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Abstract: We study kernel estimation of densities defined on d-fold (d ≥ 1) cartesian
products of circles. Specifically, we introduce a class of circular kernels, and derive the
AMISE-optimal smoothing degree.
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1. Introduction

A circular observation can be regarded as a point on the unit circle, and may be repre-
sented by an angle θ ∈ [0, 2π). Typical examples include flight direction of birds from
a point of release, wind and ocean current direction. A circular observation is periodic,
i.e., θ = θ + 2mπ for m ∈ �. This periodicity sets apart circular statistical analysis from
standard real-line methods. Recent accounts are given by Jammalamadaka and SenGupta
(2001) and Mardia and Jupp (1999). Concerning circular density estimation we observe
that almost all of the related statistics appears to have a parametric nature, with the excep-
tion of a few contributions on kernel density estimation (Bai et al. (1988), Beran (1979),
Hall et al. (1987), Klemelä (2000), Taylor (2008)). In this paper we consider kernel den-
sity estimation when a support point θ is a vector of angles (θ1, · · · , θd)

T ∈ [0, 2π)d. Our
strategy is twofold. We i) introduce a class of circular kernels, and ii) locally approximate
the unknown population density by a Taylor expansion where the increments of the angles
are measured by their sine. We also obtain an AMISE-optimal bandwidth selector for the
case in which the kernel is a d-fold product of von Mises densities.

2. Circular kernels

We introduce our kernels in the one-dimensional setting because we will use products of
univariate kernels, as the torus geometry allows for.

Definition 1. (Circular kernels of order r) A circular kernel, of order r and concentration
(smoothing) parameter κ > 0, is a function Kκ : [0, 2π) → � such that
i) it admits a convergent Fourier series representation 1/(2π){1+2

∑∞
j=1 γj(κ) cos(jθ)};

ii) denoting ηj(Kκ) :=
∫ 2π

0
sinj(θ)Kκ(θ)dθ, then η0(Kκ) = 1 , ηj(Kκ) = 0 for 0 < j <

r , and ηr(Kκ) �= 0 ;
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iii) as κ increases
∫ ε

−ε
Kκ(θ)dθ tends to 1 for ε ∈ (0, π) .

Most of the usual circular densities, which are symmetric about the null mean direction,
are included in Definition 1 as second-order kernels – this includes the kernel uniform on
[−π/{κ + 1}, π/{κ + 1}). Dirichlet and Fejér kernels

Dκ(θ) :=
sin({κ + 1/2}θ)

2π sin(θ/2)
, Fκ(θ) :=

1

2π(κ + 1)

[
sin({κ + 1}θ/2)

sin(θ/2)

]2

, κ ∈ �

are both circular kernels. In particular, Dκ has order κ+1 if κ is odd, and κ+2 otherwise,
while Fκ has order 2. Moreover, our kernels include kernels on the sphere which are
functions of κ{1 − cos(θ)} studied by Beran (1979), Hall et al. (1987), Bai et al. (1988)
and Klemelä (2000). However, the kernels Dκ, Fκ and the wrapped Cauchy are not of
this latter form, yet fulfil the conditions of Definition 1.

Definition 2. (Multivariate kernel circular density estimator) Let {Θi, i = 1, · · · , n},
with Θi := (Θi1, · · · , Θid) ∈ [0, 2π)d, be a random sample from a continuous density f
defined on a d-dimensional torus. The kernel estimator of f at θ ∈ [0, 2π)d is defined as

f̂(θ; C) :=
1

n

n∑
i=1

KC(θ − Θi), (1)

where KC(θ) :=
∏d

j=1 Kκ(θj), with C := κI , and I denoting the identity matrix of
order d.

The efficiency theory of euclidean kernels is based on the fact that the bandwidth and
the kernel have separable contributions to the mean integrated squared error MISE[ĝ] :=∫

E[(ĝ − g)2] ≡ ∫
(E[ĝ] − g)2 +

∫
Var[ĝ], where ĝ gives the kernel estimate of the curve

g at a point of the domain. Unfortunately, this is not the case for the MISE of (1), which
is given by

Theorem 1. Given the random sample {Θi, i = 1, · · · , n}, consider the estimator f̂(·; C)
having as the kernel KC the d-fold product of second-order circular kernels Kκ. If
i) limn→∞ γj(κ) = 1, where γj(κ) is the jth Fourier coefficient of Kκ;
ii) limn→∞ n−1{1 + 2

∑∞
i=1 γ2

j (κ)}d = 0;
iii) the hessian matrix of f at θ, Hf (θ), has entries piecewise continuous and square
integrable;
then

MISE[f̂(·; C)] =
1

16
{1 − γ2(κ)}2

∫
tr2{Hf (θ)}dθ +

1

n

{
1 + 2

∑∞
i=1 γ2

j (κ)

2π

}d

+ o(1)

Proof. See Appendix.

For the above indivisibility, when considering the (relative) efficiency of two circular ker-
nels, the smoothing parameters do not “cancel” and so their equivalence needs first to
be established. In our efficiency analysis we need MISE for the one-dimensional esti-
mator, which, under the usual assumptions and by considering a circular density f(θ) =
1/(2π)[1 + 2

∑∞
j=1{αj cos(jθ) + δj sin(jθ)}], θ ∈ [0, 2π), is given by 1

π

∑∞
j=1{γj(κ) −

1}2(α2
j +δ2

j )+
1

nπ

∑∞
j=1 γ2

j (κ)(1−α2
j −δ2

j ) . Without loss of generality we can suppose the
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mean direction is 0, and we consider only densities and kernels which are determined by
a single parameter, ρ and κ respectively. For fixed ρ and n, we can obtain κ to minimize
MISE for a given kernel function. The efficiency of one kernel relative to another may
then be measured by taking the ratio of the minimized MISEs. As the Dirichlet kernel
(γj(κ) = �{j≤κ}) is of higher order — and so expected to be asymptotically more effi-
cient — we have measured the efficiency of other kernels relative to this one. In Figure 1
we show the relative efficiency of the von Mises (γj(κ) = Ij(κ)/I0(κ), where Ij(·) is the

modified Bessel function of the first kind and order j), wrapped normal (γj(κ) = κj2
),

and Fejér (γj(κ) = �{j≤κ}(κ + 1− j)/(κ + 1)) kernels for n = 5, 25, 125, 625 for the von
Mises and wrapped Cauchy (αj = ρj; δj = 0) distributions. Not surprisingly, the wrapped
Normal and von Mises kernels are very similar, and both are better than the Fejér kernel.
For small n, the von Mises kernel is more efficient that the Dirichlet kernel; markedly so
for the Cauchy distribution, or for data with low concentration.
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Figure 1: Relative efficiency of Fejér (—), wrapped normal (- - -), and von Mises (· · · ) kernels
to the Dirchlet kernel, for various values of n. Left group corresponds to the von Mises
distribution with ρ = I1(ν)/I0(ν), while right group corresponds to the wrapped Cauchy.

Given its efficiency, we consider the d-variate von Mises kernel VC(θ) :=
∏d

j=1 Vκ(θj),

where Vκ(·) := exp{κ cos(·)}/{2πI0(κ)} and κ > 0 is the smoothing parameter, to get

Theorem 2. Given the random sample {Θi, i = 1, · · · , n}, consider the estimator f̂(·; C)
using the kernel VC(θ). Assume that condition iii) of Theorem 1 holds, and
i) limn→∞ κ−1 = 0;
ii) limn→∞ n−1κd/2 = 0;
then the AMISE optimal concentration parameter for f̂(·; C) is

[
2dπd/2n

∫
tr2{Hf (θ)}dθ

d

]2/(4+d)

.

Proof. See Appendix.
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Appendix

Proof of Theorem 1. Put SΘi−θ := {sin(Θi1−θ1), · · · , sin(Θid−θd)}T, i = 1, · · · , n, and
use Df to denote the first-order partial derivatives vector of the function f at θ. Using
the expansion f(u + θ) = f(θ) + ST

u Df (θ) + 1
2
ST

u Hf (θ)Su + o(ST
u Su), and recalling

assumptions i) and iii), a change of variables leads to

E[f̂(θ; C)] =

∫
[0,2π)d

KC(ψ − θ)f(ψ)dψ

= f(θ) +
1

4
{1 − γ2(κ)}tr{Hf (θ)} + o(1).

Now, recalling assumption ii), we obtain

Var[f̂(θ; C)] =
1

n

∫
[0,2π)d

{KC(ψ − θ)}2f(ψ)dψ − 1

n

{
E[f̂(θ; C)]

}2

=
1

n

∫
[0,2π)d

{KC(u)}2{f(θ) + o(1)}du − 1

n
{f(θ) + o(1)}2

=
f(θ)

n

{
1 + 2

∑∞
j=1 γ2

j (κ)

2π

}d

+ o(1) .

�
Proof of Theorem 2. Recall that for the von Mises kernel γj(κ) = Ij(κ)/I0(κ), and
follow the proof of Theorem 1 to get

MISE[f̂(·; C)] =
1

4

{ I1(κ)

κI0(κ)

}2 ∫
tr2{Hf (θ)}dθ+

1

n

[ I0(2κ)

2π{I0(κ)}2

]d

+ op

(
κ−2 + n−1κd/2

)
.

(2)
Now, replace I1(κ)/I0(κ) by 1 with an error of magnitude O(κ−1), use lim

κ→∞
[ I0(2κ)
2π{I0(κ)}2 ]

d =(
κ
4π

)d/2
, then minimize the leading term of (2). �
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