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Abstract: In this work we propose a statistical approach for the detection of differentially
expressed genes. Specifically, we envisage a longitudinal study design where multiple bi-
ological replicates are available and each individual is observed at more than one time
point. We present a semi-parametric random effects model based on smoothing splines
and introduce a visual-distance metric for detecting time course profiles that differ across
experimental conditions. Parameter estimation is carried out through the EM algorithm
whereas model search is performed using a simplex optimization algorithm. We sug-
gest the use of the corrected AIC for model selection and demonstrate that this criterion
performs particularly well for small sample sizes. The performance of our approach is
assessed through extensive Monte Carlo simulations and is compared to alternative sta-
tistical tests. Finally, we present a power study and illustrate the methods on real data
sets.
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1. Introduction

Replication in microarray experiments is essential for making statistical inference and
comes in two forms: technical and biological. Technical replicates arise when the same
source of biological material is used in multiple hybridizations in order to account for
experimental variation; for example, the same probe is spotted multiple times on a mi-
croarray or a dye-swap is performed. In this work we are mostly interested in situations
where different biological units are sampled so that genetic variation across the popula-
tion may be modeled. When different biological units are each repeatedly sampled over
time, this gives rise to a longitudinal study design. To date, only a handful of method-
ologies have been proposed that are appropriate for analyzing data produced in longitu-
dinal experiments. Two such examples are the multivariate empirical Bayes approach of
Tai and Speed (2006), implemented in the timecourse package for BioConductor, and the
semi-parametric mixed effect model of Storey et al. (2005) implemented in the EDGE
software, also available as an R package. The latter approach assumes a model of form

y(tij) = μ(tij) + vi(tij) + εij
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where y(tij) is the jth gene expression measurement taken on individual i at time tij .
The model postulates that the additive effect of two components explains the observed
variation in the data: a population mean response μ(·) and an individual-specific devi-
ation from that response, vi(·). As usual, εij accounts for measurement error. Similar
semi-parametric models for microarray time couse data have been previously proposed
in settings where no biological replicates are available, for instance by Bar-Joseph et al.
(2003) and Luan and Li (2003). In those cases the focus was on clustering, and the unit
was a gene, rather than an individual. Specific choices have to be made regarding the
parameterization of mean response and individual effects. For instance, a mean response
can be flexibly modeled using basis functions such as B-splines or cubic splines. In their
proposal, Storey et al. (2005) used natural cubic splines for representing the mean curve
and modelled the individual deviations as simple scalar shifts. Two main shortcomings
of their approach are in order. Firstly, natural cubic splines require the selection of the
number and location of knots. Although several standard solutions exists for dealing with
these choices, including data-driven procedures, these issues are yet to be fully resolved.
Secondly, although the choice of modeling individual deviations as scalar shifts is a parsi-
monious one and may be sufficient for modeling data sets with little biological variation,
in our experience this approach may lead to problematic model fits in more noisy data.
Motivated by these arguments, we set out to extend the model of Storey et al. (2005) in
a number of directions. We propose a data-driven approach where we can trade off be-
tween model-fit and degrees of freedom, accounting for the small sample size, in order
to use more flexible models where the individual deviations are also modeled as smooth
functions of time, allowing for complex departures from the mean response. We do this
by modeling both the mean and individual curves using smoothing splines. Moreover, we
propose a test statistic that encapsulates the distance between the observed mean curves
in a more natural or visual fashion.

2. A semi-parametric mixed effect model

We assume that the experiments have been carried out under K experimental conditions
and the objective of the analysis is to detect gene expression profiles that differ across
conditions. We treat the modeling of each gene independently as this greatly simplifies
the procedure and is typical of other approaches in the area. Furthermore data in each
group are fitted separately. If we define an incidence matrix Xi of dimension ni × M ,
where ni is the number of observations on individual i and M is the number of design
timepoints, such that in the jth row there is a single 1 in the column that corresponding to
tij and 0s elsewhere, then we can express our model as

yi(ti) = yi = Xiβ + Xibi + εi

This is a linear mixed-effects model (see, for instance, Harville (1977); Laird and Ware
(1982)). The vector β includes values for the mean curve at the design timepoints. These
are population parameters common to all individuals which are assumed to be fixed, yet
unknown. In contrast, each bi is a vector of shifts from that mean at the design timepoints
for individual i. These shifts are assumed to be randomly sampled from the population.
Specifically we assume that for all individuals the random effects and the errors εi are
independent multivariate normal variates with with mean vector 0 and covariance matrix
D and Ri, respectively. For simplicity we assume uncorrelated errors, hence Ri = σ2Ini

.
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These distributional assumptions mean that yi is itself marginally multivariate normally
distributed with mean vector Xiβ and covariance Vi = XiDXT

i + σ2Ini
. The standard

approach to estimating the parameters β and bi, and the variance components D and
σ2 in the linear mixed-effects model is maximum likelihood estimation where the unob-
served random-effects are treated as missing data in the EM algorithm. The log-likelihood
log(�(β, D, σ2|yi)) is given by

−
1

2
ni log 2π −

1

2
log |Vi| −

1

2
(yi − Xiβ)T V −1

i (yi − Xiβ)

As we model the fixed- and random-effects using smoothing splines, we penalize this
likelihood with penalty terms for the roughness of these two curves, that is by adding
terms λβT Gβ and λvb

T
i Gbi, where λ and λv are smoothing parameters which control

the size of the penalty and G is termed the roughness matrix. Note that we assume the
same smoothing parameter λv for all individuals. In principle we can allow it to vary
but this incurs a great computational cost. We incorporate the random-effects penalty
by redefining the covariance of yi as Ṽi = XiDvX

T
i + σ2Ini

where Ṽi and Dv =
(D−1 + λvG)−1 are the regularized covariance matrices of yi and the random-effects,
respectively. We then derive the ML estimators of β, bi, D and σ2 to be used within each
EM iteration.

3. Model search and selection

Model selection involves the choice of the smoothing parameters λ and λv that optimize
a given criterion such as the Akaike Information Criteria (AIC), the Bayesian Informa-
tion Criteria (BIC) or generalized cross-validation. Exhaustive grid-based searches in the
parameter space are generally adopted in practical settings, as in Wu and Zhang (2006).
Alternatively, one can incorporate model selection in the estimation procedure by treat-
ing the smoothing parameters as variance components, as in Guo (2002). We prefer to
disassociate the model selection from the estimation as this is a much more flexible ap-
proach and choose to optimize the corrected AIC or AICc which includes a correction
for small sample sizes. Based on Monte Carlo simulations, we have found the AICc per-
forms more favorably in the microarray context, as we would expect given the paucity of
data. The seach in the two-dimensional space is performed using the simplex method of
Nelder and Mead (1965).

4. Detection of differential time series

In order to detect differences in the temporal profile of a gene between any two ex-
periemental conditions, we propose to use a distance measure, which we call visual dis-
tance, between the two fitted mean curves. Traditional distance measures are not ap-
propriate to capture differences between temporal expression profiles as they would be
normally detected by the biologist’s eye. For instance, the L2 distance typically used to
measure distances between vectors is not applicable because it only measures the vertical
distance between the two curves whereas a visual interpretation allows for both vertical
and horizontal displacement. The suggested visual distance is calculated by first discretiz-
ing each curve into a large number of points. For each point (x, y) in one curve, we find

25



the closest point (x′, y′) in the second, calculating the euclidean distance in the standard
way. We then sum the distances of each individual point to give an overall measure.
Statistical inference is performed nonparametrically whereby a non-parametric bootstrap
approach is proposed to estimate the null distribution of the test statistic. We resample
both the within- and between-individual residuals in order to construct null samples. For
a given gene we fit a null model that ignores the biological groupings and an alternative
model which takes it into account. The within-individual residuals from the alternative
model are given as ε̂ij = yij − ŷ1

ij where ŷ1
ij are the fitted values calculated under the al-

ternative model. The between-individual residuals from the alternative model fit, b1
i , are

those random-effects estimated using the EM algorithm. With these two sets of residuals,
randomly sampled data can be generated as y∗

ij = xijβ̂
0 + xijb

∗

i + ε∗ij . In the first term,
β̂0, is the gene’s mean curve fitted values from the null model fit. In the second term, b∗

i ,
is a randomly sampled individual deviation from the fitted between-individual residuals.
Similarly, the third term, ε∗ij , is a randomly sampled error from the within-individual resid-
uals. B bootstrap data sets are then generated and used to estimate the null distribution.
Finally, in order to evaluate the statistical power of our approach, we have carried out a
large number of Monte Carlo simulations, varying a wide range of parameters including
variance components, sampling rates and expression patterns, in addition to sample sizes.
Our method for simulating differentially expressed genes uses interpolating splines in or-
der to introduce features to steady-state curves, for instance spikes or jumps in expression
levels. We also report on the analysis of two real longitudinal studies.
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