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Abstract: We consider the problem of estimating the parameters of Auto-models when
some values of the target variable are missing at random but the auxiliary information is
known for the same areas. In a complete-data setup, the parameters are estimated using
the pseudo-maximum likelihood method. With missing data, the problem can be tackled
by means of the EM algorithm. In general, however, the conditional expectation of the
complete pseudo-likelihood function is analytically intractable. Thus, we implement the
E-step by means of Monte Carlo simulation. We give the details for the Logistic Auto-
logistic and the Binomial Auto-binomial models.
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1. Introduction

In spatial statistics the classic techniques for the treatment of missing-data problems have
to be adapted to spatially dependent data. We focus on the missing-data problem in the
Logistic Auto-logistic and Binomial Auto-binomial models. It is well-known that for
these models the likelihood function cannot be written in closed form. Hence we will use
the EM algorithm in the setup of a Maximum Pseudo-Likelihood approach.

2. Methodology

A spatial random process Ỹ on a (k × k) grid D ⊂ Z
2 can be described by a matrix

of random processes. Each element of Ỹ is characterized by two indexes: Ỹij (i, j =

1, . . . , k). However, it is common to stack the columns of the random field Ỹ on top of
each other; in this manner, we obtain a random vector Y = vec(Ỹ ) and a single index is
sufficient to identify each dependent variable Yi (i = 1, . . . , k2). We can now define the
Binomial Auto-binomial Model (BAM).

Definition 1 Let Yi =
∑K

s=1 Wis, where Wis are independent Bernoulli (πi) rvs for any
s ∈ {1, . . . , B}, with B ∈ N. A random field Y (s), s ∈ D, D ⊂ Z

2 is called a Binomial
Auto-binomial Model (BAM) if the conditional distribution of Yi given Yj , j ∈ C(i), is
given by

P (Yi = yi|Yj = yj, j 
= i, j ∈ C{i}) =

(
B

yi

)
πyi

i (1 − πi)
B−yi ,
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where

πi = P (Wis = 1|Wjs = wjs, j 
= i, j ∈ C{i}) =
exp{wis(αi + γ ′xi + β

∑
j∈C{i} wjs)}

1 + exp{αi + γ ′xi + β
∑

j∈C{i} wjs} ,

(1)
with Wis conditionally independent of {Wjs, j /∈ C(i)}, wis ∈ {0, 1}, xi = (x1, . . . , xm)′

the vector of the m auxiliary variables for area i and C(i) the neighborhood set of cell i.
Applying the ML method to the BAM is usually impossible, because the Yis are dependent
and their joint distribution is not computable. We can, however, treat the observations as
if they were independent. This approach allows to obtain a “likelihood-type” function as
the product of the conditional densities PL =

∏
P (yi|all other yj’s). PL, considered as a

function of the parameters, is called Pseudo-Likelihood (PL), and is maximized with re-
spect to the parameters. In this setup PL is the likelihood function of a binomial model, so
that maximization can be performed with standard techniques. This methodology, known
as Maximum Pseudo-Likelihood (MPL), was first introduced by Besag (1975, 1977).
If the data consist of a single realization of the spatial process, and the dimension k tends
to infinity, consistency of the MPLEs of the parameters of a Markov random field on Z

d

(d ≥ 2) was first proved by Geman and Graffigne (1987) under the assumption, clearly
satisfied here, that the range of values taken by the process is finite.
When the MLE method can be applied, a common way of tackling a missing-data prob-
lem is based on the EM algorithm (Dempster et al., 1977). The algorithm iterates until
convergence two steps, called E (Expectation) and M (Maximization). The first one is
given by the conditional expectation of the so called complete likelihood function, i.e.
the hypothetical likelihood function that would be available if the missing data were ob-
served; the M-step consists in maximizing this conditional expectation. Assume now
that, for some cells, Yi is missing at random, whereas the auxiliary information is avail-
able. We would need to write down the complete and observed (incomplete) likelihood
functions but, as mentioned above, the observations are not independent, so that even
when no observations are missing, we cannot write the likelihood function. We therefore
resort to the MPL estimation methodology and work with the complete and incomplete
pseudo-likelihood functions:

PLc =
k2∏
i=1

πyi

i (1 − πi)
B−yi , PLobs =

kobs∏
i=1

πyi

i (1 − πi)
B−yi , (2)

where πi is given by (1) and kobs is the number of observed data. As can be seen, in the
complete-data case estimation would be based on standard MPL methods, which implies
that we know how to perform the M-step: we just have to estimate a logistic model as if
the observations were independent.
Denoting with Y mis the (kmis)-vector of the missing data (kmis = k2 − kobs), with Y obs

(kobs × 1) the observed data and with Y = (Y ′
mis, Y

′
obs)

′ (k2 × 1) the complete data,
the E-step requires to compute the conditional expectation of the complete pseudo log-
likelihood function plc = log(PLc), given the current values of the parameters and the
observed data: Eπ(t){plc(Y |yobs, π

(t))}.
As plc is not linear in the missing data, its conditional expectation cannot be obtained
by computing the conditional expectation of the missing data Eπ(t){Y mis|yobs, π

(t)} and
plugging it into the complete pseudo log-likelihood function. In order to compute it, we
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start by writing down explicitly the conditional expectation:

Eπ(t){plc(Y |yobs, π
(t))} =

=Eπ(t)

⎧⎨
⎩

k2∑
i=1

[Yi(αi + γ ′x + β
∑

j∈C(i)

Yj − log(1 + eαi+γ′x+β
∑

j∈C(i) Yj))−

− (1 − Yi) log(1 + eαi+γ′x+β
∑

j∈C(i) Yj)]
}

. (3)

It is clear that (3) is analytically intractable. In such cases, a solution consists in comput-
ing it by Monte Carlo simulation (Monte Carlo EM - MCEM: Wei and Tanner 1990).
As for the MC E-step in (3), it is enough to compute the expectation of each term. The
expectation of the i-th term of the sum is the univariate conditional expectation of Yi given
the values of Y in the neighboring regions and the current value of the parameters. An
MC estimate is given by the average of a large number (say M ) of observations simulated
from the univariate conditional distribution of Yi. Now we only have to sum up these
estimates for i = 1, . . . , k2 to conclude the E step. The M-step consists in maximizing the
“approximate complete-data pseudo log-likelihood” plc.

Algorithm 1 In the BAM setup of Definition 1, assume that kmis observations of the
response variable Y are missing. The t-th iteration of the EM algorithm for the estimation
of the parameters of (1) is given by the following two steps:

• E-step: for each i ∈ {1, . . . , kmis}, simulate yi1, . . . , yiB ∼ Bin
(
B; π

(t)
i

)
;

• M-step: perform MPL estimation using the observed response variables yi (i =
1, . . . , kobs), the simulated response variables yij (i = 1, . . . , kmis, j = 1, . . . , M ),
and the auxiliary variables x; the last auxiliary variable, given by

∑
l∈C(i) yl, is

formed by summing the observed (when available) or the simulated values.

The observed pseudo-likelihood is the likelihood of a logistic model, so that the first and
second derivatives of its logarithm can be found in closed form. Thus, the information
matrix corresponding to the observed pseudo-likelihood is given by I(θ) = X ′WX ,
where W = diag(N1π1(1 − π1), . . . , Nkπkobs

(1 − πkobs
)), X is the (kobs × m) matrix of

the explanatory variables and N1 = · · · = Nkobs
= 1. The observed information matrix

I(θ̂) is obtained by substituting θ with the MPLE θ̂ in I(θ), and asymptotic standard

errors are computed as se(θ̂) =

√
diag(I(θ̂)−1). However, the limiting distribution of

any test statistic based on these standard erros is unknown; a possible solution to this
difficulty consists in using Monte Carlo simulation.
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