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Abstract: We consider the classical discrimination problem (supervised classification)
between two “populations”, P0 and P1, of curves on [0, 1]. The respective functions in P0

and P1 are the trajectories of two stochastic processes with Gaussian distributions, μ0 and
μ1. The present communication relies in some results (dating at least from the 1960’s)
which provide sufficient conditions to ensure the absolute continuity μ1 � μ0 and,
more importantly, the explicit expression of the corresponding Radon-Nikodym derivative
dμ1/dμ0. We will show how these expressions can be used in two ways in the discrim-
ination problem: (a) To guarantee the consistency of the nearest-neighbor classifier and
(b) To suggest new plug-in classifiers based on the estimation of the Radon-Nikodym
derivatives.
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1. Introduction

The statement of the discrimination (supervised classification) problem is well known:
Suppose that a random variable X can be observed in two populations P0 and P1. Denote
by μi, for i = 0, 1 the distribution of X when observed in Pi. In general, μ0 and μ1

are not assumed to be completely known but it is usual to impose some restrictions on
them; for example, it is quite common to assume that μi belong to some given family
of distributions and, in any case, it is always assumed that μ0 
= μ1. The available data
consist of a sample of independent observations {(Xi, Yi), 1 ≤ i ≤ n} where Yi = 0 if
the i-th individual, with observation Xi, belongs to P0 and Yi = 1 if Xi has been observed
in P1. The problem is to decide, from the information provided by the training sample, if
a new observation X = x (for which the value of Y is not known) has been taken in P0

or in P1.
In the classical (multivariate) case, the feature space X where the random observations

Xi take values is just the d-dimensional Euclidean space X = R
d. We are however con-

cerned here with the (infinite-dimensional) functional situation in which X is a function
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space, for example X = C[0, 1], the space of real continuous functions defined on the
interval [0, 1], endowed with the usual supremum norm ‖.‖.

The mathematical aim is to find a “classifier” (or “classification rule”) g : X →
{0, 1} that minimizes, at least asymptotically, the classification error (often called “risk”)
P (g(X) 
= Y ). It can be shown (e.g., Devroye et al., 1996, p. 11) that the optimal classi-
fication rule (or “Bayes rule”) is

g∗(x) = 1{η(x)>1/2}, (1)

where 1A denotes the indicator function of the set A and η(x) = E(Y |X = x). This rule
is usually unknown but it can be approximated, in different ways, from the training data.

The problem of multivariate (finite-dimensional) discrimination is a standard issue in
statistical theory and practice since, at least, seventy years ago. The book by Devroye et
al. (1996) is a good general reference with a clear and deep treatment of the mathematical
aspects. So far the functional case has received much less attention but there is a current
growing interest in the subject coinciding with the general development of the functional
data analysis (FDA). The monographs by Ramsay and Silverman (2005) and Ferraty and
Vieu (2006) include interesting accounts on supervised classification with functional data.
A recent survey on the subject can be found in Baı́llo et al. (2009).

2. Gaussian processes with triangular covariance functions

In this communication we are particularly concerned with functional discrimination
between two populations P0 and P1 whose corresponding distributions, μ0 and μ1 are
Gaussian processes on [a, b], with mean functions denoted by mj(t), for j = 0, 1, and
with covariance functions Γj(s, t) = uj(min(s, t)) vj(max(s, t)), for s, t ∈ [a, b], where
uj > 0, vj > 0, and uj, vj ∈ C2[a, b] for j = 0, 1. In other words, the available data are of
type (Xi, Yi) where the Xi are random trajectories Xi = Xi(t) = Xi(t, w) with t ∈ [a, b],
coming either from P0 or P1, as indicated by the value of Yi; that is, the conditional
distribution X|Y = j is μj for j = 0, 1.

Covariance functions of type Γ(s, t) = u(min(s, t)) v(max(s, t)), are called triangular.
Some important processes, as the Brownian motion or the Ornstein-Uhlenbeck process,
have a covariance structure of this type. Moreover, Varberg (1964) has derived an inter-
esting integral representation for processes with a triangular covariance function.

The reason of considering here this kind of processes is that there exist some results
for them which ensure the mutual absolute continuity μ0 � μ1, μ1 � μ0 and, more im-
portantly, provide the explicit expressions of the respective Radon-Nikodym derivatives
dμ0/dμ1 and dμ1/dμ0. It turns out that these expressions are simple enough to be used
for different practical purposes related to the discrimination problem between P0 and P1.
In particular, we will show (Section 2) the consistency of the k-NN classifier in the dis-
crimination problem between P0 and P1 and we will consider (Section 3) the construction
of new plug-in classifiers based on the estimation of dμ0/dμ1 and dμ1/dμ0.

3. k-NN classifiers

A simple, intuitive way to classify a datum x is given by the following k-NN rule: given
a integer k = kn we look at the values of Xi in the training sample. Then x is assigned to
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P1 if and only if the majority of the k training data closest to x correspond to observations
coming from P1. In formal terms, define

ηn(x) =
1

k

n∑
i=1

1{Xi∈k(x)}Yi (2)

where“Xi ∈ k(x)” means that Xi is one of the k nearest neighbours of x. Then, the k-NN
classifier is given by gn(x) = 1{ηn(x)>1/2}, where gn(x) = j means that x is assigned to
Pj for j = 0, 1 and 1A denotes the indicator of A.

In the finite dimensional case (where X takes values in R
d) the k-NN classifier is known

to be universally consistent (Stone, 1977) in the sense that the probability of classification
error (conditional to the sample) converges (in probability) as n → ∞ to that of the
optimal rule (1), provided that kn → ∞ and kn/n → 0, with no restriction at all on the
distribution of (X, Y ). See Devroye et al. (1996) for details.

The interesting fact is that in the infinite dimensional case such universal consistency
does not longer hold: However, in Cérou and Guyader (2006, Th. 2) it is shown that
under an appropriate assumption (called Besicovich condition) on η(x) = E(Y |X = x)
the consistency (in probability) of the k-NN classifier holds whenever kn → ∞ and
kn/n → 0.

It turns out that when η(x) is continuous, this Besicovich condition is valid. We will
first establish, as a useful auxiliary result, the following inequality

|η(z) − η(x)| ≤ p

1 − p

∣∣∣∣dμ0

dμ1

(x) − dμ0

dμ1

(z)

∣∣∣∣ , (3)

where p = P{Y = 0} ∈ (0, 1). Then, we will show (as a direct consequence from
some results by Varberg (1961) and Jørsboe (1968)) that for some Gaussian processes
with distributions μ0 and μ1 and triangular covariance functions, the Radon-Nikodym
derivative dμ0/dμ1(x) is continuous so that, from (3) we conclude the continuity of η(x)
and therefore the consistency of the k-NN classifier.

4. Plug-in classifiers

Since, under some broad conditions the regression function can be expressed by

η(x) =
1 − p

pdμ0

dμ1
(x) + 1 − p

, (4)

for x in the common support of μ0 and μ1, we may think of estimating dμ0/dμ1(x) and
plugging-in the result in the expression (1) of the optimal classifier.

As mentioned above, in the case of Gaussian processes with a triangular function
the expression of this Radom-Nikodym derivative is explicitly known under some ad-
ditional assumptions. For example, Jørsboe (1968, p. 61) considers the case where
m1 = 0, and the other mean function m0 = m is a function in C2[a, b], such that
m(a) = 0 whenever u(a) = 0. Also both covariance functions are equal to Γ(s, t) =
u(min(s, t)) v(max(s, t)), for s, t ∈ [a, b], where u, v ∈ C2[a, b] are positive functions
and v and vu′−uv′ are bounded away from zero on [a, b]. Under these conditions, μ0 and
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μ1 are equivalent measures with the following Radon-Nikodym derivative:

dμ0

dμ1

(x) = exp

{
D1 + D2 x(a) +

1

2

∫ b

a

g(t)d

(
2x(t) − m(t)

v(t)

)}
(5)

where D1 and D2 are some constants depending on u(a), v(a) and m(a) and f(t) is a
function depending on u(t), v(t), m(t) and their first derivatives.

The relative simplicity of expression (5), which can be handled integrating by parts,
suggests the idea of replacing m, u and v (and their relevant derivatives) with suitable
estimators thus obtaining, via (1) and (4), a plug-in version of the optimal classifier. This
can be done in several ways, including the possibility of using some extra parametric
assumptions on the structure of Γ. These topics are currently under study.

5. Practical aspects

We will also comment the results of some simulation studies and real data examples
which complement those given in Cuevas et al. (2007). They are aimed to compare the
efficiency of several standard functional classifiers with that of the simple k-NN rule. The
results are not by any means conclusive. In general terms they suggest a quite reliable
behavior of the k-NN classifier which appears as a reasonable all-purposes rule with a
reasonable behavior when compared with other more sophisticated alternatives. At the
time of writing this summary we don’t have yet the outputs corresponding to the imple-
mentation of the plug-in classifiers mentioned in the previous section.
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