Paruolo (2003), unlike the transformation proposed in Gonzalo and Granger
(1995) which also involvesα .

In order to estimate the dimensionr of the cointegration space and the complement
s = p− ` to the dimension of the cc-cofeature space, the sequence ofQ1(s) test can be set
up froms = 0 to s = p. Johansen (1992) proved that this sequence selected the correct
dimension with limit probability equal to1 minus the significance level of each test in the
sequence; moreover the probability of under-selectingr or s vanishes asymptotically. His
proof goes through also in the case of cc-cofeatures. This procedure has thus probability
equal to the nominal size of each test to over-select the cointegration rank, and of under-
selecting the dimension of the cc-cofeature space.

Eq. (10) provides also the ML parameter estimates for given dimensions. In particular
τ̂ = (v1 : ... : vs) and

ϕ̂ = S01τ̂(τ̂ ′S11τ̂)−1, ς̂ = ϕ̂τ̂ ′ = S01τ̂(τ̂ ′S11τ̂)−1τ̂ ′, (11)

Φ̂ = (M02 − ς̂M12)M
−1
22 , Ω̂∗ = S00 − S01τ̂(τ̂ ′S11τ̂)−1τ̂ ′S10,

whereτ̂ is normalized bŷτ ′S11τ̂ = Is, τ̂ ′S10S
−1
00 S01τ̂ = diag(λ1, ..., λs) =: Λ1.

In order to identify parameters, it is convenient to normalizeτ̂ by the just-identifying
restrictionsτ̂c := τ̂(c′τ̂)−1, wherec is a known matrix of the same dimensions ofτ ,
such thatc′τ is a square nonsingular matrix, see (Johansen, 1996, Section 5.2). The
choice ofϕ̂ obtained by substitutinĝτc in place ofτ̂ in (11) is given bycϕ̂ := ς̂c, which
satisfiescϕ̂τ̂ ′c = ς̂. In the following we use the just-identifying normalization̂ϕ⊥a⊥ :=
ϕ̂⊥(a′⊥ϕ̂⊥)−1 also for the estimator ofϕ⊥.

Consider a cc-hypothesis of the formK ′vec(ā′ϕ⊥a⊥) = j, whereK has rankh. Note
that ā′ϕ⊥a⊥ are the un-normalized coefficients inϕ⊥ when it is identified viaϕ⊥a⊥. The



hypothesis can be tested via the Wald statistic

J1 := T (K ′vec(ā′ϕ̂⊥a⊥)−j)′
((

ϕ̂′⊥a⊥Ω̂∗ϕ̂⊥a⊥

)−1

⊗ (a′ς̂S11ς̂
′a)

)
(K ′vec(ā′ϕ̂⊥a⊥)−j).

The testJ1 has an asymptoticχ2(h) limit distribution. A similar Wald test can be defined
for the corresponding hypothesisK ′vec(c′⊥τc) = j on the cointegration parameters; this
is also asymptoticallyχ2 distributed.

A special case of the previous hypothesis is given by

H0 : ϕ⊥ = Hφ,

which accommodate exclusion restrictions for all columns ofϕ⊥ simultaneously. HereH
is p× h, h ≥ `. Under this restriction the likelihood function is maximized by solving

∣∣λ∗H ′S00H −H ′S01S
−1
11 S10H

∣∣ = 0,

with LR test statisticQ2 := T
(∑p

i=s+1 ln(1− λi)−
∑h

i=h−p+s+1 ln(1− λ∗i )
)

. Under

the null this test is asymptoticallyχ2((p− h)(p− s)). A similar hypothesis onτ can also
be solved with a dual eigenvalue problem interchanging 0 and 1; this also gives aχ2 test
also in the cointegration case.

Consider now the case wherebC is (partly) known. LetK be a knownp× h matrix of
rankh ≤ `, and consider the hypothesis thatK is a submatrix ofbC, bC = (K, b∗2), i.e.

H0 : K ′ς = 0. (12)

A Wald test of (12) can be based on the unrestricted maximum likelihood estimatesς̂ :=
S01S

−1
11 , Ω̂∗ := S00.1 := S00 − S01S

−1
11 S10, and equals

J2 := Ttr
(
(K ′S00.1K)−1K ′ς̂S11ς̂

′K
)

= Ttr
(
(K ′S00.1K)−1K ′S01S

−1
11 S10K

)
. (13)

This test is asymptoticallyχ2(hj). The corresponding LR test of (12) inH(s), labelled
Q3, is found by solving the eigenvalue problem

∣∣λ◦K ′
⊥S00.KK⊥ −K ′

⊥S01.KS−1
11.KS10.KK⊥

∣∣ = 0, (14)

with eigenvaluesλ◦1 > ... > λ◦p−h. The test of (12) inH(s) is given by

Q3 := T

(
s∑

i=1

ln(1− λ◦i )−
s∑

i=1

ln(1− λi)

)
(15)

whereS00.1 := S00− S01S
−1
11 S10. TheQ3 test is asymptoticallyχ2(sh). Analogous result

hold forK ′ς ′ = 0 substitutingϕ with τ , and subscript 0 with 1, see Johansen (1996).
Other tests are also possible, see Johansen (1996), Paruolo (2003). All LR test obvi-

ously also provide restricted estimates as by-products. This allows to perform a specifi-
cation search, as illustrated in the application summarized in the next section.
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Figure 1: Data in levels and first differences.

6. An application to monthly US data

This section summarizes the application reported in Paruolo (2003), to which we refer for
full details. In the analysis, a nominal size of1% was employed in each test. The data
consists of the US monthly time series data analyzed in Kim (2003): the log of S&P 500
composite stock price index,lp, the log of index of industrial production,lip, the log of
the US dollar exchange rate,lxr, the log of Moody’s Aaa corporate bond yield,lr, and
the inflation rateif , calculated as the first difference of the log of the CPI index times
100. The exchange rate serieslxr is trade-weighted and price adjusted. The time series
are graphed in Fig. 1 in levels and first differences.

These time series were selected by Kim to investigate the relation between the stock
price index and its fundamentals, with special reference to exchange rates. I reconsidered
the analysis from the choice of lag length with the addition of a constant, seasonal and in-
tervention dummies.8 For lag lengthk = 13 the standard mis-specification tests could not
reject the hypothesis that the residuals were Gaussian white noise. A preliminary specifi-
cation analysis was next performed using a LR test on the significance on single variable
∆Xi,t−j in all equations simultaneously; this allowed to drop insignificant variables, re-
ducing the number of variables inVt from 60 to 15.The resulting estimated residuals are
graphed in Fig. 2.

A common trends analysis was next performed. I found one cointegration vector as in
Kim (2003), as shown in the Table 1. The cointegration rank was next fixed tor = 1. I

8The intervention dummies were for the following time periods: 1978:4, 1980:7, 1987:10, 1991:3,
1998:8.ip had a seasonal behavior, and hence seasonal dummies were also included.
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Figure 2: Estimated residuals, their histograms and estimated densities, and their esti-
mated autocorrelation functions, ACF.

H0 r = 0 r ≤ 1 r ≤ 2 r ≤ 3 r ≤ 4
LR trace test
[1% critical values]

126.86
[76.37]

52.82
[53.91]

23.62
[34.87]

7.90
[19.69]

2.28
[6.64]

Table 1: LR trace test on the cointegration rankr.

next tested the hypothesis

HI : β = βI, βI :=
(

1 −5/2 1 0 3/2
)′

; (16)

the LR test gave a statistic of3.7368, which compared with aχ2(4) variate implies ap-
value of0.4428. This restriction was then imposed, and the transformationYt := (X ′

tβI :
∆X ′

tβI⊥)′ was calculated. The transformed time series are defined and graphed in Fig. 3.
I finally performed the cc-cofeature analysis; the results of the LR testQ1(s) on the

cc space dimension are reported in Table 2 both forZ0t = ∆Xt andZ0t = Yt.
It can be seen that, at the nominal1% level, one concludes that no cc-cofeature vectors

exist for the EqCM form, whilè = 1 cofeature vector exists for the EqD form. In other
words, the transformed system presents 4 common cycles in the EqD and one innovation
process. The estimated cofeature vector is reported in the Table 3, along with the corre-
sponding asymptotic standard errors. Graphs of the time seriesϕ̂′⊥Yt, its histogram and
estimated autocorrelation functions are reported in Fig. 4.

7. Conclusions

In this paper two simple forms of common features in VAR processes have been reviewed,
each of which leads to one rank restriction on a linear combination of the AR coefficient
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Figure 3: TransformedYt := (X ′
tβI : ∆X ′

tβI⊥)′ system.

H(s) Z0t = ∆Xt Z0t = Yt

` s Q1(s) df 100 · p-value Q1(s) df 100 · p-value
` = 5 s = 0 419.5565 80 0.00 1651.1291 80 0.00
` ≥ 4 s ≤ 1 248.0962 60 0.00 250.7385 60 0.00
` ≥ 3 s ≤ 2 144.5994 42 0.00 158.1744 42 0.00
` ≥ 2 s ≤ 3 67.0296 26 0.00 81.9780 26 0.00
` ≥ 1 s ≤ 4 26.7864 12 0.83 23.8917 12 2.10

Table 2: LR trace test on the cc dimensions.

matrices. Inference on the dimension of cofeature matrices can be addressed using re-
duced rank regression, which also delivers ML estimates. The same technique can be
used to test various restrictions on the row and column spaces of the reduced rank matrix,
as well as hypotheses on bases of their orthogonal complements.

These types of cofeature analysis can be combined into a sequential procedure which
starts by analyzing the common trends. It then proceeds by calculating theYt transfor-
mation using the estimatedβ andβ⊥ matrices. The subsequent cc analysis is not affected
asymptotically by the pre-estimation ofβ andβ⊥ matrices, because these parameters are
superconsistently estimated.

All this provides a useful toolkit for modelling common trends and cycles. One can
enquire which variables enter cofeature relations. Economic theory prescribes many equi-
librium relations among integrated variables; these are candidate cointegration relations.
Other rational expectation models, like the present value models in Campbell and Shiller
(1987), imply that certain linear combinations of stationary variables are unpredictable
processes. These are candidate cc-cofeature relations. This association between an eco-
nomic concept – like equilibrium – and a statistical relation – like cointegration – has been



Y ′
t ci ∆(lp− lxr) ∆(if − lip− 4lp) ∆(if − 3

2
(lxr + lr)) ∆lr

ϕ̂′⊥ −0.0278 −1.5017 −0.6116 0.5490 1
SE 0.0129 0.4225 0.1235 0.1131 .

t statistics −2.1563 −3.5539 −4.9527 4.8553 .

Table 3: Estimates of the cc-cofeature vector.
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Figure 4: Unpredictable component (top), its histogram and density estimate (middle),
estimated autocorrelation function (bottom).Dt contains the deterministic seasonal and
intervention dummies,b = ϕ̂⊥.

at the root of the success encountered by cointegration in the last two decades. Hopefully,
the just-apposition of cc-cofeatures and rational expectation models could be just as suc-
cessful.

Applying some of the proposed techniques to the monthly US data analyzed in Kim
(2003), one cointegrating relation was found and one cc-cofeature vector was detected;
the latter involved the cointegrating relation, and hence could not be found analyzing only
growth rates, as it is done in the analysis of the equilibrium correction form.
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