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Abstract: Let GG be a bivariate extreme value distribution function. Various alternative
ways to describe the dependence structure of GG have been proposed in the literature. In
this paper we focus on the spectral measure, introduced by de Haan and Resnick (1977).
The estimation of this spectral measure is one of the main issues in multivariate extreme
value theory. Working under the assumption that the spectral measure v is a point mea-
sure, how can we estimate v ? We propose a simple estimator and study some of its
theoretical properties. Finally, we show how this estimator provides useful in the con-
struction of an estimator of the multivariate ruin probability.
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1. Introduction

Let || - || denote any norm on R? and let S; = {x € R? : ||x|| = 1} denote the unit sphere
for this norm. Let Y be a bivariate random vector whose distribution is regularly varying
with tail index o > 0, i.e. there exists a probability measure v on the unit sphere S; such
that

P(lY Y/|Y B
- P(IYI| > g7 Y/ |[Y] € B)

=y “v(B 1
A (N v ®

for ever y > 0 and Borel sets B C S; with v(0B) = 0.

The probability measure v is called the spectral measure of Y. It describes in which
directions we are likely to find extreme realizations of Y. Let us just remark that if we put
y = 1in (1), then v is the limiting distribution, as » — oo, of Y/ ||Y|| conditioned on the
event {||Y|| > r}. The spectral measure was introduced by de Haan and Resnick (1977).
For a general background see, for instance, the monographs by Beirlant et al. (2004) and
de Haan and Ferreira (2006).

The form of the spectral measure is norm-dependent. For every choice of the norm, the
spectral measure is a measure of dependence between the extreme values of the univariate
components of Y. Let the norm be the usual Euclidean norm.

The spectral measure will be defined on the interval [0, 7/2] and its density evaluated
at 0 € [0, 7/2] can be interpreted as a measure of the likelihood that arctan(y,/y;) = 0
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provided that at least one of the components was extreme. If most of the mass concentrates
around 7 /4 then the occurrences of extreme movements in the two components are highly
correlated, i.e. an extreme value in one component is almost surely matched by an extreme
movement in the other. Most of the mass around 0 and 7/2 corresponds to the situation
when the occurrences of extreme on the two components are independent, i.e. extreme
values in one component do not illicit extreme values from the other.

In this paper, we are interested in discrete spectral measures which arise whenever ex-
treme values are generated by a finite number of independent heavy-tailed factors. An
example is the following model

Y=AX+U

where X = (Xi,...,X;)? is a k£ x 1 random vector of i.i.d. random variables with
common marginal Pareto-type tail, U is a d x 1 column vector of noise variables having
lighter tail than the X variables and A is a d x k matrix of coefficients. The intuitive
interpretation is that the extreme observations of Y are dominated by a single component
of X. Therefore, in the limit, there are only a finite number of directions for extreme
outcomes of Y.

2. Estimation procedure and main result

Parametric estimators of the spectral measure have been proposed by Coles and Tawn
(1991) and Joe et al. (1992). An alternative to the parametric approach is the nonpara-
metric one: see Einmhal et al. (1997) and Einmhal et al. (2001) who work under the
assumption that the density exists. Our main assumption is that the spectral measure v is
a point measure, i.e. there exist y,...,0x € S; and real numbers by, ..., bx such that
b1+ -+ bk =1and

K
v= bidy, . )
j=1

We want to estimate the points 61, . . ., 0k and the masses by, . .., bx when K is known.
We assume that b; > b;, i > 2, i.e. 6, is the mode of the distribution v.

Let h be an integer and A, ..., Ay, be a regular partition of the unit sphere. For instance,
if the norm is the L? norm, then L? is isomorphic to [—7, 7], and A; can be an interval
of length 27 /h. Let Xy,...,X,, be i.i.d. with the same distribution as X and & be an
intermediate sequence, i.e. such that £ — oo and n/k — oo.

We define an estimator 6 of 6; as the midpoint which contains the greatest proportion of
points among the £ points with the largest radius.

Denote R = ||X| and © = R~'X and let R(;) > --- > R, be the order statistics of
Ry, ..., R,. Let 1, be the empirical estimator of the spectral measure defined by

A 1 /rL
() = ¢ > Leeaylinzn,) - ©)

=1

It is known (Resnick (2007)) that 2, = v. Define j = arg max;,__x 7,,(4;), and let 0 be
the midpoint of A;. Under weak conditions, 6 is shown to be a consistent estimator of 6.
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3. An application: the Poisson shock model

In the classical ruin problem, an insurance company gains capital from premium incomes
and loses capital as a result of claims. Estimates are then given for the probability that
the company ever incurs ruin, that is the probability that company’s total capital becomes
negative.

More precisely, the risk reserve process is modeled by R(t) = u + tp — S(t), where u
denotes the initial capital, p is the premium rate per unit time and S(¢) is a stochastic
process modeling the amount of cumulative claims up to time ¢. The ruin probability is
then given by ¢)(u) = P(R(t) < 0 for some ¢ > 0).

Ruin theory for the univariate risk model has been discussed extensively in the literature;
for a summary of main results, see, for example, Asmussen (2000). An extension of
classical risk theory towards a multidimensional model is possible while allowing R(t),
u, p and S(t) to be vectors, with possible dependence between the components of S(¢).
As above, vectors will be denoted by bold letters, capitals for random vectors and lower
case for non-random vectors.

Really, we are interested in insurance claims which occur in different lines of business
(for example, driving insurance, house insurance, health, etc.) of the same company or
in different countries. We suppose that there are strong a priori reasons for believing that
claims of different lines of business (or countries) are dependent. More precisely, we
assume that all claims can be related to a series of underling and independent shock pro-
cesses. In insurance these shocks might be natural catastrophes: hurricanes, for example.
The most common tool to take this into account is the Poisson shock model, i.e. we
assume that the different varieties of shocks arrive as independent Poisson processes, in
which case the counting processes for the different loss types are also Poisson.

The mathematical framework is as follows. Let us consider an insurance company with d
lines of business. Suppose {Zy, k > 1} are i.i.d. R%valued random vectors representing
claim sizes and Z is regularly varying, i.e. satisfies (1), with &« > 1. Let N, = #{n > 1:
T,, < t} denote the total number of claims up to time t and Ty, = 0,7, = Wy +--- + W,
where {W},, k > 1} is a sequence of 7.i.d. random variables representing the interarrival
times.

We consider a d-dimensional risk process {R;, ¢ > 0} given by

N

R, =ub+tp—> Z
k=1

where w is the initial capital and capital allocation to the different lines of business is
determined according to ub with b € (0,1]¢ and b 4 --- + b = 1. p € (0, 00)?is the
premium income rate which is assumed to be constant.

The quantity of interest is the multivariate ruin probability which can be defined as

g r(u) = P(R, € F for some ¢t > 0)

for a given ruin set /' C R? Hence, v(u) is the probability that the multivariate risk
reserve process R, enter some domain of R?, called insolvency region (or ruin set).

Leu us define ¢ = E(W)p — E(Z) and assume that the net profit condition, ¢ € (0, c0)¢,
holds, that is, each business line has a positive safety loading. Assume further that
E(W?7) < oo for some v > «a. Under these hypothesis, Hult and Lindskog (2006) state
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that it is possible to approximate the ruin probability of an insurance company for large
initial capital u by

Ya,r(u) ~ /00 p(ve+b — F)dvu P(|Z] > u) 4)
0

where i is a measure on R\ {0} related to the spectral measure v through
w(z:|z| >rz/|z| € S)=r"v(S)

for r > 0 and Borel sets S C S 1 = {x e R?: ||x|| = 1}.

Once all the quantities on the right hand side of 4 are estimated, a simple estimator by
plug-in method of the multivariate ruin probability is obtained, whose behavior is illus-
trated through a simulation study.
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