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Abstract: In this work we analyze the selection of eigenfunctions of the functional pre-
dictor in the functional linear model with scalar response when the model is estimated
through the principal components technique. Several properties on the selection of eigen-
functions to include in estimation are analyzed. In particular, it is shown that a wrong
selection of the eigenfunctions included in estimation may lead, either to a biased estima-
tion of the slope function of the model or to a estimation with large mean square error.
Moreover, it is shown that the contribution to the fit of each eigenfunction is measured
in terms of the correlation between the scalar response and the corresponding functional
principal component score. However, it is shown that including eigenfunctions in estima-
tion just because its autocorrelation is large with the scalar response may not the more
convenient approach. Indeed, a eigenfunction associated with a small eigenvalue should
not be included in estimation unless its associated functional principal component score
has a very large correlation with the scalar response. Finally, the performance of several
strategies based on model selection criteria for selecting eigenfunctions are compared in
terms of several aspects such as mean square error of estimation of the slope function of
the model, mean square prediction error, error variance and coefficient of determination.
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1. Introduction

Functional data analysis deals with data consisting of repeated measurements of the same
subject densely taken over an ordered grid of points belonging to a finite interval of the
real line. The collection of this kind of data is becoming progressively frequent due to
technological advances in measurement machines in fields such as chemometrics, meteo-
rology, economy and image analysis, among others. As a consequence, there is a recent
interest in methods dealing with functional data. The books of Ramsay and Silverman
(2002, 2005) and Ferraty and Vieu (2006) summarizes several methods and case studies
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for handling functional data from different approaches. Methods for functional data in-
clude, among others, functional principal components, functional linear models in which
the predictors and/or the response are of a functional nature, functional analysis of vari-
ance and outlier detection for functional datasets.
Among all the available methods for handling functional data, the functional linear model
in which the predictor is functional and the response is scalar have attracted considerable
attention in the recent literature. Estimation of this model can be carried out by means of
different approaches. For instance, estimation based on the use of restricted basis func-
tions and penalization methods has been analyzed by Hastie and Mallows (1993), Marx
and Eilers (1999), Cardot, Ferraty and Sarda (2003), Ramsay and Silverman (2005), Li
and Hsing (2007) and Crambes, Kneip and Sarda (2009), among others. A different point
of view based on functional kernel regression estimates defined through semi-metrics of
functional spaces has been considered by Ferraty and Vieu (2006). On the other hand,
Cardot, Ferraty and Sarda (1999) proposed an estimator based on regressing the response
on the principal component scores of the functional predictor which has been posteriorly
analyzed in several papers including Cardot, Ferraty and Sarda (2003), Hall and Hosseini-
Nasab (2006), Cai and Hall (2006) and Hall and Horowitz (2007), among others. Hypoth-
esis testing on this last estimator can be done using the test statistics proposed in Cardot,
Ferraty, Mas and Sarda (2003), while diagnosis via residual processes was undertaken
in Chiou and Müller (2007). Finally, Febrero-Bande, Galeano and González-Manteiga
(2009) proposed influence measures for the functional linear model with scalar response
estimated through this approach.
The estimation method based on the functional principal components technique has be-
come very popular because, as mentioned by Hall and Hosseini-Nasab (2006) and Hall
and Horowitz (2007), this method gives the most rapidly convergent representation of the
functional dataset predictor when speed of convergence is defined in an L2 sense. Es-
timation of the model proceed as follows. First, the functional principal components of
the predictor variable are obtained. This is accomplished by extending the set of predictor
curves in the basis of eigenfunctions of the covariance operator of the functional predictor,
which is known as the Karhunen–Loève expansion, in order to obtain a small dimension
space which represents as well as possible the main variations of the predictor. Then,
the first principal component scores of the functional predictor are regressed against the
scalar response in order to obtain an estimate of the functional slope of the model. After-
wards, one can estimate the residual variance of the process and obtain fitted values and
residuals, which are useful for model assessment.
Cardot, Ferraty and Sarda (2003) pointed out that the estimator of the slope function of
the model based on the functional principal components procedure may be sometimes too
rough even for large sample sizes. This is because the inclusion in estimation of eigen-
functions associated with small eigenvalues may dramatically increase the mean square
error of the estimator. As a consequence, several papers, as the mentioned above, have
considered that are more reliable methods which includes penalization terms trying to
avoid the inclusion of a large number of eigenfunctions. The first purpose of this work
is to show that, indeed, a wrong selection of the eigenfunctions considered for estimation
may lead, either to a biased estimation of the slope function of the model or to a esti-
mation with large mean square error. In particular, it is shown that the contribution to
the fit of each eigenfunction is measured in terms of the correlation between the scalar
response and the corresponding functional principal component score. As a consequence,
if a eigenfunction associated with a principal component score highly correlated with the
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scalar response is not included in estimation, the estimate of the functional slope of the
model may be strongly biased. On the other hand, if a eigenfunction associated with
a principal component score with small correlation with the scalar response and with a
small associated eigenvalue is included in estimation, the estimate of the functional slope
of the model will have a large mean square error. Therefore, the selection of an adequate
number of eigenfunctions in estimation is a crucial task. Indeed, an appropriate selection
method joint with a convenient smoothing of the estimated slope function may avoid the
two problems previously stated.
The results mentioned previously shows that the eigenfunctions selected accordingly with
the magnitudes of their associated eigenvalues do not contribute monotonically to explain
the total variance of the scalar response. This result suggests that selection of eigenfunc-
tions linked with the functional principal scores with larger correlation with the scalar re-
sponse may be more appropriate that selecting the eigenfunctions linked with the largest
eigenvalues. However, the second purpose of this work is to show that including eigen-
functions in estimation just because its autocorrelation is large with the scalar response
may not be the more convenient approach. This is because, the effect due to the estimation
of the eigenfunctions and eigenvalues is not taken into account in the correlation analysis.
Indeed, a eigenfunction associated with a small eigenvalue should not enter in estimation
unless its associated functional principal component score be strongly correlated with the
scalar response. Thus, in general situations, it may be more appropriate the conventional
approach of including the eigenfunctions linked with the larger eigenfunctions and not to
include eigenfunctions linked with the smaller eigenfunctions unless the correlation with
the scalar response is significatively large. In fact, it is shown that the bias included in
estimation of the functional slope, the error variance and the coefficient of determination
of the model using the conventional approach is minimal.
Usually, the selection of the number of eigenfunctions to include in estimation is car-
ried out by means of model selection criteria. For instance, Hall and Hosseini-Nasab
(2006) used the predictive cross-validation criterion (PCV), Cardot, Ferraty and Sarda
(2003) used the generalized cross-validation criterion (GCV), Chiou and Müller (2007)
considered the Akaike Information Criterion (AIC), while Febrero-Bande, Galeano and
González-Manteiga (2009) used the Corrected Akaike Information Criterion (AICc) and
the Bayesian Information Criterion (BIC). The third purpose of this work is to compare the
performance of these model selection criteria in selecting an adequate number of eigen-
functions to include in estimation in terms of several aspects such as mean square error
of the estimation of the slope function of the model, mean square prediction error, error
variance and coefficient of determination. In particular, it is shown that the BIC appears
to have the better performance for selecting the number of eigenfunctions, specially for
small sample sizes.
The structure of the talk will be as follows. First, we present the functional linear model
with scalar response and analyzes estimation through the principal components methodol-
ogy. Then, we analyze several aspects regarding the selection of eigenfunctions to include
in estimation. Afterwards, we present several model selection criteria usually considered
for estimating the functional linear model with scalar response. Finally, we carry out a
comparison of several strategies for selecting eigenfunctions through different measures
by means of different Monte-Carlo experiments, which considers different models, sam-
ple sizes and error distributions.
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