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Abstract: In this paper a formulation of the calibration problem for a multiscale 
stochastic volatility model based on filtering and maximum likelihood methods is 
presented. Real data (electric power price data) are used to validate the formulation of 
the calibration problem and its numerical solution. 
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We use filtering and maximum likelihood methods to solve a calibration problem for a 
multiscale stochastic volatility model. This work extends the work presented in [1]. The 
multiscale stochastic volatility model considered generalizes the Heston model, has 
been  introduced in [2], and describes the dynamics of the asset price using as auxiliary 
variables two stochastic variances varying on two different time scales. Our aim is to 
estimate the parameters of this multiscale model and its two initial stochastic variances 
from the knowledge, at discrete times of the asset price and eventually of the prices of 
European options. This problem is translated in a maximum likelihood problem with the 
likelihood function defined through the solution of a filtering problem. Furthermore we 
develop a tracking procedure that is able to track the asset price and the values of its two 
stochastic variances for time values where there are no data available. The solution of 
the calibration problem and the tracking procedure are used to do the analysis of data 
time series taken from the U.S. electricity market. In the study of electric power price 
data we consider daily data.  Moreover we use the estimated values of the parameters 
and of the initial stochastic variances obtained solving the calibration problem to 
produce, through the tracking procedure mentioned above, forecasts of the asset prices 
(electric power) and of the associated stochastic variances. The forecasts of the asset 
prices are compared with the prices actually observed. This comparison shows that the 
forecasts are of very high quality even when we consider “spiky” electric power price 
data (see Figure 1). The website: http://www.econ.univpm.it/recchioni/finance/w9 
contains some auxiliary material that helps the understanding of this paper and of [1].  

† The numerical experience and data analysis reported have been obtained using the computing 
resources of CASPUR (Roma, Italy) under contract: “Multiscale stochastic volatility models in finance 
and insurance” granted to the Università di Roma “La Sapienza”. The support and sponsorship of 
CASPUR are gratefully acknowledged. 
*  The research reported is partially supported by MUR - Ministero Università e Ricerca (Roma, 
Italy), 40%, 2007, under grant: “The impact of population ageing on financial markets, intermediaries and 
financial stability”. The support and sponsorship of MUR are gratefully acknowledged. 
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The model considered describes the dynamics of the log-return 0, �txt , of an asset 
price 0, �tSt  (i.e.: xt=ln(St/S0)) , and of its two stochastic variances 2,1,0,, �� itv ti ,
and consists in the following system of Ito stochastic differential equations: 
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differentials. The autocorrelation coefficients of these stochastic differentials are equal 
to one, moreover we assume that ,,0 1,0
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denotes the expected value of �, / 01,1, 2,01,0 	���  are constants known as correlation 
coefficients and the quantities ,2,1,,,,, �iba iiiii A�B  are real constants. We require 
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guarantee that when tiv ,  solution of (2), or of (3), is positive with probability one at time 
t = 0, it remains positive with probability one for t > 0, i = 1,2. As suggested by the 
analogy with the Heston model we choose 1,21 2121 ��	�� bbaa . The two 
stochastic variances 0,2,1,, �� tiv ti , vary on two different time scales and can be 
regarded as auxiliary variables introduced to model the dynamics of the asset price. The 
fact that 0,, ,2,1 @tvv tt , are stochastic variances on different time scales is translated in 
the condition: .21 BB CC  In [2] the transition probability density function fp  of the 
stochastic process solution of the model (1), (2), (3) has been written as a one 
dimensional integral of an explicitly known integrand. Moreover we have defined the 
risk neutral measure associated to the multiscale stochastic volatility model (1), (2), (3) 
and the associated risk premium parameters R�21,�� and we have derived two integral 
formulae that give the price of European vanilla call and put options under the risk 
neutral measure [2]. Let R be denote the set of real numbers. In order consider the 
filtering and calibration problems that interest us we introduce the vector 13R�D and
the set 13R�M  defined as follows: 
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The vector 13R�D  is the unknown of the calibration problem considered and the set 
M  defines the set of “feasible” vectors, that is the set of vectors satisfying the 
constraints. Let ,,...,1,0, niti �  be time values such that ,1,...,1,0,t 1i 	�C $ niti  without 
loss of generality we choose ,00 �t and for later convenience we define $��$1nt . Let 

, -iii PCx ~,~,~  be respectively the log-return of the asset price tS and the prices of European 
vanilla call and put options on the asset having maturity time , -iii tTT @  and strike price 

iK , observed at time .,...,1,0, nitt i ��  We suppose that the option prices observations 

,,...,1,0,~,~ niPC ii �  are affected by an additive Gaussian error with mean zero and 
known variance ,,...,1,0, nii �I respectively and that the asset log-returns ,~

ix i=0,1,…, n,
are observed without error. The filtering problem that we consider is the following: 
Given the vector M�D  find the probability density function , -D,21 |,,, ttvvxp F ,

, - ,0,,, 21 @��� $$ tRRRvvx  of the random variables tt vx ,1,  and 0,,2 @tv t , solution 

of (1), (2), (3), (4) conditioned to the observations , -� �0,:~,~,~ @�� ittPCx iiiitF ,
0@t and forecast the values of the state variables ttt vvx ,2,1 ,,  for t>0 and in particular for 

itt � , ,,...,1,0 ni �  and for ntt @ .
 Let us outline the solution of the filtering problem (see [1] for more details). We 
define the following functions: 
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where , - , -,|,,,|,,, 2121 D�D
iti tvvxptvvxp F , - 1ii21 tt t,RRR,, $

$$ CC���vvx , i=0,1,

…,n, is the joint probability density function of the random variables ,,, ,2,1 ttt vvx  solution 
(1)-(4) when 1$CC ii ttt conditioned to the observations made up to time itt �  and 
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and C and P in (8) are the call and put option price formulae in the model (1)-(4) 
deduced in [2]. In [1] an integral formula for pi is derived and a tracking procedure able 
to forecast the values of the state variables ,2,1,0,, , �@ itvx tit  is obtained. In [1] the 
problem of estimating the vector D  is reduced to the solution of the following 
maximum likelihood problem: 

, -D
�D

F
M

max             (9) 

where , -DF  is the (log-) likelihood function defined as follows: 
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Figure 1: Forecasted values(one day in the future)(stars)  and observed values(squares) 
of the log-returns of electric power prices (a) and of the electric power prices (b).

(a) (b)

In the real data case we use the estimated values of the parameters and of the 
initial stochastic variances obtained solving the calibration problem to produce through 
the tracking procedure (i.e. taking the expected values of the state variables conditioned 
to the observations made extended in the future using the dynamics of the model) 
forecasts for future times of the electric power prices and of the associated stochastic 
variances. Figure 1 shows the observations and the forecasts of the log-return and of the 
corresponding asset (electric power) price one day in the future obtained using in the 
forecasting procedure the model parameters and the initial stochastic variances obtained 
solving the maximum likelihood problem that uses as data the observations made in a 
time window made of 26 consecutive days ending with the price of the day before the 
forecast.  Figure 1a) and Figure 1b) show xt, t>0, and St, t>0, respectively. Figure 1 
shows forecasts  of very high quality. 
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